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In this paper, the well-known equation: loxlo &x) - 5(x)=x'2,xe R, is generalized for the distributions
x P, 897D (x), by arbitrary p,ge IN, as they are embedded in Colombeau algebra of tempered generalized
functions. Two more Colombeau products of this type concerning the distributions x™7, § (q'”(x), and
(x+i0y"? are derived as well.
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INTRODUCTION

Owing to the large employment of Schwartz distributions in the natural sciences and other mathe-
matical fields, where products of distributions with coinciding singularities often appear, the problem
of multiplication of distributions has been for a long time objective of many studies. Starting with
the hlstoncally first construction of Komg 14 and the sequential approach developed by Mikusinski
and co—authors there have been numerous attempts to define products of distributions, or rather to
enlarge the range of existing products (see [16] for complete review and bibliography).

Furthermore, several attempts have been made to include the distributions into algebras of
generalized functions with differentiation always possible and subject to the Leibniz rule (differential
algebras). According to the classical Schwartz counter-examples, however, in associative algebras of
generalized functions, multiplication and differentiation cannot simultaneously extend the
corresponding classical operations unrestrainedly. One, therefore, has to reduce the requirements on
the multiplication. So far, most complete hst of such properties possesses the differential algebra
G of generalized functions of Colombeau®. The distribution space D’ is C-linearly embedded in
it, and the multiplication is compatible with the differentiation and products with C™-differentiable
functions. The notion of ‘association’ in Colombeau algebra, which is a faithful generalization of
the equality in 7, is particularly useful for evaluation of distribution products - as they are embedded
in G - in terms of distributions again.

Recall now the following well-known result published by Mikusinski'® in 1966

x'l-x’l—nzﬁ(x)-J(x)zx'z,xe R. ()
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Though neither of the products on the left-hand side of (1) exists, their sum still has a
correct meaning in the distribution space. Another formula of that type - in a nonstandard approach
to distribution theory - was given by Raju]7

H.5'(x)+5(x)-5(x)é—;—a'(x),xe R. )

Here H is the Heaviside function and ‘= stands for equality up to an infinitesimal quantity.

Equations of this kind can be found in the mathematical and physical literature. We proposed
the name ‘products of Mikusinski type’ for such equations in a previous work®, where a
generalization of (2) was obtained in the Colombeau algebra (see equation (7) below). In this paper,

we generalize the basic Mikisinski formula (1) for the distributions x” and 6(q’1)(x) (xe R) for
arbitrary p,q € IN (Theorem 4.2). This is done following the method of Mikusinski of applying a
‘Fourier-product’ formula, but in the setting of Colombeau algebra of tempered generalized functions.
As intermediate results, we obtain the product in Colombeau algebra of the distribution

(x +i0)"? (x € IR) for different p € IN (Theorem 3.3), and derive still another Mikusinski type product
for the distributions x? and 89~ 1) (x), by arbitrary p, g € IN (Theorem 4.1).

1. DEFINITIONS AND PRELIMINARY RESULTS

We start by recalling the fundamentals of Colombeau theory, restricting ourselves to the algebra
G, of tempered generalized functions of one variable. It contains the space §° of tempered

distributions on IR and is appropriate for the considerations we envisage in this paper.

Notation — Let IN, IN,, stand for the natural numbers, respectively, the nonnegative integers
and 5mn = {1 for m = n, = 0 otherwise; m,n e INO}. If gis € HVO, we put Aq = {p(x)e D(R) :
J x" @(x) dx = &, for each ne Ny, <q}. We will denote (ps=(~:'l (D(E'lx) for g€ A;) and £>0.
R

Definition 1.1 — Let €[IR] be the set of functions i@, x):Ayx IR — € that are infinitely

differentiable with respect to x by a fixed ‘parameter’ ¢; which is a (C-algebra with the pointwise
function operations. Let its subalgebra £, .[IR] be the subset of £[IR] of ‘moderate’ functions

f(@,x) in €[IR] such that for each p e IN, there is a g € IN; such that : for each pe A q there are
¢>0,71>0 satisfying | g, x)I<c(1+1x19 & 9 for all xe IR and 0< £< 7. The symbol 7 stands

for ‘tempered’. The ideal 9\[1 [R] of &, .[IR] is the set functions f{g,x) such that for each
p € IN, there is g € IN such that : for every r2 ¢ and each pe A (RR) there are ¢ >0, 17> 0 satisfying

| P A, x)1Sc(1+1x1"€ 79, for all xe IR and 0<&< 7). Then the tempered generalized functions
are defined as elements of the quotient algebra G, =¢,, ,[R)/ N, [R].

