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We consider the problem of determining the distribution of stress in a long
isotropic elastic cylinder containing two strip cracks situated symmetrically
on a diametral plane. Two types of problems are considered. Firstly, we
assume that the lateral surface of the cylinder is stress-free while secondly,
the curved surface of the cylinder is supposed to be rigidly clamped. In both
the problems the cracks are opened by a constant internal pressure p,. We
first reduce the problems to that of solving & set of triple integral equations
with cosine kernel. These equations are solved by using the finite Hilbert
transform technique. Analytical expressions for stress intensity factors, shape
of the deformed cracks and the energy required to open the cracks are derived.

1. INTRODUCTION

Recently Srivastava and Lowengrub (1970) have developed a finite
Hilbert transform technique for solving triple integral equations involving
trigonometric kernels. This technique has proved very effective in the study
of two-dimensional three-part mixed boundary value problems (Lowengrub
and Srivastava 1968a, b; Srivastava 1970). Here, we shall apply it to the
problem of determining the distribution of stress in a long isotropic elastic
cylinder containing two coplanar strip cracks situated in a diametral plane
parallel to the generators of the cylinder. The material of the cylinder is
supposed to be homogeneous and isotropic with modulus of rigidity p =
Y/2(1+7) where Y is the Young’s modulus and n Poisson’s ratio. Recently
Srivastav and Narain (1968) have solved the problem of finding distribution
of stress in a right circular cylinder with a strip crack lying in the diametral
plane. They have derived expressions for the components of displacement
vector and stress tensor. We shall use these expressions and show that in the
cagse of two coplanar strip cracks these expressions lead to a set of triple
integral equations. By using the finite Hilbert transform technique developed
by Srivastava and Lowengrub (1970), we are able to reduce these triple
integral equations to a single Fredholm integral equation which can be solved
by the well-known iterative procedure.
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We consider the case in which the radius of cylinder is p and the distances
of the two edges of the craeks from the centre of a diametral plane are o and b
respectively. In section 2 boundary conditions appropriate to two types of
problems are formulated. In section 3 we quote the expressions for the
components of displacement vector and stress tensor from the paper of
Srivastav and Narain (1968). In section 4 we list some results which we
shall use in future sections. In sections 5 and 6 the problems have been
reduced to that of solving a Fredholm integral equation of second kind. A
solution of this bagic Fredholm integral equation for p > b, up to the order
(p78), is derived. The remaining sections deal with the calculation of stress
intensity factors at the two ends of the crack and the energy required to open
the cracks.

2. ForMULATION OF PROBLEMS

We shall consider displacement field in a perfectly elastic ecylinder
containing two strip cracks lying symmetrically in a diametral plane parallel to
the generators of the cylinder. The material of cylinder is supposed to be
homogeneous and isotropic with modulus of rigidity p and Poisson’s ratio 4.
The two-dimensional problem is discussed under the assumptions of plane
strain within the classical theory of infinitesimal elasticity. The cylinder is
supposed to occupy the region 0 <r <p, 0<0 <27, —0 <2z < oo (using
cylindrical coordinates), with the axis of the cylinder being the z-axis. The
two strip cracks inside the medium occupy the region defined by § = 0, § = =,
—b<r<—a,a<r<b —ow<z< . The state of stress inside the elastic
medium is created by a normal pressure f(r) inside the crack, so that the
stress field is the same in the planes normal to the axis of the cylinder. The
problem of finding the stress distribution is thus reduced to one of finding the
stress distribution in a circular disc of homogeneous isotropic elastic material
containing two Griffith cracks occupying the line segments § = 0, =, —b < r
< —a, a<r<b. It may be observed that the four quadrants are sym-
metric. For a symmetric deformation the displacement vector U may be
taken to have the components (us(r, 8), uy(r, 8), 0) and the components of
stress tensor will be represented by or (7, 8), ogy(r, 0), oss(r, 6). We shall con-
sider the following problems:

