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ALMOST INCREASING SEQUENCES AND THEIR APPLICATIONS
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Recently, Bor® proved a theorem on I N, p, |, summability factors of an infinite series. In this paper, we prove
a general theorem on I N, p,, ¢, |, summability Factors of an infinite series, under weaker conditions by using an
almost increasing sequence in place of an increasing sequence.
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1. INTRODUCTION

Let Z a, be a given infinite series with (s,) as the sequence of its partial sums. Let (o,) and
n=0

oo

(¢,) denote the nth (C, 1) means of the sequence (s,) and (na,) respectively. The series Z a, is

n=0
said to be summable 1C, 11, k21, if (see [1])
2 nk‘llon—an_llk<oo. .. (D
n=1
In view of the fact that ¢, =n (0, -0, _,) (see [5]),
(1) can be written as
oo k
It |
Z LA .. ()
n
n=
Let (p,) be a sequence of positive real numbers such that
n
Py= Y, p,—>e, as n—>oe (P_;=P_;=0,i21). - )

v=0
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The sequence-to-sequence transformation

n
1
Wi D, PS5, . (@)
ny=0

defines the sequence (w,) of the (N, p,) means of the sequence (s,) generated by the sequence of
coefficients (p,) (see [2]). The series 2 a, is said to be summable |N,p, I, k21, if (see [4])
n=0
oo -1
P
p—" tw,—w,_, F<os. - (5
1 n

n=

co

Let (¢,) be any sequence of positive real constants. Then the series 2 a, is said to be

n=0

summable IN, p,, ¢, Ik,kz 1, if (see [6])

- k-1

S oo tw,-w,_ F<o. . (6)

n=1

. Pn — — _— —
Clearly N,pn,p— =IN,p, s IN,p,, 11, =IN,p,\, and IN, 1, nl, =1C, 11,
n
k

We need the concept of almost increasing sequence. A positive sequence (b,) is said to be
almost increasing if there exist a positive increasing sequence (c,) and two positive constants A and
B such that

Ac,<b,<Bc, (see. [8D.

Obviously every increasing sequence is almost increasing sequence but the converse need not
be true as can be seen from the example b, =nexp (- "

Recently, Bor’ has proved the following theorem on IN,p, |, summability factors of an
infinite series.

Theorem A — Let (p,) be a sequence of positive numbers such that
P, =0(np,) as n —>eo. .. (D
If (X,) is a positive monotonic non-decreasing sequence such that

Ap X,y =0 (1), as m— oo, ... (8)



ALMOST INCREASING SEQUENCES AND THEIR APPLICATIONS 997

m
2
Y nX, 14%4 1=0), O
n=1
m
d Pnis koo

an Z P t, = (X,,), as m —> oo, .. (10)

n=1 "

oo

then the series Z a, A, is summable IN,p, [, k>1.
n=0

2. MAIN RESULT

The aim of this paper is to generalize Theorem A for I[N, p,, ¢, |, summability. In addition we are
also weakening the hypotheses of the theorem A by replacing the increasing sequence (X,) by an
almost increasing sequence.

In fact, we shall prove the following theorem :

Theorem — Let (X,) be an almost increasing sequence and the sequences (A,) and (p,) are
such that the conditions (7) — (9) of Theorem A are satisfied and

m P k
k-1 k
Y 4, [;’i]nni =0 (X,), as m—>, . (1)
n=1 n
.. npn . . -
where (¢,) be a sequence of positive real constants such that [ P ] is non-increasing sequence,
n

oo

then the series Z a, ln is summable |N,p,, ¢,1,, k= 1.
n=0
Remark : It should be noted that, if we take (X)) as a positive non-decreasing sequence and

9, =—p—” in this theorem, then we get theorem A. In this case condition (11) reduces to the condition
n

P

o ¢n pn
(10) and the condition
n

]is non-increasing sequence becomes redundant.