The algebra G, contains the tempered distributions4, canonically embedded by the map
008G um{u(ex)=wu*xp )}, whenl_c}) (x)=@(-x) and ¢ is running the set A, Basic
examples are the embeddings ;’: ;:’; , and 6@ (x) of the distributions x? = {xf for x20,=0 for
x <0}, xP==1"1(p-1)1P(n ), and & (x),pe IN. We note that similar, yet different
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schemes of ‘new generalized functions’ were introduced by Antonevich and Radyno1 and by Egorov7,
and applied to various problems in Analysis.

We recall some properties of the parameter functions g€ A 7 that will be in use later. From
the equation for their Fourier transform

o.0=[ e™o.dy=£" | e""%(%}dw [ =% ooy di=pex)
R R R

and the definition of A 7 it follows that, for any ¢ in IN and @€ A 7

A A(l) . .
@0)=1, ¢ (0)=0 for all je WO,} <q. .. (3)

Then, from the Taylor formula up to order g + 1, we easily obtain the estimation :

+1
I(l))(ex)—llsgglsg)—lél—r—, for each re IN,x€ RR. .. (4)
+lx

Further, for any fe ngwith representative f{@,, x) the integral j fix) dx is defined as
R

| foo0b,00dx= | o, dEn ds; - 5
R R

which makes sense since %e S. By this, (/}\)(ex) can be omitted in (5) whenever flg,, x) is supported
in a compact subset of IR, thus coming to the classical integral.

Since the equality in Colombeau algebra is very strict, the following weaker concepts for
‘association’ are introduced.

Definition 1.2 — Two generalized functions f, g of G, are said to be strongly associated,
written as f ig, if for any ye S, denoting dw((pe = j f (@, x) - 8(p,, x)] w(x)(/i)(ex) dx, there
R

exist N € IN), such that for any g2 N, pe Aq there exist c, 71> 0 such that |d w((oe)lScsq‘N for
all £e (0, ).

Definition 1.3 — Two functions f, g€ G, are said to be associated (in weak sense), denoted
as f=g, if for some representatives of theirs f(@x), g(@,x) and for each y(x)e S there is
a€ Mo such that, for all 9x)€ A, lim L (9, x) - 8(Pp ] ¥ (x) § (€3) dx=0.

+

It is easily seen that strong association implies weak association in G, Another version of
the latter definition is that of associated distribution.

Definition 1.4 — A generalized function fe G, is said to admit some u € § as an ‘associated
distribution’, denoted by f=u, if for some representative f(@, x) € £ ¢[R] of the function f and
for each y(x) € § there is a g€ IN; such that, for all @(x) € Aq,
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im [ (o, v §(ex) dr=(u, v
E—)O+ R

Remark : Definitions 1.2-4 are independent of the representative chosen. The distribution
associated by Definition 1.4, if it exists, is unique. The embedding of every distribution in Colombeau
algebra is associated with the latter’, the association thus being a generalization of the equality of
distributions in classical distribution theory. This fact also implies that Definitions 1.3 and 1.4 are
equivalent on the embedding of distributions :

f=ue f=u for any fe G,ue S . (6)

Now, by a distribution product in Colombeau algebra, sometimes called ‘Colombeau product’,
is meant the product of some distributions as they are embedded in Colombeau algebra, whenver
the result admits an associated distribution (see [12] for comparison with other distribution products,
and [S] for particular results). The following Mikusinski type product in Colombeau algebra that
generalizes the result in (2) for arbitrary p € IN, can be now proved6:

e 80w+ 3w - 30 - 23 8 o, )

We recall also two results on Colombeau product that will be needed in the sequel. First,
for any multiindex p € N4, it holds®:

— T e _ _ '
x*P-6"’“>(x)=£—d‘—)’;(’-”——1—)—'5(2p—‘)(x),xe R L ®

2°@2p-1)!
Note that eq. (8) was derived in the one-dimensional case by Fisher® and Itano'! as
regularized model product13' 16 under (different) additional requirements on the regularizing &-nets.

