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The compact, Fredholm and Isometric composition operators on Orlicz spaces are studied in this paper.
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1. INTRODUCTION

Let ¢:[0, ) — [0, o) be a continuous convex function such that
) p(x)=0iff x =0

i) lim @ (x)= .

X —>eo

Such a function ¢ is known as a young function. Let (X, S, 1) be a o-finite measure space

and let L¢([J) = {f: X » C is measurable Ij¢(£lfl)du<oo for some £>0}. If we set Il fll ¢ = Inf
{e>0: j¢(lfl)d,u$1}, then L¢(;t) is a Banach space under the norm Il-ll¢. If

¢ (x)=x",1<p <o, then L () = IP (u), the well-known Banach space of p-integrable functions on

X.

A young function ¢:IR — R* is said to satisfy the Aj,-condition (globally) if
¢ (2x) <k ¢ (x),x2x320 (x;=0) for some absolute constant k > 0. If u(X)=oco, then ¢ is called
A,-regular. With each young function ¢ we can associate another convex function ¥:R — R*
defined by ¥ (y) = sup {xlyl-¢(x):x20}, ye IR which have similar properties.

The function ¥ is called the complementary function to ¢. In general, simple functions are

not dense in L? (4), but in case ¢ satisfy the 4, condition, then the class of simple functions becomes
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dense in L? (). For more literature conceming orlicz spaces, we refer to Rao® Kufnerl, and
Hudzik>™. Throughout our paper we assume that ¢ satisfy A, -condition.

Let X and Y be two non empty sets and let F(X) and F(Y) be two topological vector spaces
of complex valued functions on X and Y respectively. Suppose T:Y— X is a mapping such that
feTe F(Y) whenever fe F(X). Then we can define a composition transformation Cr: F(X) — F(Y)

by Cqpf=feT for every fe F(X). If Cy is continuous, we call it a composition operator induced by

T.

A bounded linear operator A:E— E (where E is a Banach space) is called compact if

A (B)) has compact closure, where B denotes the closed unit ball of E. A bounded linear operator
A:E—>E is called Fredholm if A has closed range, dim kerA and co dim ran (A) are finite. The
support of a function fe L? (1) is denoted by suppf and the Randon Nikodym derivative of the
measure d ,uTl with respect to 4 is denoted by f,. In this paper we study composition operators

on Orlicz spaces. It is proved that every composition linear transformation from an Orlicz space into
an Orlicz space is bounded. The adjoint of a composition operator is obtained. The compact,

Fredholm and isometric composition operators are also characterized.

2. BOUNDED COMPOSITION OPERATORS ON ORLICZ SPACES

Theorem 2.1 — If CT:L¢ ) > (W) is a linear transformation, then Cyr is continuous.

PROOF : Let {f} and {C,f,} be sequences in L (#) such that f, —f and Crf, — g for
some f, g€ L? (). Then we can find a subsequence {f, } of {f,} such that
k

o(f, —f1)(x) >0 for p-almost all xe X.
k

From the non singularity of 7,

¢(f, ~NHIT) (x) >0 for p-almost all xe X. .. (2)
k

Thus from (1) and (2), we conclude that C;f=g. This proves that graph of Cj is closed

and hence by the closed graph theorem, C is continuous.

3. COMPACT COMPOSITION OPERATORS ON ORLICZ SPACES

Theorem 3.1 — Let Cpe B (L?(1). Then Cy is compact if and only if L® (o uT™") is finite

1
dimensional for each €>0, where X = { X€E: i%%-— x)2e¢ }
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PROOF : For fe L (1), we have

I Cpfly = inf {e>0:f ¢('f—‘;ﬂJd,¢s1}

inf . {g>o;j ¢(£)dﬂT“}

Ifly, .

Thus C; is a compact operator if and only if /: L X /,tT_l) Ny 5 e url) is a compact
operator if and only if L Xe u'I"l) is finite dimensional, where I is the identity operator.

Corollary 3.2 — If (X, S, i) is a non atomic measure space, then no non zero composition

operator on L’ (1) is compact.
Corollary 3.3 — If (X, S, /1) is a o-finite atomic measure space, then C on L (1) is compact

if and only if the set | n: 2 H(a,)2€ep(a, | is a finite set, where a;, a, ... are the atoms
meT ' (a)

of the space.

4. FREDHOLM AND ISOMETRIC COMPOSITION OPERATORS ON ORLICZ SPACES

If we use the Holder’s inequality for orlicz spaces, i.e., I fedu<if |I¢|I gllv,, then by using Rao [6,
prop. 1;. p. 100 & cor. 9; p. 111] we find that every ge LY (u) gives rise to a bounded linear
functional F g € L? (1) which is defined as

Fg(f):jfgdu for every fe L¢(/.L).
For each fe LY (X, S, u) there exists a unique T~ 1(S) measurable function E(f) such that
j gfdu= J gE( du for T-! (S) measurable function g for which the left integral exists. The

function E(f) is called the conditional expectation of f with respect to the sigma algebra 7! (S.
The operator Pg.: LY (u) > LY (u) defined by Py.f=fy E(f) oT~! is called the Frobenius Perron

operator where E(f)°T ™' =g if and only if E(f) = g°T.
Theorem 4.1 — Let Cpe B (L® (). Then Cp=Pp.
PROOF : Take A€ S to be a such that 0< u (A) <. For ge LY (p),

(CTF) @ =Fy Cran=] Cray-gdu=[z Tedu

=[x, Elg)°T™ ' fyd p=Fpgy .11 fo ()
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Hence, C}F, = Fp . 7- .- Afier indentifying g & LY with F, e (LY*, we can write

Crg=E@°T ' f,=Prg . (3)

Theorem 42 — Let Cre B (L¢ (W). Then Cy has closed range if and only if there exists
8>0 such that f(x)2 8 for p almost all x€ supp f, = 5..

