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The K; curves of a hypersurface in Riemannian space are studied by Tsagas
(1969). The aim of this paper is to study another category of curves which
will be called K curves of the Finsler subspace. A curve will be said to be
a Kj curve with respect to a congruence A (of the enveloping space) if the
variety determined by the geodesic curvature vectors of the curve with
respect to Fp, and F, contains the vector field A.

1. INTRODUCTION

In the present section we shall outline some basic concepts and funda-
mental formulae from the theory of Finsler subspace as given by Eliopoulos

(1959).
Let an m-dimensional subspace Fy, given by equations z! = zi(u“)
¢=1,...n,a=1,...m) be immersed in an n-dimensional Finsler space

F,. Consider a curve C: xf = x¥(s) of Fy, where s denotes the arc length. The
components x'¢ and '* of the unit tangent vector of C' are given by z'¢ = X u'™
where X aa wa

that

The metric tensors g,,(x, '), 9up(w, u’) of Fy and Fm are such

guﬁ(u u') = gylz, x )Xa B . .. .. (LY

The vectors nz,,)(u) (v=m-+1,...n) and n(,,) (u, w') (v =m+1, ... n)satisfying
the conditions

gt m) Kol = ne Xy =0, gy, npynj,ml, =1 oo (L2)

and
gu(z, ) Xin M_O gis(z, nm)n(v) oy =1 . .. (1.3)
gu(z, = )"(v) (';‘) (v)‘/’(i‘) (no summation with respect to p) are ecalled,

respectively, the normal vectors and the secondary normal vectors of the
*
subspace. The induced connection parameter I‘m;(u, u') of Fm is given by

0%y
€
I af = =X (8u“6u'9+ "X“X )
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where X = g<*(u, w)gy(z, 2')XJ, and I'yi(z, #') are the connection coefficients
of the embedding space Fy.

The parameter F;; is used in the definition of what have been called
‘the tensor (or mixed) derivative’ and ‘the induced covariant derivative’ in
the subspace. In particular the tensor derivative of X, is given by

¢ gt 0% *y
Xaﬁ =X, B~ utoub "Xypaﬁ'*'r thaXﬁ

whence Q(,),5 = '”(,),-X?xﬁ- The (n—m) tensors with the components £,).g
are called the second fundamental tensors of the subspace. It is further
shown that

B-—- ZQ(V aﬂn(u), . . .o (1.4)

where .Qrv) 5%, #') are the components of the secondary second fundamental
tensors of F,. The following (results given by Eliopoulos 1959) will be used
in the sequel. We have

i £ Y t .
‘Xflﬁ= X}'ZV"A(V)GBM(V)-’_ZA(V)aﬁ n(v) .o . .o (1.5)
where A(;,)mp and M'(’:) satisfy

o = ZA(v)uﬁ €08 (1, ny) and MV = —n: )XZ

2. K, CUrvEs

Consider a congruence of curves given by vectors A*(u) such that through
each point of F,, there passes one curve of the congruence. The vector field A
can be expressed in the form

Mu) = t“X;+§C'<v>n(v,, R .2 )
This is normalized by the condition
A gz, AN =1. .. .. .. .. (2.2)
Relation (2.2) by virtue of (2.1), (1.1) and‘(1.2) takes the form

gaﬂ(u, u')t“tp = 1—2%'0(.,)7&@); . t“sz—-Z‘O(,,)O(v,gi,(x, x’)n:v) . n{m ..o (23)
my

Let C : 2* = x¥(s) be a K, curve on Fy,. We have, therefore, A = wp-+ug,
where p, ¢ are the geodesic curvature vectors of C' with respect to Fy, and Fyp
respectively and w, « parameters. From the above relation we obtain

X = wpttugt. 2.4
Using the well-known relation :

‘ duP du? duf awr
p=pXy o= [1'“*’?‘4@)3%) @ ds] +Ep gy e @9
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where
L _ Pun duP du?
=t o

equation (2.4) in view of (2.1) reduces to

duP du”
t“X;-l-f?O(vm( [uZ‘A(V)BrMZ,) e +(u+w)pzx]

duP du¥ " N
+H€A(P)ﬁy ds dS (v) . .o ‘e (2.6)
Equating the coefficients of X? and nf,,) respectively we obtain
duf dur duP du¥
% = (w-ta)p*+u. Zd 0, My o S0 and Oy =u. dypn 22 (27)