_ (i) The lateral surface of the cylinder is supposed to be free from stress.
The boundary conditions can be written as

arelp, 0) = opglp, 0) =0, 0O 7/2 . .. @5

(ii) The lateral surface of the cylinder is rigidly clamped. The boundary
conditions in this case are

uy(p, 0) = ug(p, 6) =0, 0 < < 72 . .. (2.2

138
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In addition, on the boundary 6 = 0, we have

u(r, 0) =0, O0<r<a, b<<r<p .. .. .o (2.3)
opg(r, 0) =0, 0<r<p ‘e .. - .o (2.4)
ogy(r, 0) = =2uf(r), a<r<b .. .. .. '(2.5)

on the boundary 6 = «/2
org(r, m/2) = up(r, m[2) = 0. R X))

3. COMPONENTS OF DISPLACEMENT VECTOR AND STREsS TENSOR

The appropriate expressions for the components of displacement vector
and stress tensor pertaining to the problems under discussion have been
derived by Srivastav and Narain (1968). These expressions are

unlr, 6) = : A(¢) e 02 _2n_1-¢r gin 6) sin 8 cos (& cos 6)

—(1—2n—¢r sin 6) cos @ sin (¢r cos 8)] d¢
- z [7 apr®~14-by{nt-49—2)r2*1] cos nf .. .. (3.1

n =0
uglr, 6) = | : A(£) e ¥ 9[(2— 20+ ¢r sin 6) cos 0 cos (7 cos 0)

+(1—29—¢r sin 0) sin 8 sin (¢r cos 6)] d¢

+ z [ Gyt~ L by(n— 4y +4)r+1] sin nf .. (32
n=0
o, 6) _ _ fm ¢ A(€) e &= 0[(1—¢r sin 8 cos 26) cos (£r cos 6)
2u 0
+¢r sin 6 sin 20 sin (ér cos 0)] d€

- Z [A(1— 1)~ 2+ (04 1)(5—2)byr™] 008 7B . (33)
n=0

ogp(r, 9) = — fw EA() ¢€rein0p(1 4-¢r sin 6 cos 26) cos (ér cos 0)
2u 0

—¢£r gin 0 sin 26 sin (¢r cos 0)] d§
+ z [n(n— 1)agr~2+(n+1)(n—2)bsr"] cos nd . (314)
=0
| ‘lf_‘igffl = — f: £2r A(8) ¢~ér o0 sin 0 sin (20-+£r cos 8) dé
+ z [(n—)agm-2+nin+Dbyr®] sin b, .. .. (35)

n=0
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The expressions for displacements u, and u, derived by Srivastav and
Narain contain a misprint. In formulae (3.2.5) and (3.2.6) 1/(14-5) should be

replaced by (1—19).
4, Somr Uskruvn ResurLrs

We list here, for ready reference, some integrals that we shall use in the
future sections. All these results are well known and can be found in
Gradshteyn and Ryzhik (1965).

fb {(tz—az)(bz—tz)}-&dt=(1/b)F(g,q) =Fb .. .. (41)

f:{(tz_az)(bz-tz)}—mdt=bE(’§’,q)-_-bE c e (49

where g = (1-—a?/b?)} and F and E are complete elliptic integrals of the first
and second kind. It is simple to derive the following integrals:

z a?—a2)(B2—2)H | <z <a

b X 9 {
tdt
J (= (—r) i (E—a?) y a<z<br .. (4.3)
" — 5 {@—at) @, =>b

<

J,w {e-fpsino sin fx} cos (£p cos B) E": (gt sin (2n41)8
o £ sin (ép cos 0 . (2n+4-1) cos (2n+4-1)8

® o cos (£p cos g) 2, gant1 €08 (2n4-2)8
f {e 50 gin ta} Z 202 o
0 sin (£p cos 0) =P sin (2n+2)0
0 0
—tpsinf . cos (£p cos 0) P x2n+l sin (2rn1-3)g
fo {ge sin ¢} sin (£p cos 0) Z (2n+ )p2“+3 cos (2n-4-3)6.