The =-association is consistent with the linear operations in Colombeau algebra, but it holds
only a ‘weak’ version of the formula for partial derivatives a,. (i =1, .. d of the Colombeau

product of distributions on R Namely, the second result we shall need is the following.

Theorem 1.1% — Let the embeddings of the distributions u, v and the distribution w satisfy
u-v=w. Then it holds

du-v+u-dv=dw, i=1 2 .. d. . (9)

Remark : In general, only the sum on the left-hand side of (9) has an associated distribution,
but not the individual summands in it. Clearly, this assertion extends to Mikusinski type products
in Colombeau algebra as well. '

Now, in compliance with definition (5) for integral in G, the Fourier transform Ff= ﬁ the

inverse Fourier transform ¥ ! f=7, and the convolution of f,g € G, are introduced by the following
equations for the representatives :

P@en= | ¥t ndEN . T(¢£.x)=-21; [ & @ d@)dy .. (10)
R R
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F*8) @pD= | F(0,x-7)8(0,y) ®(ey)dy. . an
R

It can be shown'® that these definitions preserve the representative classes of generalized
functions in G, as well as the association relations. Moreover, the following basic properties were

demonstrated by Colombeau® for any function f in G, :

@ F ' FFEfb) fx3 LS . (12)

Note that the corresponding strict equalities are not valid in the algebra G_.

2. EXCHANGE FORMULAS IN COLOMBEAU ALGEBRA g‘r

We shall need an ‘exchange formula’ between the operations of multiplication and convolution, via
the Fourier transform. Such a formula was proved by Colombeau® in a strong-association sense when
one of the multipliers is decreasing fast at infinity. Again, it is not valid as a strict equality in

G, We will prove an exchange formula in weak-association sense enlarging its validity for arbitrary
generalized functions in G, We formulate it for the inverse Fourier transform in order to get later
a ‘Fourier-product’ equation appropriate for our purposes.

Theorem 2.1 — For each two generalized functions f, , in G, it holds

-~ 1
h Hh=5z 0y | .. (13)

PROOF : Taking into account Definition 1.4 and egs. (10), (11), we have to evaluate the
difference between the two sides of (13) for some representatives of f| , and an arbitrary ye § :

AV/ (‘Pg) = J ,:21_”)1 *;2 ((pg X) —'.7] ((og’ x)fz ((pg’ X) J l[/(X) (/,\D(EX) dx
R

Lfﬁ [T ] e @.y-25 @00 €2 der) dedy
4 R! RxR

[ O £ )y (0 yy) BEY) Bleyy dyy dy, W () D en) dx
R xR

1 i A
= Z—n? f 3exyfl ((Pg’y—z)fz ((PE,Z) ¢ (€2)

(R)
[9(ey—£2) - @ (EN] W (x) P (ex) dz dy dx, . (14)

where the change y, +y,=y, y, =z is made.
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Evaluate first the integral in z. Suppose that, in accordance with Definition 1.1, we have the
estimate for the representatives

Ify @a D<€ A+, 15 (9 D 1<E™ (1 +121M), .. (15)

for some /,me IN, and all z € IR. Supposing further that g € A we fix some p € IN, p < gq. Replace

then (p(e y—-€z) with its Taylor expansion, first around the pomt €y and then - around O, up to
order p. Taking into account eq. (3), we get

Pey-e0)-9(ey)=(-¢€F 2 ,((pl);),z’yp ’(pj (€8,y). .. (16)
Jj=

Here each of the parameters 0] G =1, .., p)is a fixed number in the interval (0, 1). Further,
the next estimate of any @€ A easily follows from (4) :

lqo(e )I< (1), as €0, for all re INy,ze R. .. (17

1+1z1"

