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In this paper we define 7 = r(k, d, p) as the least positive integer such that

r,r4+d, r+2d,...r+4(k—1)d are either all cubic residues modulo p or belong

to any one of the three cosets obtained with the help of cubic residues. In

the former case we define A(k,d) = lim sup r (k, d, p) while in the latter case
o

our notation is A*(k, d) instead of A(k, d). In terms of this notation, a
general result 4*(2, d) < (d3—d) for all d > 1 is established and the values of d
responsible for A(3, d) = o0 are derived.

INTRODUOTION

If p is prime, it is well known that a prime field of characteristic p has
exactly p elements. We can take these elements as the integers 0, 1, 2, 3, ...
(p—1) where the field operations addition and multiplication are respectively
addition modulo p and multiplication modulo p. The non-zero elements of
this field, namely 1, 2, 3,... (p—1), form a multiplicative group which is
cyclic and can be generated by any one of the ¢(p—1) primitive roots of p.
We will denote this multiplicative group by @. For our purpose, an element
o of G would be defined to be a cubic residue modulo p if 23 = a(modulo p)
admits integral solutions.

The cubic residues modulo p which occur in @ form a sub-group (hereafter
called H) of @ whose order is (3p ;_1_1) . We observe that if p s 1 (modulo 3),
then H is identical with G, which means that every element of G is a cubic
residue modulo p. Since this case is not interesting, therefore, the prime p
mentioned in the sequel will always be of the form 3m-1, so that @ can be
partitioned with the help of H into 3 cosets.

Our NoTaTioN AND PROBLEM

Given two positive integers, k and d, we define » = r(k, d, p) as the least
positive integer such that r, r4-d, r+4-24d, . . ., r4(k—1) d are all cubic residues
modulo p. This notation is different from that followed by Lehmer and
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Lehmer (1962). The existence of these cubic residuLes in A.P. for every large
prime p is a consequence of Theorem due to Brauer (1928).
Finally we define A(k, d) = lim sup r(%, d, p).

¥4
If r, r4-d, r4-2d, . . . r4-(k—1) d do not belong to H, but belong to any one

of the cosets, then our notation is 4*(k, d) instead of A(%, d).

Our problem is to explore the case as to when A(k, d) or A*(k, d) is finite
and when infinite.

This type of problem was first initiated by Dunton (1965) whose results
in our notation are as under:

d 1 2 3 4 5 6 7 8 9 10
A2,d) T 9 o o 114 21 1 5 72 o

However, it may be mentioned that the value of 4(2, 2) can be improved

to 25 from 90 (Singh 1968).
It is easy to determine the values of A*(2, d) when d vdries over integral

values. Some of these initial results are shown below.

d 1 2 3 4
A4%(2, d) 8 6 12 12

The value of A*(2, 4) has been derived below for illustration. Let 3
denote cubic character modulo p and « the imaginary cubic root of unity
defined by €2™® (i = 4/—=1). The implication below on the right-hand side
gives the least positive integral valued pair of members belonging to the
same coset and differing by 4, against the character values shown on the

" left hand. _ ‘
p2)=1= (4 8)
$2) =, $(3)=1= (2, 6)
PR =, ¥B8) =ow = (8, 12)

: P(2) = o, ¥(3) = 0? = (12, 16)

No new values will be obtained by considering #(2) = 2. Hence A*(2, 4) = 12.

We assert that 4*(2, d) < oo for all positive integral values of d. This is
80 because we have A4*¥(2, 1) = 8 (Jordan 1964) and by our Theorem 1 below
we have 4*%(2, d) < (d®—d) for all d > 1.

" Theorem 1. A*(2, d) < (d3—d) for all d > 1.

Proor: As before, let ¢ denote cubic character modulo a prime » and

w, an imaginary cube root of unity. The implication on the right-hand side
_ below gives the integral valued pairs belonging to the same coset (with respect
to H) situated at a distance d, against the character values on the left-hand

side.
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Yd+1) =1 = (1, d+1)

Ppd+1) = 0, §(d) = @ > ([d®, d®+d)
$d+1) = @, Y(d) = o2, $(d—1) = v = (d2—d, d?)