With the help of these integrals we can easily show that

o]

f o € 5m0[(2_ 201 £ sin 6) sin 6 cos (£p cos 6)
0

—(1—=2n—£p sin 8) cos @ sin (£p cos 6)] si ;w d¢
< 1
= 1+”ZI{££_—1 (/p)2n+1 ”"’;——12-’—’(95/,,)2"-1} cos2mf .. (44)

©

J' e P50 (2 9,4 £o sin 0) cos 8 cos (£p cos 6)
(1]

+(1—2n—£p sin 6) sin 8 sin (£ cos 6)] “i“ff’” d

- z [ 27:}-1 (w/p)Ent1— n+2"1 2(x/p)zn— ] sin 2n0 .. (4.5)
n=0
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< .
~f & 529 i 0 sin (20+£r cos 0) sin £wdé
o [ a2m-1 a2ntl] |
=0 P P

- ® g=f0sin i) £, gin § cos 26) cos (¢r cos 6)
0
+£p sin 20 sin 0 sin (ép cos 0)] sin ézxdf
2 21 211
== —x/pz-l- Z (’ﬂ'+1) [%l— — i:;é;:}-—f] cos 2nf. ‘e N . (4.7)
n=1 .

The solution of integral equation

%ji%’ii%dx=p(y), ye(@d) .. .. .. (48)
as given in Srivastava and Lowengrub (1970) is

h(a?) = — 8 (p(y)) +c[{(@®—a?)(B2—2?)} . .. (49)
where #(.) is the Hilbert operator, and

b
2 2. q2)(h2—y2) |} d
H(p) =;L§%§:%%y2-—_—%§ P et .. (410)

5. ConprTioNs ON CrACKS FAcE

We divide the solution of the problem into two parts. In the first part
we consider the relations which exist between certain arbitrary functions
and the unknown coefficients a, and by, if the boundary conditions on the line
§ =0 and § = =/2 are to be satisfied. The boundary conditions (2.6) on
f = «/2 are satisfied if and only if the coefficients @z, and b,,4; are all zero.
With this choice of @g,4; and by, 4, We see that (2.4) is also satisfied. The
conditions (2.3) and (2.5) lead to the triple integral equations

IQA(f) cos frdé =0, 0<r<a,
a

J‘ £ A(8) cos rdé = f(r)4 z [agn2n(2n— 1)r2n 24 bon(2n-+ 1)(2n4-2)r29]
0

n=0

=§F(r), a<<r<b

f:A(f)cosgrdg=o, U (.8 )
where

F(r) = '72; [f(")"l' Z (2n+4-2)(2n+ 1)("'2n+2+b2n)7’2”]~

n=0
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_ The solution of the above set of triple integral equations as given by
Srivastava and Lowengrub (1970) is given by

b
A(§)=-§f h(t2) sin & dt . (62

where A(t2) is determined by
h(i2) = —-—&L(F(r))+c/{ P_a)B—)P .. .. (5:3)

satisfying the condition | : h(2) dt = 0 and c is an arbitrary constant. Thus
(5.3) gives the relation connecting A(t2) with ass and bayn.

6. ConprrioNs oN THE FREE BoUNDARY
We now complete the solution by satisfying the boundary conditions (2.1)
and (2.2) for the two problems.

Problem 1
The conditions orr(p, ) = orglp, ) =0 for 0< 0 < #/2 are satisfied
provided

[ “£A(8) 4 (124 sin 0 cos 26) cos (€p cos 6)+Ep sin O sin 20 sin (£p cos 6)] d¢
0
+ z [20(2n—1)gn p202 4 (214 1)(2n—2)bon p2¥] cO8 2B =0 .. .. (6.1)

n=0
~ : £2p A(£) ¢4 %29 gin 9 sin (20+£p cos 6) dé

o0
+ z [20(2n— 1)agn p28~24200(2n+1)bay p27] sin 208 = 0. ce . (62)

n=0

Substituting the value of A(¢) from (5.2) in the above equations, inverting
the order of integration and after using (4.6) and (4.7) we get

b
1 271 2n+1
-;éf xk(zz)dx+2bo+2[(n+1)fa (xz){”ip-,,— %w}dx

n=1
— {2n(2n—1)agp P12+ (2n+1)(20—2)bgq p) 008 2n8] =0 .. (63)
o + )
> U h(z?) {n—— —(n+1) “:;:} dz
n<=0

+{2n(2n—1)agy p2~2+4 2n(2n + 1)bey p27} sin 2n9] =0 .. .. (64)
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for 0 < 0 < »/2. From these equations we derive