We need the following lemma for the proof of our theorem.
Lemma’ — Under the conditions on (X,) and (ln) which are taken in the statement of our

theorem, the following conditions hold :

() nX 1AA |=0(1) as n—> o, e (12)
(i) Y, X, 144, 1<e . (13)
n=1

and (i) X 1A 1=0 (1), as n—reo. . (14)
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3. PROOF OF THE THEOREM

oo

Let (7,) be the sequence of (N,p,) means of the series 2 a, ln. Then, by definition, we have

n=

Then, for n21, we get

Pn '1 Pn ﬂ Pv—l;{’vvav
L-Thi=p 5 — X PoiaA =55 — 2 —— . (15)

n'n-1 v=1 n"n-1 v=1

Now applying Able’s transformation to the right-hand side of (15) we get

(n+p t P
T,-T,_ ;= np:" Pnp';_l Z.l pvtvlvvtl
ytn n—IP ax L, Pn ZP A
PnPn—l E b v PnPn—lv_l W v+1
= Tn‘]+Tn,2+Tn,3+T 4 Say.
Since \T, \+T, ,+T, 3+T, 41
<4 (T, [ F41T, ,F 41T, 41T, 1,
to complete the proof of the theorem, it is enough to show that
i o T, Fcoforz=1,23 4 . (16)

(n+ l)pml n
nPn

m
P
-om Y ¢ '[P—" le ki, k=114,
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]

om 'Y 4 l/ll[ }Altlk

n=1

m-1 n p k m p k
om S alx1 Y ¢ﬁ_]|tvlk(;‘i}+0(l)|lml y ¢f’1nvt"[1,%]
v

n=1 v=1 v=1 v
m-1
=0(1) Y, AlA,IX,+OM)IA X I by (11)
n=1
m-—1
=0(1) Y, 144 1X,+O(1)IA 11X, |
n=1

O (1) as m — oo, (by (13), (14)).

Again for k >'1 and applying Holder’s inequality with indices & and k and k’, where
Ik + UK =1, as in T, 1, we have

k-1 k
9, lTn,zl
n=2
m+1 ‘ p n-1 1 k
-1 n v+
= n PP z vvlv
n=2 n"n-1,_
m+1 p s 1 n-1 1 n-1 k-1
k k
=0() Z ¢ (7} 7 Y pte KA 5 Y p,
n= n n=1y= n-1 -1

n= v=1

m+1 p k ! n-1 ]

k-1 ko ik

owm 3, ¢, (7} 12 15,14,
2 n n-1

SN L
O(I)Zp't""%"‘Z{ ]‘ P

v=1 1 n"n-1

m ¢P k-1 v+1 p
om Y, [—;J p i 1A Y S —

v=1 v n=1 n'n-1

m k
om Y 4 Iﬂ.l[ )m“

v=1
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v=1 i=1 i=1

m-1 v m L
om ¥ Az} ¢f"1'ti‘k(%]‘+0(nxn Y o gt (%]
! i

m-1

O) Y AlIAIX, +0M)1A,1X,, (by (11)

n=1

m—1
o) Y 142,1X, +0)1A, IX,

n=1

i

0 (1) as m— s, (by (13), (14)).

Again we have

k-1 k
2 ¢, 1T, !

k-1
m+1 e1( P k Y n-1 i n-1
oW Y ¢, (7}] 12 viadFp it 15 1 Y »p,
n=2 n-1i y=1

n n-11,-1

m v+1 6 p k-1 p

k k nfn n
=0() Y viaafp ety { b ] PP
v=1 n=1 n n-on-

" (¢,p, )"
om Y [—;’D—"}‘ lelvllpvltv|k'I}—

v=1 v v

m-1 v k
o 2 lAmIAANT Y, ¢f‘l|ti|k(£i}

v=1 i=1 i

sommiar Yy ¢! ng"[%j
i

i=1

m-1 m-1
=0 Y vX A2 140(0) Y X144, (1+0()mIAA,IX,
v=1 v=1

O (1) as m— e (by (9), (12) & (13)).
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Finally, using the fact P = O (np,) by (7), as in T p we have that

m+1
k-1 k
b, 1T, 4l
n=1
m+1 k
k-1
=2 ¢n 2 Pv v v+1
n=1 " ”"1 v=1

m 3
k-1 P
om Y ¢, 14, —P—“]nvlk

v=1

O (1) as m —eo,

i

Therefore, we get
k-1
> ¢, T, F<eforz=123 4

If we take p,=1 and @ =n for all values of n in this theorem, then we get a result
concerning the | C, 11, summability methods.
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