Now, taking into account (15) and (17), we obtain the following estimate, for any

j=1 .,.p:
L) =] | £ @py-21, (0,0 dend e
R
~l-m / m rn—1
<€ A+ly-zB)Q+1zM 1zP A +1zVY " de
R
<c- €™M 1+ o] (1 +1y 1), for some ce R, and ne IN. .. (18)
Taking into account egs. (16) and (18), we evaluate further

a2 1T 1= | € (0, y-21, (9,2 §(€2) - R (Ey)] de dy . (19)
R xR

1Yy "”(eey)

= | er Le"‘y oo Lo
j=1
<c- @M1+ o)) J (l+|y|")lavp(£y)ldy, for some ne N, ... (20)

R

Here we have put

<P,,(8y) = Z max
j=1 0<8<1

Y 7 (e 6y) ‘
Te-pr |
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Now we can choose the parameter g€ IN to be such that ¢ — / ~ m — n =t > 0. Then,
A
(';)p (ey) is a function in § such that (pl(ok) 0)=0, for k = 0, .., ¢ — p — 1, and therefore

| &P (e i1<c(o)- 7P A +1y Py ! for any s IN. Taking then into account this latter estimate and
equation (20), we obtain further

4 1 T(p) VS c- €' [1+0(1)] f A+ly™ A+ Tdy<e, - e' [T+oD)]. ... @1
R

Applying successively equations (14), (19), (21) and (17), we finally get the estimate

J

R

14, (99 1=

T (9, %) v (x) §(ex) dx l

<ci & [ 1w a1 +odese, - &1 +0(1)]
R

Now, since ¢+ > 0, we obtain lim Aw((ae)=0; which completes the proof of the theorem.
-0

Clearly the above proof remains valid for the Fourier transform as well. Now, if we set
fizgi, i = 1, 2, equations (12(a)) and (13) imply the Fourier-product formula given by this.

Corollary 2.1 — For each two generalized functions g, , in G, it holds

I A

A
gl‘gzz‘i;gl*gz- .. (22)

3. THE SQUARE OF (x+i0)"” IN COLOMBEAU ALGEBRA

We proceed further to particular tempered distributions embedded in Colombeau algebra G Before

this, we will prove a basic property of their elements. It is known that the inverse Fourier transform
of a distribution with support in /R, can be obtained as a weak limit of its (one-sided) Laplace

transform, as the imaginary part of the variable tends to 0. The same holds for the elements of
G, having support in IR,.

Lemma 3.1 — For each generalized function fe G, supported in IR, it holds

lim | A dr=2nF(x), where z=x+ixe C. . (23)

X—')O+ R+

PROOF : According to definitions (5) and (10), we have to evaluate the difference between
the two sides of (23) for some representative f(@,, 1) of f:

A@)= lm | D p@ndEnd- | & fio.0pend
x——)() R R

+
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=lim | [¥-11e%f(p, 0 pEndr
-0 R

Now, e ¥ 51, as y >0 ,» uniformly regarding x. Since le¥—-11<0 on the half-line, the

last integral above is uniformly convergent at infinity, and we can therefore pass to the limit as
X — 0, under the integral sign. This gives A (¢, =0, and the proof is complete.

Recall next the definition of the distribution
(xxi0) P:y— lim ((xxiy) ?, y¥),pe N, . (24)
x—0,
for an arbitrary ye S (IR). Then we prove the following.
Theorem 3.1 — For each pe IN, the embeddings in G, of the distributions x_’i'l and
(x +i0)" P satisfy :

I)N

’27[ (x +i0) — p. .. (25)

Flud-hH=

PROOF : By their definition, the representatives of Colombeau generalized functions satisfy:
J f@,x)=0, [x f(@y,x)); which applied to the embeddings of the distributions gives

d, u (@, x)=d u(@,x) for each ue §' (IR). So, in particular, we have

N

d, 2 (@ x)=pE (@, x).pe IN; I, F (9, %) =3 (9, x). .. (26)

Applying Lemma 3.1 and eq. (10), we now get for each pe IN :

F1 ) (0o = lim —J S 21 (o 3) B(ey) dy
x—0,

- im 5’,—t(x+ix>‘l[f XY () e (£y) dy
=, R

+J SHIDY 9, [x_';‘l ((pg,y)]a?(ey) dy
R

: lim [I 1(¢€,x+zx)+J 1 (@ x +iX)].
x—)O

Here, in the integration by parts, we have used that Itl"?o(t)—»O as ltl—ee for all
ne IN and re R, the integrated term thus being 0. For any ye S(R) and fe G, with a

representative f (@, x) denote by L (f) = lim lim -‘- 1 emxp ((pe, y)€<p (ey) dy, l//(x)>
£—0, )(—-)()+ R