1 ¢
2bo—;§faxh(x2)dx

b
2n—1 2nt1
2n(2n— 1)@2'3 P2H—2 = J. g 2n2 %;L—‘ -— (277/"' 1)(n+ ].) i:mé } h(xz) dx
@

on b x2n+l x2n-1
2o+ Ubenpto = | o400 — ot ) 2 ot

n

for n > 1.
With the help of the above values of a2, and by, we derive

2 2n+1)2n+2){don2-Hbop}ren = fb x h(x?) N(z, r) dz

n=0

2 2 2n
Nz, r)= pgz 2 l,,zl (%72:) {(n+41)(2n+1)—4(n+1)2(x/p)2
+(n+2)(2n+1)x/p)4} . '

It is interesting to note that the above derivations are independent of 7.
Hence, in the case when the lateral surface of the cylinder is stress-free, the
digtribution of stress in the vicinity of crack is independent of the mechanical
properties of the cylinder.

Problem 2 '

When the curved surface of cylinder is rigidly clamped, the boundary

conditions to be satisfied are

uy(p, 0) = ug(p, 8) = 0 for 0 < 8 < #/2.
In contrast to the first problem in this case the coefficients agn and bgs are
dependent on n. Hence, the elastic properties of the cylinder have to be
accounted for. With the object of simplifying the calculations we assume
that n = }. An exactly similar procedure as for the first problem and with
the help of results (4.4) and (4.5), one can calculate the coefficients.

Forn>1

o .
4byy p2nH! = f h(xz){ -
a

b

2n+2
o g ]yt } dz

h(xe){ = 2D (gt (et 1)(x/p)2”+1} da

Anagy p?1 = f
a
bo = 0
With the help of these values we can show that

had b
> (en-+1)@n+2){aznsatbenlr®™ = | N nhayads

n=0
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where

© 2n
Nen == 2t s > (5) et b=t bt 2l
n=1

+3(2n2 +4n4-3)(z/p)4} .
Hence

F(r) = ?, [f(r)+ | : 2 h{(x?) N(z, r) dz]. . (85)
Substituting this value of ¥(r) in (5.3), we get
W = —2 ¢ [f(r)+ [ £ Me) N 1 dx] Fof{b—)tt—at}.  (6.6)
When p> b, N(z, r) can be written as
N, 1) = S U+ Ayt + 5380406, .. (6)

where the constants A’s have the following values for the two problems:

Problem 1 Problem 2
4, 3 —5/4
4, 2 1
A, —6 3
Ag 16 —9/2

Substituting the value of N(z, r) in (6.6) and, after some calculations, we get

h(t2)=———3>Lf(T) ( )f W)[( )

-5
+( +A3x )(t2+a22b )+0(p'3):' dz+§,c- v . .. (68)

where T' = {(12—a?2)(b2—#2)}.
Utilization of condition _fz h(t?) dt = 0 gives

b b
= :f:fa S ) d¢+§faxh(zz)[b(‘%’+‘4—p§’f) (E’— "gp)

+g.(?if A:f’) { (a24b2)E— (‘;-:) (3az-bz)ﬁ'}+0(p~s)] dz+cF[b.  (6.9)

Eliminating ¢ between (6.8) and (6.9) we get

b
h(2) = $(12)+ J'azh(xz) Mz, )de ., ., .. (6.10)
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Wheré

M(w, t2)=%[(t2 sz/F>( Alf) ( AS”){% a2+b2>t2+ﬁ}+0<p-8>]
B = {202/3— (a2 b2)E[3F}b2

and

40 = = 2o+ f nor

Since ...p>b, | M(z, 2)| < K, where K < 1, the solution of (6.10) can be
written as

BE) = ho@®) (@ o+ he@) . .. .. (61D)
where
ho(t2) = (2),  ha(t2F = h(t?) = hg(t?) = ... = 0,

2A0(t2--b2E F)

=T

halt?) = hol(22) dz,

b
haltt) = 2 [ (t2—b2E|F) j {A10%ho(a?) + Aghy(a)}a da
. a
Ay b .
+52 (214 (a2 b2+ B) f & ho(a?) dz |,
b
ho() = [<t2—sz/F> f 2 Agha(a2)+ Ay7ho(a?)}do

b
+H2M— (224 B2 4 B) f x(Astho<x=>+A2h2(x2>)dm].