Pd+1) = o, #d) = w2, Pd—1) = w = (d(d;—l)’ q(d;n)

P(d+1) = w, ${d) = 02, Y(d—1) =1 = (B—d, d5)
Y(d+1) =w, $(d) =1, P(d—1) = w2 = (dB3—d, d?)

2 2
YA+ = o, $d) = 1, $(d—1) = 1 = (@—d, ).

YA+ = o, $d) =1, $d—1) = w = (d‘d‘” 44D

The above values recur when we take $(d+1) = w2,

Since d3—d > d? when d > 1, therefore, it follows that A*(2, d) < (d3—d)
foralld > 1.

The case when ¥ = 3 and d = 1 has already been settled with the help of
computer. The value of A(3, 1) = 23532 (Mills 1965).

Our next problem is to examine the value of 4(3, 2). We give below two
proofs to show that A(3, 2) = . The first proof is connected with a
result due to Dunton (1965) and the second is an obvious deduction from a
general result developed in Theorem 2, for determining the values of d such

_that 4(8, d) = oo.

Proposition. A(3, 2) = .

First Proo¥: If poséible let A(3, 2) < 0. This implies the existence of a
finite upper bound « such that there is always a triplet of cubic residues
(d, d+2, d+4) with respect to almost all primes* with d < «. This amounts to
the existence of a pair of cubic residues (d, d-+4) with d < « for all primes,
thus contradicting the result of Dunton (1965) which states that A4(2, 4) = co.

Hence our supposition is wrong and the proof is complete.

SeEcoNp Proor: It follows from Theorem 2 below which uses a result
due to Kummer. We call it Kummer Theorem which is stated as under:

Kummer Theorem—Given n, a prime, and m, a positive integer, such that
P1, D2, - - - » Pm are distinet and fixed primes and e;, €, . . . , e denote nth roots
of unity (not necessarily distinet), then there exist infinitely many primes
p with corresponding nth power character ¢ modulo p satisfying

e = (Q<j<m)

Theorem 2, A(3, d) = oo when

(i) d = +2, +3 (modulo 7),
(i) d = +£2, £3, +4, +6 (modulo 13),
(iii) d = 2, 43, £4, £5, 16, £9 (modulo 19).

* Here ‘almost all primes’ in this context means all primes with & finite number of exceptions.
- .
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Proor: (i) Let N be any positive arbitrarily selected large integer.
We define cubic character z/« for all primes less than N, using » as the complex
cubic root of unity.

$(p1) = 1 where p; ranges over primes of form Tm<1,
¥(ps) = o where p, represents all primes of the type Tm+2,
#{ps) = w? when p; represents primes of the form Tm3.

With this definition of ¢, if we consider all possible triplets in arlthmetlc
progression with a common difference d and which are all less than N, then
we find that if d = £2 (modulo 7) or = +3 (modulo 7), at least one of the
members in the triplet is of the form 7m42 or 7m+3 and is thus not a cubic
residue.

Since the selection of N is arbitrary, therefore, the occurrence of a triplet
of cubic residues in A.P. with a common difference of form 7m+2 or Tm+3
can be postponed as far as we like by using Kummer Theorem.

(ii) We use the fact that 2 is a primitive root of 13 and by this use we
observe that the cubie residues can be of type 13m, 13m+1l or 13m=8.
The remaining argument is on similar lines as in Proof (i).

(iii) The proof is similar to cases (i) and (ii).

Remark: The values of d determined in the above theorem which make
A(3, d) = oo are not exhaustive. By a suitable definition of character values,
it would be possible to include more values. However, this method does
not give us any value of d which can make 4*(3, d) = co. The conjecture is
that for all positive integral values of d, A*(3, d) < . It may be that a
proof can be developed on the same basis as in Theorem 1.
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