Then we have
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i PR | . Yy ’: A
Ly, ) =5~ (x+i0) < tim [ 1608 (g0 e ), W(x)>~
€20, p
We have passed to the limit as y — O, under the integral sign on the same argument as in
the proof of Lemma 3.1. Now, it can be checked that (as required by Definition 1.1) the following
-1
&L e,y

estimate holds : <c-€P(@+1yP). Choosing some ge IN, g>p, we have for any

g-1 :
Y iyl gy W) ~ ()
@& A, by the Taylor theorem and (3) : £¢/ (€)= 2 GO YT oV 0)+ & 'Y (e6y), where
j=1

A
8e (0, 1). Denote further a)q )= sup P (¢6y), which is well defined since @& S (IR). Due to
ee R

——~—

the estimate e,y e 9@ (e8y) |< xﬁ‘lups,y)eqé‘oq(y) <c- A P(1+1yP)

o (1+Iyl")_1 for some ce IR_ and all ne IN,ye IR, and by the theorem for dominated
convergence, we can pass to the limit as £— 0, under the integral sign. Since for any pe IN we

can choose g > p, it holds:

L,d _1)=~i—(x+i0)“< lim fe"x»" 27 (9 & 9D (£0y) dy. yix) > = 0...27)
P 2r £ 0+ R

Consider next the term J -1 above, by p = 1. Taking into relation (6), egs. (26), and the
fact that §(¢, y) is supported in a compact subset of IR, we get :

L,Up= lim < tim 2= @+ip! e’f”ei”’z(cpe,y)dv,w<x)>
e—->0+ )5-—>0+ r R

= <5i;r-(x+i0)— o) > . . (28)

Employing further eq. (26) and integrating by parts, the integrated part being again 0, we
obtain :

Jyy= 5 =i 2 | A2 0,0 Blen iR
R

= i(c+ip! U,_a+d, ) . (29)
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. ) _ . =1
By (27), which holds for each pe IN, we get : Lw(‘lp—l)_l‘w(’(x""x) Jp_z).

Iterating the above manipulation (p — 2) times and taking into account (28), we obtain

——

im ( F '™ (@p 0. w)

e—-aO+

= lim < lim ip_l(x+ix)‘p+ljo,y/> <§'§;(x+i0)"’, l//(x)).

-0, x—0,

Thus, with (6) taken into account, proves equation (25) for each p € IN. The proof of the
theorem is complete.
Combining now egs. (12a) (in weak-association sense) and (25), we get this.

Corollary 3.1 — For each pe IN, it holds

e ——

Fax+ioy P=2mi P, - (30)

We also need the result of the following.

Theorem 3.2 — For each p € IN, the embedding in G, of the distribution xz'l satisfies :

——

B =lo -1 .. (31)

+

PROOF : Applying the defining eq. (11), we obtain for each pe IN :

C, = A&+ Y@= [ 27 00 (0px-3 dlen) dy
R

[ # @ux-02"" @ e Endy+ [ £ (0,5-32"2(0,y) dey) dy
R R

.. (32)

Ip+Jp, p-2
In the integration by parts, we have again used that Itl"(’;\)(t)—éo as lti—e for all
ne IN and re IR, the integrated term therefore being 0. For an arbitrary we S(IR), we next write

lim (1, W)=<lim I x{i(%x-y)xﬁ’l(¢gy)6$(£y)dy,w(x)>

E-0, £—>0+R

—

P AR LA ()

—

The following estimate holds: Sc- €21 (1+1x-yP)

A+1yP .
Choosing some g€ IN, ¢g>2p~1, we have for any pe A 7 by the Taylor theorem and (3):

@ (€)= 9D (e6y), 8 (0, 1). Denote ﬁq )= sup 0P (£60y). Now, on the same argument

E€ R+

as in the proof of (25), we get the estimate :
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2 (@ x - y)x” (@, &€ 09 (e 6y)