We now consider the physically important case when the cracks are
opened by the application of constant pressure pg, so that f(r) = py/2n = P
(say). So that

holt?) = 22 (412 )

ho(t?) = %—% col2—B2E[F)
Ba(1) = 2F [ey(B— BB F) -+ oo{218— (@2+D2)"-+ )]

Bolt®) = 20 [ot3— BB/ F)-+o4{264— (a>+52)2-+6}]
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where
= 4, {“2;“"2 —bzﬁ—z}
2.1 52 2. 52\2
o= S (ST
— As
=34,

e = co{cl+(cl—c§)(1+§é2~1) }

Cy = 20062+A3(01"-C§)/A1.
The calculations for the higher powers of p~! can be easily obtained by
continuing the iterative procedure.

7. Tare StrREss INTENSITY FACTORS
The stress intensity factors at the two ends of the crack are given by

Na = lim (a—f)*[agg(f, 0)] O<r<a .. .o (71)
Np= lim (r—b)}og(r, 0)]] r>b. . (12
r—ot

From (3.4) we observe that
, 0 af” . 3
9%) = — E’J A(¢) sin ér d§+nzo (2n41)(2n+2){a2n 1.2 bon 2",
0 =
Substituting the value of A(¢) from (5.2) and the values of @y, and by, from
section 6, we get

000;’; 0_ _ fa‘izh(x)d +f x h(a2) N(r, t) da ..o (7.3)

where N(r, t) has the value given in (6.7).
For 0 < r < a, we have

- f ) da = [(% 1)<1+co/p2+c,/p4+ca/p6>
= (oo 4 2R o+ 01 )]

where
R = {(a®—r2)(b2—r2)}* and for r > b, we have

b o hiz2 2_b2E/F
B f,, Zz_’(x ,3— dz = gﬁ [(L—Tﬁ_/— _1)(1+60/P2+61/P‘+03/P“)

+ (2r4—(a2;.b2)7'2+5 _272) (02/p4+c4/Po)+o(P—s)] .
1
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where
= {(r2—a)(r2—b)).

It is easy to show that

b
J % h(x2) N(x, r) de = CO/P2+: { +Go(01— 0)+Alcor2§

1 A4
+;§ {00014'60(01 0) (1+2 o)

A c A
CE RS

In the above calculations we have taken the help of the first three results

given in section 4. Hence the stress intensity factors as estimated from (7.1)
and (7.2) are

Ng= {2a<b2p“—_o_w27}3 [(BbF —a)(14co/p2+c1/pt+cs/pf)

F(calpt+odp) @B —aD) =B 0] .. .. .. (14)
Ny = sy D= BIF) L+ colp+ /s + o)
62/P4+G4/p6 62 —a2)+ﬁ)+0(P—8)] . . (7.5)

8. TrE SHAPE oF THE DEFORMED CRACKS AND THE CRACK ENERGY
The displacement along the crack is given by
uglr, 0) = 2(1—) | : A(£) cos £rdé, a<r<b, .. (8.1

Substitutihg for A(¢) and performing the interchange of the order of integra-
tion, we obtain

ug(r, 0) = a(l—7) K W2 dt, a<<r<b. . .. (8.2)

Hence
ug(r, 0) . G ( (a2+b2)09,) ( (a2+bz)04)
2P(1—7) [b{1+?+ ot T\t }

% {E(¢: 9)— %F(«ﬁ, q)}+ (%.1.‘%) { (rz_a,2)(b2._rz)}*2_31'+0(P'8)]
(8.3)

where
sin ¢ = {(b—r2)/(b—aR)}t

The total energy required to open two cracks is

=2 f og(*s O)uo(r 0) dr = 2a(1—n)po f t h(t2) dt.
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b .
Since ogy(r, 0) = p,, a constant, and f h{t?) dt = 0, hence we have
a

