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The normal curvature of a surface z¢ = zi(ul, u2), (i = 1, 2, 3) of a three-
dimensional Euclidean apace in the direction of a curve uz = u%(s) is given by

du= duB
kn =Qup 3 3y

where Qqp is the second fundamental tensor of the surface. This concept
has been generalized by & number of authors such as Kaul (1957), Upadhyay
(1964) and Hsiao (1960). Kaul and Haiao have generalized their results to a
hypersurface of & Riemannian space.

In the present paper we have considered a fourfold generalization, to the
hypersurface of a Finsler space, of the curvature given by Kaul. This has
incidentally led to the generalization of the normal and secondary normal
curvatures of Rund (1956), the curvature of a congruence obtained by
Prakash (1961) and also the normal curvature of a vector-field given by
Prakash (1960).

1. FuNDAMENTAL FORMULAE

Let a hypersurface F,_; given by equations zf = at(u%); i=1,...n;
x«=1,...n—1 be immersed in an n-dimensional Finsler space F,. Consider

an arbitrary curve C: u* = u*(s) of F,_;. The components z't (or ‘%) and »™*
( or %u;) of the unit tangent vector of C' are related by 2'¢ = u'*B}, where B, —

. 0t Let gy(x, «’) be the metric tensor of Fn. The vectors #(u) and

du=’
n*(u, u') consistent with the conditions

gylz, m)Bf =0, gylz,ami=1 .. .. .. (Lla)
and

gyy(, x’)B;n*f =0, gylz, n*)n*n* =1 .- .. (1.1%)

are called the normal vector and the secondary normal vector of the
hypersurface respectively. The metric tensors g.s(u, u') and y,(u) of the
hypersurface are such that

gualw, w') = giy(z, 2')BLB, and  yes(w) = gy(z, n)B.B}.
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The induced connection parameter 1""‘€ of F,_, is defined by

I":;(u, u) = BE( +Fhk Bth) . - (12)
where
o ’ , 9%t
BS = g=*(u, u')gy(x, «')B., B., = JurouF

and 1‘;,; are the connection coefficients of the embedding space (Rund 1959,
p. 71). The parameter 1"’:; has been used in the definition of what have
been called the ‘tensor (or mixed) derivative’ and ‘induced covariant derivative’
of the hypersurface. In particular, the tensor derivative of B is given by

I, =B =B ~BI'uuw)+IBB: .. .. (13
whence we have
Qup =il . N ¢ Y

Q.5(u, u') are the components of the second fundamental tensor of the
hypersurface. Further

i &

I,=8,n" .. . .. .. (L.5)

where Q:B(u, u') are called the components of the secondary second fundamental

tensor of the hypersurface..
The tensor derivatives of the vectors nt and n*? are such that

n:B=A;B;+VBn‘ .. .. .- .. (1.6a)
ny=ASB+Von* .. .. .. .. (1.6b)
where :
Ap= —y(Qup+BysBinl);  Vp=mnl, o .. (L7a)
and
A" = —g($Q%, + B Bin¥); V, ¢ nng .o (LIBY

The normal curvature (Rund 1956) of the hypersurface in the direction of
C is given by
Sa't
K='ﬂz¢§ . .o .o . (1.8)

where /8 is defined by Rund (1959, p. 59).

2. CURVATURE OF A CONGRUENCE RELATIVE TO A VECTOR-FIELD

Consider a vector A(u) representing a congruence of curves, in Fy, and a
vector-field v(u) of the hypersurface. At the points of the hypersurface, we

t Tho tensors g+, yo# aro defined by gofigae = 3 = oy, and

def z .
-E,',‘p = “;ﬁ(x, n), 58 g”; 5(‘5’ z’).

5B



CURVATURE OF CONGRUENCE RELATIVE TO VECTOR-FIELD 343

may write

N=pBl4mt .. (21a) and of =v*B.. A 8 1))
These vectors are normalized by the conditions .

guyle, WA =1.. (22a) and gylx, v)ohv? = gug(u, v)v=ef = 1, (2.2b)
We define i

SXq Xt

Ky=—vigl, .. (230) Hy=—vrgs .. .. .. (23D)

where
Mo=gyle, )V .. (24a) and v =gyz, o)l .. . .. (2.4b)
The scalar vk, will be called the P-curvature (with respect to C) of the
congruence A relative to the vector-field » while *K, will be called the
S-curvature (with respect to C) of the congruence A relative to .

det
From (2.1a), (2.4a), (1.6a) and the definition Ej; = go, B(x’ 2), we get
5)\ duf
=X g5 = (43,8 a+pzjﬂnj+9ij(-’ﬂ Apl ) ds - .. (2.5)

where
65y = [y +gule, NP2, +r4y)],

Pyg = [rEijp+guse, M(r;s+rVe)].
Substituting from (2.16) and (2.5) in (2.3a) and simplifying, we get

- o o du¥ : '
UKy = Q, (u, )P A . .. .. (2.6)
where
Doy, w') = — (a5, BB+ By +gule, NpILB) . .. (27)
More generally, if of does not satisfy (2.20), we have
A du‘y
Q, 08 T

”K)‘ = (28)

(Ga(u, v)o=0F)} "
We proceed to consider the following particular cases:
(i) Suppose that the congruence )Mu) is the normal n(u) of the hyper-
surface. This gives p* = 0 and r = 1. A simple calculation based on eqns.