Sc- AP QA ix—yPA+1yP YA +1yy ),

for some ce IR, and all ne€ IN,x,y € IR. Since y(x) € S, by the theorem for dominated convergence,
we can pass to the limit as €— 0, under the integral signs above. For we can choose ¢>2p - 1,
it therefore holds for each pe IN :

lim (I, y)=0. . (33)

e—->0

Employing further eq. (26) and integrating by parts - the integrated part being again 0- we
obtain:

_[ (¢E’Y)¢’(€)’)d[xp+l( X - )’)}z +1=Jp+1’p_3-
R

Thus, by (33), which holds for each pe IV, we get lm (J p-2 y)= lim
€0, £-0,

(Jp +1p-% v). Iterating the above manipulation (p — 1) times, taking into account successively egs.
(32), (33), (26), and (12b) we eventually get

lim (C ; ), w(x))— 11m (sz_l p VX))

£—~)0

= lim <j P02~ 8(0, ) 9 (£y) dy, w(x)>

e—-;O

= lim <(x _]*~)((p£,X),W(x)> ( 2= ‘P(X)>

e—>0

This proves eq. (31) for each p e IN and the theorem.

We are now in position to apply the Fourier-product formula to the embedding of the
distribution (x + i0)".

Theorem 3.3 — For arbitrary p,q € IN, the embedding in G, of the distribution (x+ i0)?
satisfies

———

(x+i0)" P (x+i0)" 9= (x+i0) P79 . (34)

——

PROOF : Applying consecutively the results given by egs. (22), (30), (31), (25), we have :

N — —— e

(x+i0)'p-(x+i0)’q='2'1;.‘f—l[(,‘r(x+i0)_p)*(,'T(x+i0)"q)]



372 : B. P. DAMYANOV

———

:L“”z (xp—l*xﬁjz.}f.}-l(xﬁw—l)z(x”o)—p-q.

2 ptyq + Pra

The theorem is proved.
Remark : In view of relation (6), eq. (34) gives also the Colombeau product of the

distribution (x +i0)"? for different p € IN. We note that Fisher and Kilicman® have obtained eq. (34)
as a neutrix product - a setting that allows one to neglect terms diverging with a polynomial growth.
Though, working in the framework of Colombeau theory of generalized functions and numbers, one
can correctly deal with such terms, yet eq. (34) and its applications are obtamed by using only
classical numbers and ‘converging frocedures’.

4. GENERALIZATION OF THE BASIC MIKUSINSKI FUNCTION

In order to generalize (1), we need to derive a particular product of Mikusinski type. It will be

convenient to denote the distribution = ax (Inixh,xe IR by

p)=x'and pP () =P  H=(1PptxP L . (35)

With this notation, it now holds the following.
Theorem 4.1 — For any p,q € IN) the embeddings in G, of the distributions p(p) (x) and
&9 (x), x € IR, satisfy

p(P) (X) . 6(‘1) (x)+p(‘1) (x) - 5(]7) (x)ch,q 5(p+q+1)(x)’

___”L!q!_ ... (36)

where Cp’q’(p+q+l)!'

PROOF : For any p € IV, with the above notations employed, eq. (8) reads

pET_({(;)z ~(p ) sepen_l, sap+) (37)
22p+1) ! 2 p.p :
Since
L _ =@ _ —@e) e+ _-ple+D!_

2P 22p+ ) ! 20p+ 1)1 (2p+2)  @p+2)!  pptY

applying Theorem 1.1 for the derivative of the product (37), we get

——

PP sC D g0 D 5O 8D .. (38)

Differentiate further (38) according to (9):

—

PP §EHD 4D 50 42 0+ §0 Ve L 6%,

Taking now into account eq. (37) with p replaced by p + 1 and that
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c _=pl+! p+tl )\
pp+1 " Cp+lp+1= 2p+2)! “2p+3 =l p+2

we obtain
e — e

PP 50Dy g0t D 5P~ 6%, . (39)

for any p e IN,.