PROOF : If f, (x) 2 6 for u almost all x€ s, then for n=min (4, 1/6) <1

l_u[ ] u=l 0 (—ff—;)du
2Jn¢[ﬁf}-@Jdu

2] "{u Crflly )‘“‘

Hence, | CTfII¢2 nllfll¢ V fe L¢(s) so that Cy has closed range.

Conversely suppose that Cj. has closed range. Then there exists >0 such that
[ CTfH¢ 2 5|lf|l¢ . (4)

for every fe L (supp fy). Choose a positive integer n such that 1/n<é.

If the set E = {xe X:f,(x) <1/n} has positive measure, then for a given measurable subset
F < supp f, such that 0 < u(F) <o, we have

ut™ ' E)= [ fydp<i/np @
E

which implies that
—1 1 -1 1
¢ [yT'ld(E)JZ(p (M(E)J'"d’ (#(E)J

N Cragly<1/nll xglg

or equivalently

This contradicts the inequality (1). Hence, f, is bounded away from zero on supp f;.

Theorem 43 — Let Cre B(L¢ (1)). Then Ker C; is either zero dimensional or infinite

dimensional.

PROOF : Suppose 0#ge Ker C; . Then E = supp g is a set of non zero measure. Now
we can partition E into a sequence {E,} of disjoint measurable sets, 0 < (E,) <. We show that



COMPOSITION OPERATORS ON ORLICZ SPACES 1121

gXp € Ker Cy . Consider

neT

Crexg )O=] @ 2 )(CrpHdu
noT noT.

= [ e-crug pan=o

Hence, if Ker C; is not zero dimensional, it is infinite dimensional.

Corollary 44 — Let Cre B(L? (). Then C; is injective if and only if 7 is surjective.

Corollary 4.5 — Let Cre B (L? (1)). Then C, has dense range if and only if 7" ! (§)=S.

PROOF : Suppose Cp has dense range. Let E€ S be such that y. e L .

Then there exists {f,} cL? (1) such that C,f, — xp. Now we can find a subsequence {f”k}
of {f,} such that Cy. fnk—-—> Xg ae.. Now each CTfnk is measurable with respect to T~ ! (§). Therefore,
Xg 1s measurable with respect to 7! (S) so that yp= y,-1 Py Hence T~ ! S) = § ae. .

Conversely, suppose 7! (8) = S ae. If Ee §5,0<u(E)<eo, then there exists Fe S such
that ,u(T] (F) AE)=0. Since X is o-finite, we can find an increasing sequence {F,} of sets of

finite measure F, TForT! (F)\T‘1 (F,) 1 ¢. Hence for given £>0 there exists a positive integer
ng such that

1
¢ (178

uT ! (F\F,)< for every n2n,. Hence,

=02t eyl

i <E€E
= pr ]
pT ' (F\F)

for all n2n,. Then yp=x;! (P € ran Cr This proved that Cp has dense range.

We are now ready to present a criterion for Fredholm composition operators.

Theorem 4.6 — Let Cre B (L¢ (W)). Then Cy is fredholm if and only if Cy is invertible.

PROOF : Assume that CT is fredholm. In view of theorem 4.3, ker CT and ker C; are zero

dimensional so that C; is injective and T 1 (8§)=S ae. Therefore by corollary 4.5, C has dense
range. Since ran Cp is closed, so Cy is surjective. This proves the invertibility of C. The proof of
the converse is obvious.
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Proposition 4.7 — Let Cre B (LY (1)). Then

-1
C; CT--MO, where f0=é-%f—l——, the Radon Nikodym derivative of the measure u T~ ' with respect

to the measure u.
PROOF : Replacing g by Crg in condition (1) of theorem 4.1 we get

Cr(Cr)=E@N°T™ ' fy=gfy=M g

for every ge LY (u). Hence C;.CT=Mf0.

Corollary 4.8 : Let Cre B(L¢ (u)). Then C; is an isometry if and only if T is measure
preserving.
Example — Let T : [0, 1] — [0, 1] be defined by

] 2x, 0<x<1/2
T(x)‘{ 2%-1, 1/2951}

Then Crf)=172f(1/2x) g 1+ 172 (1= 1/20 g4

=112 x) + 12 f(1 - 12 x)

Then ker CT is infinite dimensional. Hence, CT is not Fredholm.

Example Let T:[0,1] — [0, 1] be defined by

T(x) = x/1-x, 0€x<£1/2
2(1-x), 1/72£x<1

Then C7, the adjoint of Cy is given by

* _f6/1+x)  f(1+x/2)
CTf(X) - (1 +x)2 * 2
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