Multiplying (2.7) by g,s(%, w')pf and summing with respect to 8 we have

. dud du”
(u+w) = (gﬁstﬂPS—ué'A(v)s (v)% -du?_gﬂepﬁ)kg_z

where k; is the geodesic curvature of the curve,
Hence (2.7) takes the form -

CwZ Ay -1
v e dud du? duf du°®
kit | G PP~ —— g | Mg g 98P~k Ow)( O 74‘;)
Awre g g
duf dw’ _
XZAgg My =2 =0. .. . . L. (28

From the above we have the following theorem:

Theorem (2.1)—The m-differential equations (2.8) represent K, curves
relative to the congruence A, -

Particular case: For the hypersurfa,ce the congruence A is given by

=X} +Cnt.
Equa.tlon 2. 8) for the K, curve takes the form
dud
¥ ds  du
ke — | GpPpP— ——— = g MYP | i —kOME =0 .. (29)
Pods ds

which leads to a theorem parallel to Theorem (2.1).

Theorem (2.2)—The differential’ equations (2.9) represent K, curves of
the hypersurface.

Let the congruence A be a normal congruence, i.e. t* = 0 and let p* = 0.
Hence we have the following theorem:
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Theorem (2.3)—Geodesics of the hypersurface (or subspace) are the only
K, curves relative to a normal congruence.

3. SrooNDARY K, CURVES

In this section we shall consider & congruence A* which is a function of a
line element (%, u4’). The vector field A* can be represented in the form

M, w) = *2X + 20, (w, w')ng,; (3.1)

)
where 0(',) is a scalar and ¢** contravariant components of a vector of the
subspace. This vector is normalized by the condition

gulz, WM =1. .. .. .. .. (32
Relation (3 2) in view of (3.1) and (1.3) takes the form
Gogl, W R =1— 20(*:)50 N . X))

The secondary K, curves will be defined in the same manner as K, curves
of the last section. For secondary K, curves we have the relation A* =
w*p---u*q where w* and u* are scalars. From the above relation

A =yp*ptdutgt .. .. .. .. (34)
where p! and ¢t are given by
du® duf
P =X, ¢ =X}, +2Q 08y Ty ey e .. (35)
Equation (3.4) in view of (3.5) and (3.1) reduces to
du® duf o
L2 * L AP 4
t X+20()()_(u +w )pX +uZQ(V)Bds AL (3.6)
Equating the coefficients of X,, and n(v) respectively, we have
du® duP
14 = (u*w*)p* and C(“) =u ‘Q(p.)dp e et .. (37

We shall now consider the following two cases:

Case (i)—Let the congruence A* be non-normal. Multiplying (3.7) by
: gmﬁt""9 and summing with respect to B, we have after simplification

(") = (1= 2(C},)00) fogp ™t
Consequently (3.7) takes the form

=ty pBIY(1- 20 ) ™ = C .. (38)

Hence we have the following theorem:
Theorem (3.1)—The differential equations (3.8) determine the secondary

K, curves on Fy, relative to the vector field A*.
6

\
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For the hypersurface F,_; the congruence A* is given by
A = X 4 COn*, -, .. .. .. (3.9

The equation for the secondary K, curve takes the form

py—gapp“t*ﬂ(l—c*ng)-lt*v=0. N ¢ S (1)

Case (ii)—Let the congruence A*¢ be a normal congruence, i.e. t** = 0,
go that p* = 0. Hence we have the following theorem:

Theorem (3.2)—Geodesics of the subspace are the only secondary K,
curves relative to a normal congruence.

4. K, Curves axDp UxioNn CURVES

In this section we shall investigate the conditions under which a K, curve
(or a secondary K, curve) is a union curve (Singh 1968).
For a union curve relative to the congruence A we have

Ai=A%§+Bq‘. c @
Using (2.1) and (2.5) we obtain

p=as +B(poc+2 M4, 2 ‘M)
v

@By ds “ds
and X))
duP du”
Coy=BAypy 7 7=
comparing these with eqns. (2.7), we obtain after some simplification
du®
= % = —_—
u=DB and wp*=4 Fre

The last relation implies 4 = 0 and p* = 0.
We have, therefore, the following theorem:

Theorem (4.1)—A K, curve is a union curve if it is a geodesic of the sub-
space and in this case the congruence is along the first curvature vector with
respect to the enveloping space. '

Proceeding as above we can deduce the following theorem for the second-
ary K, curve.

Theorem (4.2)—A secondary K, curve is a union curve if it is a geodesic
of the subspace and in this case the congruence is along the first curvature
vector with respect to the enveloping space.
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