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1. INTRODUCTION

Let X be a real Banach space with norm Il- 1l and dual X". The normalized duality mapping from

X to the family of subsets of X" is defined by

Jx = {Xe X (xx)=lxIP=lx" 17,

where (-,-) denotes the generalized duality pairing. A mapping T with domain D(T) in X is said

to be accretive if for each x,ye D(T) there exists j(x—y) € J(x—y) such that
(Tx-Ty, j(x-y))20.

Furthermore, 7 is called strongly accretive if there exists a constant k > 0 such that

(Tx=Ty,j(x=y))2kllx—yl?.

T is said to be ¢-strongly accretive if there exists a strictly increasing function

¢ : [0, =) —> [0, ) with ¢0) = O such that the inequality
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(Ix =Ty, jx-y))2¢llx=ylhlix-yl .. (3)

holds for all x,ye D(T). Let MT) = {xe X:Tx=0}. If N(T)# ¢, and the inequalities (1), (2) and
(3) hold for any x € D(T), but y e N(T), then the corresponding operator T is called (juasi-accretive,
strongly quasi-accretive and ¢-strongly quasi-accretive, respectively. Such operators have been exten-
sively studied and used by several researchers (see, e.g. [5, 10]).

Recall that a quasi-accretive operator A is said to be satisfy Condition (I) if, for any
x€ D(A),pe N(A) and any j (x-p) € J(x-p) the equality { Ax, j(x—p)) =0 holds if and only if Ax
= Ap = 0.

Recently, Xu and Roach studied the characteristic conditions for the convergence of the
steepest descent approximation process

xoeX

xn+l=xn—tnAxnn.>_O,

(@)

where 1, € (0, o), Z t,=eo, and t, >0 as n—>co. They proved the following theorem.
n=0

Theorem XR — Let X be a uniformly smooth Banach space and let A:D(A)=X — X be
a quasi-accretive, bounded operator which satisfies condition (I). Then, for any initial value
Xy € D(A), there is a positive real number T(xy) such that the steepest descent approximation method

(@) with t_<T(x,) for any n, converges strongly to a solution x of the equation Ax = 0 if and
n 0

only if there is a strictly increasing function ¢:R* — R*, ®(0) =0, such that
(Ax=AX", jo, = x") )2 ¢ (lx, —x" I llx, —x" Il )

We remark immediately that in the above Theorem XR, the choice of the initial value
Xy € D(A) should satisfy certain restrictions in order to guarantee that ¢~ ! (Il Axy Iy is well-defined.
Moreover, the choice of iteration parameter 7, depends heavily both on the modulus of smoothness
px('r) of X and on constants K and C. Clearly, it is rather hard for one to determine 1, < T(xo) for

all n >0, because of computational difficulties. On the other hand, in some applications, the operator
A is, in general, not defined on the whole of X. The domain of A, D(A), is generally a proper
subset of X. In this case, the steepest descent approximation process (@) may not even be
well-defined. Recently, author'' has completely solved above all problems by using new
approximating techniques and proving more general result.

It is our objective in this paper to extend the results of author'! to the generalized steepest

descent approximation setting. For this purpose, we need to introduce the following concepts and
known fact.

Let A:D(A)c X — X be an operator and let {c,} and {d,} be two real sequences in [0, 1].

A scheme (GSDA) is called a generalized steepest descent approximation if a sequence {xn} 0 is
n2

defined by
xy € D(A)
(GSDA) { ¥,=x,—d, Ax,,n20,

Xy 41 =X~ €AY, n 20,
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An Operator A — A:D(A)c X — X is said to be locally bounded at some xy€ D(A) if
there exists a positive constant r > 0 such that the closed ball B, (xg) 1s contained in D(A), and
A(B, (xg)) is bounded. Accordingly, A is said to be locally bounded on D(A) if A is locally bounded

at every xe D(A). It is well known that if X is a uniformly smooth Banach space and
A:D(A)c X — X is an accretive operator with an open domain D(A), then A is locally bounded on
D(A).

The following lemma, due to Petryshyn3, is very useful in this paper for the proof of our
main results.

