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Union curves in Riemannian spaces were studied by Springer, Upadhyay
and others and in Finsler spaces by Prakash, Mishra and others. The
purpose of the present paper is to obtain differential equation of union curves
in almost contact affine manifolds.

InTRODUCTION

A curve in an ordinary Euclidean surface is a union curve relative to a
congruence if its osculating plane at each point contains the line of that recti-
linear congruence through that point. Union curves in Riemannian spaces
were studied by Springer (1945, 1950), Upadhyay (1965) and others and in
Fingler spaces by Prakash and Behari (1961), Mishra and Sinha (1965) and
others. Springer (1945) obtained the differential equation of union curves on a
metric surface in Euclidean spaces. He (1950) obtained the differential equa-
tion of union curves on a hypersurface ¥, immersed in a Riemannian manifold
Va+1. In this paper, differential equation of union curves has been obtained
in almost contact affine manifolds.

HYPERSURFACES IN ALMOST CONTACT SPACES
Let M3q,y be a differentiable affine manifold of differentiability of class
C”, the affine connection L;, being given by

ok B oye
7;;}9'!"‘(«)1’3& =0

where hfy, (Thomas 1934) are (22-1-1) fundamental parallel contravariant
vector fields in Mgn,y. Lot Mgny; be equipped with an almost contact

structure tensor field (), f;, f/) satisfying
fifi=fuft =~
fff=0, fifi=0, fify=1

and we denote {Mgn41, (f> Jo» /!)} by Mznqq and call it an almost contact affine
manifold.

(4)
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Now consider a 2n-dimensional hypersurface Kga of differentiability of
class O° in Myny;. Let the hypersurface K,y be expressed By zf = zf(y3),
wherein ¢ are a system of local coordinates in My,,, and g% that in
K;,. We adopt the convention that the indices &, 3, j, %, ... run over the
range 1, 2,..., (2n+41) and the indices a, b, ¢, ... over the range 1, 2,...2n
unless otherwise stated.

Let B = 9a2t, 3, = aiya’ so that B! are 2n local vector fields along K,,

and linearly independent at each point of K,,. Let Cf be the contravariant
component of a vector field normal to K,,. Hence we have

BiB!=38, BiC;=0, BC'=0
BiB;+Ci0; = 5!

4
where (B;, C*) is the inverse matrix of (gﬂ)
i/

The induced affine connection L, of Kas will be given by
L% = (3. B:+B'B/L})B:.

b g
The Van der Waerden Borlotti covariant derivatives of B, are given by
Ve B} = HpCh
where H,p is the second fundamental tensor of the hypersurface Ksy.
The condition for the distribution (B!, C* = f¢), which is determined by
Jidxt = 0, to be completely integrable is
BBYVifi—Vif) =0
or BV, fi—BiV,fi=0
where f is the structure vector field of Myp4y.

It is known that (Eum 1968) if the distribution (B., C* = ft) determined
by fidat =0 in {Mansy, (f), fi, )} is completely integrable, then Mgy,
includes an almost complex hypersurface {Kgs, ¢;} whose normal vector
is f* and whose structure tensor ¢, satisfies

Bif;=Bi¢!
8ty = .

Vecror Fierps v Ky

Let uf be the contravariant component in z’s of a vector field in Ksq
and £% be the corresponding contravariant component in the y’s, then

uf = Bigs. N ¢ §

2B
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The covariant derivative of eqn. (1) with respect to y? yields
Vgt = (VbB:)§“+B:(VbE“)- .. .. .o (2)

Let C be any curve in K, with equation y* = y(f) (¢ being a parameter)
and let p* be the contravariant component in #’s of the derived vector relative
to Msansy of a vector of the field along C and ¢* the corresponding contra-
variant components in y’s of the derived vector relative to K,, of the same

b
vector along C, then multiplying eqn. (2) by % we get,

= Hpq fa ﬂ+B’ .. e e (3)

Now let u* be the contravariant component in 2’s of a vector in the
direction of a curve of a congruence of ¢urves, one curve of which passes
through each poixft of K,, and let u¢ be the corresponding covariant com-
ponent of the vector such that

u‘u;=l. . .. .. .o .. (4)

The vector with components «* will in general be g:iven by
= Bigtoft R ()]
where in view of eqn. (4) &% and r are connected by the relation
898, = 1—12,

Substituting the value of f¥ from eqn. (6) in eqn. (A), we get the relation
which the vector uf satisfies in relation to the structure tensor in contact
space.

Union CurvES OF THE HYPERSURFACE

We call a curve C in Ky, a union curve if «f is tangential to the variety
determined by the tangent to C and the first curvature vector of C regarded
as a curve of Myp,;.

Thus % will be a linear combination of B'¢* and p* so that we get

s“B';+rf‘ = lBi£“+mp‘ .. . .. .. (6)
where [ and m are to be determined. The £2 in eqn. (3) are now given by %‘f
g0 that

15!,,,.‘1-”‘l dy ﬂ+B’ N 4]
. b
If we write ky, = Hba%a %’t— . then eqn. (7) can be written as

suB‘+rf‘_lB' +m(k,.f‘+B'q“) P )
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On multiplying eqn. (8) by f; and B, we get
r = mks giving m=El~r
n
and

dub
sb=l%+mqb. R ()
C 1. dy® .
Now multiplying eqn. (9) by Gap —5 0 We obtain

b
Gar 2L 50 = 16, 2 I

dt dt
or l= 1 Gab dya
where
0= %W

Here Ggp is the affine tensor (Indrani, in press) which is used to raise and
lower the indices. Thus eqn. (9) reduces to

1 dyddy“
“=oCe T’ +Ia e
or

8 1 dytdys
q“——k”[;——-a TGdbdt dt] 0. .. .. .. (10)