(1.7a) and (2.7) yields £, = Q,,. Hence
du?

oK) = Qpf = (2.9)
which is the normal curvature of the vector-field (Prakash 1960). If, in .
duf du

addition, v* = z'¢ we have *K, = 'QB"H_s o This is the normal curvature

(Rund 1956) of the hypersurface in the direction of the curve.
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(ii) Let the vector-field be tangent to the curve, i.e. v# = z't.
Equation (2.6) reduces to

A duf dur
oK, =gy (u, v) ;8 = U 5 1))
which is the curvature of the congruence (Prakash 1961).
(iii) Suppose that the spaces F, and F,_; are Riemannian, we have then
Eyjp=0,Vy=0, 45= —g®Qs (Mishra 1965). Substituting these values and

simplifying with the help of (2.6), (2.7) and the relation given immediately
after (2.5), we get

vKA = (Tgap—pa; B)v“(—z;—: “a . . (2.11)

which is the normal curvature of a vector-field as given by Kaul (1957).1
From (2.1a), (1.6a) and the relation Iiﬂ =Q¢gn’—!213nhB:B; (Rund 1956),
we geb

i ub
%% = /\' d = [(p} g +rdg—p© EBn"B"‘)B +(r; g+ 705+ P Qep) n‘] (2.12)

We define
gu(, v)B.B) = 7.5 and gy(®, v)Bynf = .. .. .. (2.13)
Substituting from (2.48), (2.12) in (2.30) and simplifying with the help of

(2.13), we have

= — 8 '
vKA .QaB’U“'fZg .. .o .. . (2.14)

where
Qoplu, u') = [7€,(Q35p°n"B:— pe; H—rAZ)—;‘za(r; ptroe+0°Qe)]. .. (2.15)
Suppose, in particular, that the spaces Fy and F,_; are Riemannian.
We have then
C Pep = Gapy Fa=0, A3=—gQs5, v5=0, FeBint =0 (Mishra 1965)

and eqn. (2.15) gives D5 = (rQp—py;p). Equation (2.14), thereby, reduces to

(2.11). Therefore, the scalar *K, is another generalization of the curvature
given by Kaul.
The curvatures °K,(u, ') and °K,(u, %’) studied in this section may be

used to define two types of principal directions of a congruence relative to a
vector-field.

1 The scalar given by (2.11) has been named by Kaul as the generalized normal curvature
of a vector-field relative to a congruence. I do not agree with this terminology, since the vector
(8X/3s) is & measure of the variation of the congruence A and, therefore, the scalar *Kj gwen by
{(2.3a) measures the curvature of the congruence A A relative to the vector.field v,
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3. SecoNDARY CURVATURES

Consider a vector A*(u, %) defining a congruence of curves in the embedding
space and a vector-field v*(u, 4) of the hypersurface. The vector functions
X*(u, w) and v*(u, ) (single valued in «*, %*) define, in general, two cones of
vectors at every point of ¥,,_,. However, in the sequel, only such congruences
are considered for which #* = u'* at the points of C. We may write

(@) A% = p*B. 4r*n*, (b) v* = v*eB . (3.1)
These vectors are normalized by the conditions
(@) gy(m, ' )A*AM =1, (b) gyle, Wi =1. .. .. (3.2)
We define
. sy _ 3)\ g
(@) °K; = —"ﬂgj/\/‘/’, (b) "Ky = —v; /\/tl' .. (33)
where

)\: = gy(z, ')A, v: = gylz, 2w and P = gylx, 2 e

The scalar ”K; (u, w') will be called P-secondary curvature (with respect to
C) of A* relative to v* and °K3(u, ') will be called S-secondary curvature
(with respect to C) of X* relative to v*.

From (3.3a), (3.1a) and.(1.6b), we obtain

Ak d’wﬁ

"By = Q- (34)

A

where . . ) ,
(u W) = —y~{E; " AEB - gay (u, w)(p 5 +7%4,7)] .. (3.5)

We shall consider the following particular cases:
(i) Suppose that the congruence A* is along the secondary normal n* of
the hypersurface, i.e. p** = 0. The condition (3.2a) implies r¥f# = 1.
Therefore, in view of (1.7b), eqn. (3.5) reduces to £, =2, and we have
,duB
Ky =&t
(Prakash 1960). If, in addition, the vector v* is tangent to the curve, we have

which is the secondary normal curvature of the vector-field

”K = Q‘ dus dd'ff which is the secondary normal curvature of the hypersurface

(Rund 1956).
(ii) Let the spaces Fa and Fy_, be Riemannian. We have then

E,=0¢=1, Ve=0 and A" = —Q,9". .. (36)

Substituting these values in (3. 5) we find that eqn. (3.4) reduces to the cur-
vature given by Kaul (refer eqn. (2.11)).
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From (3.30) we deduce

"R} _Q:B“dd"s U
where
Q= —prigy(@h+r4%) . . . .. (38)

It is easy to show that the curvature °E, is another generalization, to
Finsler hypersurface, of the result of Kaul.

The two secondary curvatures ”K: and °K, may be used to define two
types of asymptotic directions of a congruence relative to a vector-field.

The curvatures obtained in this and the last section reveal the following
characteristic features of a Finsler hypersurface.

It is observed in the work of Kaul that the normal curvature of the vector-
field relative to a congruence for a surface of a three-dimensional Euclidean
space has a unique generalization to the hypersurface of a Riemannian space.
The corresponding generalization as obtained in this paper becomes fourfold
from Riemannian to Finsler spaces. This fact (the fourfold generalization)
may be attributed to following reasons:

(i) The covariant derivative of the metric tensor gy i3 not zero.

(ii) There exist two systems of normals n(u) and n*(u, «') and two second

fundamental tensors 2,(%, ') and £ ﬂ(u w’) for the hypersurface.
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