2"(1—'712)2'93 ¢ Co. €1 . Cs ¢y . 04\ { [62—a2\?
L (e A
(8.4)
The case a = 0, that is when the two cracks merge into a single crack of

length 2b, yields £ — b, F - o0, E|F — 0. After some calculations one finds
that the crack energy for the two problems are:

Problem 1
w(1—n2)b2p;
W = ——5——2[1+ 1502407524 40-37525+ 0(a9)] .. (8.5)
Problem 2
7(1—n2)b2p;
W= — {1—0-62522+0-9531224 —1-9093608+O(28)] .. (8.6)

where = b/p.
The Griffith’s criterion that the crack may spread is

?
5 (W=U)=0

where U, the surface energy of the crack, is given in terms of the surface
tension 7'y of the material, by
'” U = 2T'gb.

This leads to the expressions for the critical value of the applied ﬁressure
to cause the crack to spread when the length is 2b. The values of critical
pressure p, are:

Problem 1 ,
Py = p; [1—1-5224-1-68752¢—1-5937528 - O(28)] .. (8.77)
Problem 2
Dy = P [14-0-6252% — 0-546262 4 0-695465+ O(23) .. (8.8
where p» = [ﬂ]} is the critical pressure for an infinite medium contain-
er wb(1—»2) .
ing a’crack.

The solution of the problem of finding the distribution of stress in the
' cylinder for the case when the cracks inside the medium occupy the region
defined by § = 0,80 = =n,a < |r|<p, —0© < z < © can be obtained as the
limiting case if we suppose that b — p.

ADDENDUM

The solution of Fredholm integral eqn. (6.10) in the form (6.11) needs
a justification which is as follows: We have called (6.10) a Fredholm integral
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equation although its kernel M(z, #2) does not belong to the type of kernel
which as a rule is called regular. This kernel is not L%(a, b) as it has weak
singularities at the end points. In spite of this, all fundamental Fredholm
theorems are applicable to eqn. (6.10), if they are stated in a suitable manner.
This will be shown by reduction of (6.10) to a Fredholm integral equation
with bounded I2(a, b) kernel. Writing (6.10) as

b
H(tz)—-me( 2%) {g,’; t))d x = T(t2) $(2) )

where H(#2) = T(2) h(t2), R(z, 1?) = T(i?) M(x, 12).

It is easy to show that R(x, f2) is bounded with respect to variable ¢.
The right-hand side of (i) is easily seen to be bounded. The variable x will
now be replaced by 8, by writing 22 = a2 sin? 8-+-b2 cos? 8. With this transfor-
mation (i) reduces to

H(?)— JixZH(ﬂ)R(x, 2d0=T@E) ) .. .. .. (i)

This is a Fredholm integral equation with a bounded L%*(0, «/2) kernel.
Thus the solution of (6.10) is equivalent to the solution of the Fredholm
integral equation (ii) in ordinary sense. Consequently we can conclude that
the Fredholm theorems are valid for (6.10).

The expression (8.3) for normal displacement of cracks can be written as

Yug(r, 0)

Spall—r?) = {(14-cop2+c1p~ 4+ 5P~ 8) + a2+ 1)(02P—4+c4p-6)}{E(§(,, q); gp(#,’ q)}

+2’(P ){(r2—a=)(1—r2)}*+0 (p79). R £ 113

The expression for distribution of stress at origin is found from (7.3) by
putting r = 0 and it is

00 O) — (1-+cap~2-+oypt-+ oy 0N BjaF —1)—(cap~*-+eup ) fa—H@>+ 1) Bfa)
0

+cop'2+{c§+co(cl-— Nt +cocip0+0(78). .. .. Lo (iv)

The numerical calculations were carried out for radius of the cylinder,

= 2 units of length, and for @ = 0-500, 0-259, 0-0175. The curves for

normal displacement of cracks are shown in Fig. 1. The continuous curves

correspond to the problem under discussion and the dotted curves to the

problem considered by Tranter (1961). It is obvious that the opening of
cracks is more as compared to the problem considered by Tranter.

Figure 2 shows variation, of stress at origin with a = 0-2, 0-4, 0-6, 0-8, 1-0.
The continuous curve corresponds to the problem under consideration and
the dotted one to that of Tranter’s problem. The concentration of stress at
origin is more in, this case.
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