Lemma 1.1 — Let X be a real Banach space. Then the following inequality

hx+y 2 <lxi?+2(y,jx+y))

holds for all x,ye X and all j(x+y)e J(x+Y).

2. MAIN RESULT

Theorem 2.1 — Let X be a real uniformly smooth Banach space and let A:D(A)c X —> X be a
quasi-accretive locally bounded operator which satisfies condition (I). Then there exist a closed ball

B, (x") and positive real numbers T(xy) such that the generalized steepest descent approximation
scheme (GSDA) defined by

X € B, (x*)
(GSDA) ¢ y,=x,—d, Ax, nz0,
Xy 41=%,—C, Ay, n 20,
with

. . |8 r )
(1)) 0<(c,+d,) < T(xy) = min { w T} for each n>0;
(i1) z C, =% and

n=0

(i) lim ¢, = lim d, =0;
n—> oo n—oco

converges strongly to the solution x of the equation Ax = O if and only if there exists a

strictly increasing function @ : [0, eo) — [0, ), ¢ (0) =0 such that
© (Ax,j(x,-x))2¢lx,—x Wlx,~x"ll,n20,
(Ay,, jo,-x)) 2oy, ~x"Mlly, -x"Iln20.

Moreover, for the sufficiency part, if inf ( >0, then we have the error estimation :
t>0

* 02
Hxn—x " <r On,nZO,

where r; = max {r, 1} and 6,—0 as n— o,
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PROOF : NECESSITY : Suppose that xn-—>x* as n—eo. Then yn—ax* as n —oo. Define a
new sequence {z,} as follows: {z,} = {11 X0 Vo cows X, Ypo -} Then zn——éx* as n—>oo, Let M

= sup {ll zn—x* W:n=20}. Then M20. If M = 0, then znzx* for all n20 and hence the condition
(C) follows trivially. Suppose M > 0 and for ¢ € (0, M) define

C,={neN:liz,-x"li21},

then C, is nonempty and finite. Indeed, assume C,= ¢, then Ilzn—x* I<t for all n=>0, it follows
that M <r<M, which is a contradiction. For every e (0, M), there exists n(f)e N such that
I :n—x* Il<t for all n2n(r). Hence C,c {0, 1, 2, ..., n(t) — 1}. Define

o (Az,, j(z,- X)) c
) = min ‘he .
' Iz, —x" I ’ |

Then fr) is nonnegative and nondecreasing. If f{r) = 0 for some r e (0, M), then there exists
some fixed nye C, such that llz, —x 1>t and (Azn J (2, —-x"))=0. By condition (I), we have
0 0 0

Azn =Ax"=0. In view of (GSDA), we have Z,=2, for all n2ny. This implies that z, =x", which
0 0 0

contradicts Il z, —x"II>t. This contradiction shows that fr) > 0 for every te (0, M).
0
Now we extend the domain of f to R by defining f0) = 0 and f{r) = sup {fs) : s < M}
for all t>M. Define ¢(’):Tti% for te€ R*. Then ¢:R" — R is a strictly increasing function with

¢ (0)=0 and satisfies condition (C). The proof of the necessity is complete.
SUFFICIENCY — Suppose that inequality (C) holds. Since A is locally bounded, for
x" € N(A), there exists a positive constant r > 0 such that B, (") © D(A) and A(B, (x")) is bounded.

Let M = sup {llAuli:llu—x"I1<r}. Since X is uniformly smooth, j is uniformly continuous
on the ball B(0, 2r). At this point we can choose some & > 0 such that

ro ;:—
ljx—jyll <

whenever x,y€ B(0,2r) and llx-ylI<4é.

Now set

T(xy) = min { %, i }

Now we prove that the sequence {x,} defined by (GSDA) with (c, +d,) < T(x;) is bounded.
We finish the proof by using mathematical induction.