Equation (10) now gives the differential equation of the union curve in
the hypersurface Kyq.
SUBSPACES OF ALMOST CONTACT SPACES

Consider a 2m-dimensional subspace Kam of class C* of Mysy, covered
by a system of coordinate neighbourhoods (y*) where A, u, & ... run over the

range 1,2,...m, 1,2,...M,anda, b,¢,...tunover 1, 2, ... m. Introduce
in each coordinate neighbourhood (yA) complex coordinates (z*) defined by
28 = yS+4/ —1y*

We cover Ksm by a system of complex coordinate neighbourhood (2%) in
such a way that in the intersection of two complex neighbourhoods (z%)
and (2*) we have

2% = ¢a’(za)’
where ¢%(2) are regular complex functions of complex variables 21, 22 ... zm
and | 47| = 3.#°. Kqm covered by complex coordinate neighbourhoods admits
& complex structure and is, therefore, a complex manifold (Yano 1965).
We now study the union curves in this complex sub-manifold of May,;.
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Let B} be 2m local vector fields along Kym and linearly independent at

each point of Kgp. Let N:a) (x=2m~+1, ... (2r41)) be the contravariant
component in the coordinate system zf of a system of normals to My,,,.
We have

N

(a)N(pu—S N, B'=0.

(@)™
B:\N (a)‘= .

If the distribution (B;;,f* =2aaN{¢,) determined by fidat=0 in

{Maon+1, ( L, fes )} is completely mtegrable, then Mun4y includes a complex
subspace Ksy, whose normal vectors are Niy).

Now the covariant derivative of Bj along the subspace will be given by
" Bf\ = H), f*, where H,, are the components of a symmetric covariant tensor
of second order.

Vector Fierps IN Kopm
The contravariant components ¢* and p* of the first curvature vector
with respect t0 Mgn4 and Kjp are related by
d .
¢ = H,\,,yd’yf‘+ Biph. IR ¢ § )
There are (2n-1—2m) congruences specified by vectors () whose components
along the tangent and normals N\o are given by
Ty =t BitCaf .. .. .. .. (12
where A and Oy are related by

Btan=1-Ca)® .. .. .. .. (19

UxioN CURVES IN SUBSPACE

A curve O in the subspace is said to be a union curve relative to a set of
(2n+41—2m) congruences 7 if 7, are tangential to the variety determined
by the tangent to C and the first curvature of ¢ with respect to Ksm.

Let the vector 7, with components ny, be in the direction of the con-

gruence. It can be expressed as a linear combination of B dy and the first

curvature vector ¢¢ of the union curve C.
d
17(‘“) = Uq) -‘%‘-B:—i—v(a)q‘ e e - .. (14)
where u;, and v are to be determined. From eqns. (12) and (14) we bave

(ux33+0«¢)f'="&a)32 +v(a)[HApddt_ %—f‘+ ] .. (18)
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Multiplying eqn. (15) by f; and B, we get

dyA dy"
Clay = v(“)HM dt dr

1-
glVing V) = ia Cu .. . .. .. {18)
g dy")
(K =Hwr @
and t(Acz) = Wa) EyT +”(a)P’\ . - e .. (7

Again, multiplying eqn. (17) by Ty &yﬂ , we get

\ Ay dyA dy"
Nltoy g = e g

1 dyw
or W) == g Bp (;/t t?a) .. .. .. (18)

dyl\ dy#
)4
where (' =ay, g

Thus substituting for %y, and v, from eqns. (16) and (18) in eqn, (17), we get

1 dy# dy" 9 ,\O(a)
o =% g @ PR

1 dyt dy? 5
or Cypr~K’ [ e M T & t(a)] 0
as the differential equation of the union curves in the subspace Kopm of Myp4,.
Let us now assume that Myy,; admits of a Riemannian metric gs;. The
differential equation of the union curve in the hypersurface Koy of Myp4, will
now take the form

q dy® dy®
q“~lc,.[fr~—s gbdgs d‘i] 0 .. . .. (19)

wherein k, is the normal component of the curvature vector and g is the arc
length. If we denote the left-hand side of eqn. (19) by A8, then X will give
the components of the union curvature vector and the magnitude of this
vector is the union curvature. Thus we find that if the curve C is an asymp-
totic curve in which case k, = 0 along the curve, then for the union curve
(A2 = 0), ¢* =0 and the curve is a geodesic. Thus if the union curve is a
geodesic, then it is either an asymptotic curve or the vector of components

is a null vector.
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The union curves in subspace Kem when My, admits of a Riemannian
metric, we find on multiplying eqn. (17) by a),p# (g, being the induced
metric tensor of Kgpm) that

B = vk
where k,, is the resolved part of curvature vector in the direction of the curve of

congruence, k: is the magnitude of the curvature vector of C in Kyp.
Also from eqn. (16) we have

dyr dy#
Vi) = O(“)/Hz\p- (Z, .
Hence
dyr dy»
L e A
* A dyp
or C(a)lcgz =.H/\#% '*az-ls— k; .

Hence the necessary and sufficient condition that the union curves of the
subspace be the geodesic of the enveloping space is that either of the following

A
holds: ()Hm 9y’ ‘fii“ 0 or (ii) the direction of the curves of the congruence

are ta.ngentlal to C. (We have assumed here that Ciy) 7#%0).
From the well-known result kf = k:z—]—lc:, where Ic: and k: are the
geodesic curvature and the normal curvature in Kym and &, in M4y and in

view of the above theorem we have:
If either of the following two holds, the third also holds:

g dy»
(1)&1»,1""(;{9 0.

(ii) The direction of the congruence is tangential to C.
(iii) The curve C is both geodesic and asymptotic line in the subspace.
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