Having checked eq. (36) for the pairs (p, p), (p, p + 1) and (p, p + 2), we now suppose
that the following equations hold for any p € IV, and some ne INy,n25:

—~ e~

p(m sp+n- 2)+p(p+n . §0~c L 80D, . (40)
and pr . 8P Dy pprn=D O e L 8P, . (41)

We shall prove eq. (36) for the case (p, p + n). Applying Theorem 1.1 to the product (41),
we get

——— N —~— ——— — ——— —_ ——

p(p+l).5(p+n—l)+p(p+n—l)_ 5(p+1)+p(p)_ 5(p+n)+p(p+n).6(p)

_ Qp+n+1)
=Cpp+n-1 6

Taking then into account (40) with p replaced by p + 1, we obtain

— — | —

p(p+l) 6(p+n)+p(p+n) 6(p) ~(c e (Cp+1 p+n_1) 5(2p+n+1) .. (42)
_-p'lptn=-D!f, _p+l sCpn+l)_ . s@p+n+1)
2p+n)! 2p+n+1 p,p+n

Now, since (42) holds by induction for any pair (p, p+n), p,ne€ IN,, it therefore holds for
any (p,q) € (Wo)z, p<gq. Due to the symmetry of eq. (42) in the indexes p, g (cp 7" p), it also
holds for any (p, q), p, g, and the proof is complete.

We return back to the notation x 7 instead of p(p) (x) in equation (36), with p replaced by
p — 1 and multiplied by the factor (-1’ *9/(p-1)!(g~1)! Then the result of Theorem 4.1 reads

_l P _1 — e
e s Vs Gt 50 V0
+q
gpi);_l), 8P*9-Vy pge IN . . (43)

We are now ready for the final step towards the extension of the basic Mikusinski equation.

Theorem 4.2 — For arbitrary p,q € IN, the embeddings in G_ of the distributions x P and
5q—1)(x) satisfy :
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e

x"’-x“?-f(p_(l)l!)’(’q_l)! 57D x). 69V ~x P9, . @4)

PROOF : (i) We first proof the following formula that translates exactly from distribution
theorylo into Colombeau algebra.

(x+i0)P=x P in ——fb—,s(" D), xe R .. (45)

By definition, x P=(-1¥"1/(p-1)!#/d¥ Inx),pe IN. Thus, for xe IR, we have the
representation

el+x

[ miy ¢‘P’(L~de . (46)

-el+x

(- I)Zp-l

Here, it is taken into account that, if supp @(x)c (-1, /] for some /e IR, then suppl
o ((y-x)/e)c[-€el+x, el+x]. Also,

89" V(gpn=1P"1eP(8, " V(r-x78)
= (1P LePgP-D ), .. (A7)
Now, replacing (y—x)/€=v, and taking into account (46) and (47), we have :

el+x

I In(y+iy) (p(”) [X—— )dy

el+x

- (i
(x+i0) " (@, x) = xll)n’:) m

_ -]
= lim ST f (niv+ex+iyl+iarg (v+ex+iy) ¢P () dv
x—>0 (p—l)'ED

p-1
=all)L'} J. (nlv+exl+in[l-H@+ex)) ¢? (v)dv

o1 [ ! !
N GR) jln|0+exl¢(p)(u)du-in f o® (v) dv
(p-—l)?ep i -x/€

= P NS ) R)
P (g0 =im &1 (g, x).
This proves eq. (45) for a fixed parameter function @. When ¢ is running the set A , we

get the representative class of the embeddings in G of the distributions on the left-hand side,
respectively, right-hand side of (45). This establishes a one-to-one correspondence between these
classes, which amounts to an equality in G, of the corresponding generalized functions.
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(i) For arbitrary p, g € IN, consider now the difference of the two sides of (34), taking into
account relation (6) :

N

(x+i0) P (x+i0) 9—(x+i0) P~ 9=0.

Applying eq. (45) and taking into account (43), we have for the latter equation

-2 N N
e e S GOV A VN RN A

F-Di@-D!
_,-,{L(-_l_)_‘i):'ifi 5(‘]—1)*((,,1)]1)1 -4,5?;?7)}
@_(I)lly(’;_ql) ! 50D ga-D_p-a_g

This gives equation (44) for arbitrary p, g € IN, and the theorem is proved.

Remark — As is specific for the Mikusinski products, the individual summands in (44) do
not admit associated distribution, but their sum considered as a single entity is associated with the

distribution x P~ 9.
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