We first prove that |l yn—x* 1< r whenever |l xn—x* II<r. Assume that |l xn—x* II<r. Then
NAx, <M.
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Observe that
Wy, —x"<lix —x"l+d, 1 Ax, 1< (r+7)=2r,
and
Ny, -x,lI<d, HAx, Il < 0,

so that

ro(q

1, =x)=j b, —x )< M

Now we want to show that |l yn—x* I<r for every n20. If it is not the case, then there
exists an n for which

ly, —x"li>r.
By (GSDA) we have

lhx —x" 2Ny, —x li-d, Il Ax, I

2r~Txg) M
r
_>__2_’ .. (5
and hence o (Il xn—x* Il)2¢(%). .. (6)

By using Lemma 1.1, (GSDA), (5) and (6), we have
iy, —x* 12 =lx, —x" —d, Ax, I?
<lx, —x" 1P -2d, (Ax,.j (5, - %))
<lix, —x 12=2d, ¢ (lx,—x" ) lx,—x"1
+ 2d M1l j(y, -x)-j (x,—x)
<lx, —x" nz-zdn%q)(%)wn r¢(%)
<lx —x"IP, (D

which implies that |l yn—x* N<lix n—x* It <r, which contradicts the assumption i yn—x* H>r.
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Now we prove that llxn—x* I<r for all n20. Let x;, be some point inside B, (x*). Then
we have that leo——x* I<r. Assume that Il xﬂ——x’k lI<r. We want to show that I X1 -x"l<r.

Observe that

lx,, —x I<r+c, Il Ax, I <2r,
and
hx, 1=y, I<(c, NAy, I +d I1Ax, ) < (c,+d)M<$,
so that
ro L
. * . * 4
P, =, —x)=j,-x )< .
* * r
Suppose that llx, , ~x II2r. Then lix, —x lIZ(r—ch)ZE,
and ly —x* 2| -—d M |>L. Consequently, ¢ (ly —x*I)>¢| =
n 12 n 4 ’ n - 4

It follows from Lemma 1.1 and the above argument that
* 42 * 02 . *
Nx,  —x 1P <lx, —x 1" =2c, (Ay,,j(x,,1—%))
<lix, ~x" 1 +2Mcp, - 2¢, ¢y, -x" Wy —x"I
r
rol —
) 4 r\r
Slhx, —x I°+2Mc, 3 —2cn¢(ZJZ

<l —x" 12, e (8)

which implies that Il x, H—x* IISllxn—x* II<r, a contradiction. This contradiction shows that

lhx, 4 -x" 1< r. By mathematica induction, we have shown that Il xn—x* I<r for all n20. By the
definition of M, we know that Il Ax, <M and |l Ay II<M for all n20.

Set M = max | sup {HAxn ll}, sup {llAynll} .
nz20 n>0
Using (GSDA) and (iii),
pn=llj(xn+1-x*)—j(yn—x*) =1, -, H=Mj(~c,Ay,+d, Ax )i
<(c,+d )M, )]

and p, — 0 as n —eo, since j is uniformly continuous on bounded subsets of X. Again using Lemma
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1.1, we have
Ix,, =x" P <lx, ~x" 12 =2c, ¢(lly, —x" M)y ~x"Il+2Mc, p,. . (10)

Set limsup |l yn—x’k Il=a. Then a=0. Suppose that a > 0. Then there exists a fixed integer
n —) oo

4

a a .
ng such that Hyn—x* IlI>2—, and hence ¢(|Iyn—x* |I)2¢(Z} for all nzn, Since p, >0 as
n — o, we can choose n; 2n; so large that

4Mana¢(%), . (1D

for all n2n;. It follows from (9) and (10) that

Z—q)[%] Y ¢ <lx, —x" 1P <o,
n>n] :

which contradicts assumption (ii). Consequently,

O<liminflly, —x"I<limsup NIy —x"1I=0.
n— oo n—»oo

This shows that y, —x" and hence xn—>x* as n — oo,

Now we consider an error estimation. For this purpose, assume that

o(ly, -x" 1 pu
inf ——————=0>0. Without loss of generality, we assume that p, S—M

” for all n2>0. Define
n20 Ilyn—x i :

iteratively a real sequence {Bn} as follows:
n2

6,=1
6,,,=01-20c,)6,+2Mcp,,n20.

Then we have that Gn <1, lim 0n=0 and i xn—x* I|2S r Gn for all n >0, where r; = max
n — oo

{r, 1}. We are done. O

Remark : We observe that if A:D(A)c X — X is a ¢-strongly quasi-accretive operator, then
A satisfies the condition (C).
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