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BASIC HYPERGEOMETRIC SERIES AND CONTINUED FRACTIONS
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In this paper, making use of certain known results, an attempt has been made to express the sum of kth power
of the terms of a series as the kth power of a continued fractions.

1. INTRODUCTION

Recently, Singh and Singh3 established the following result :
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In this paper, making use of (1.2) and a known result due to Singhz, an attempt has made
to express the sum of kth power of the terms of a series as the kth power of a continued fraction.
We shall make use of the following known result due to Singh2 in order to establish our main
result.
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2. DEFINITIONS AND NOTATIONS

The basic hypergeometric series is defined as:

@ 2],y @S
A(DB[ ®) ] EO [(b);q],(q;q),’(|2'<Uql<1), . (3)

where (@ 9),=(1-a)(1-aq) (1-ag?) ... (1 —ag" "),
(a; q)o =1

and (a) stands for the sequence of A-parameters of the form a,a,,...,a,. The other notations
appearing in this paper carry their usual meaning.

3. MAIN RESULTS

In this section we shall establish our main result
Taking 4;=A for i = 1, 2, .., k in (1.2), we get
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Replacing a by ¢/b in (3.4), we get
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Putting @ = 1 in (1.2) we find
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2
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Putting bc for ¢, bd for b, b A for e, cd for d in (3.6) we get :
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Replacing ,®, function on the right hand side of (3.5) by its equivalent continued traction
given in (3.7) we get;
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%(]-—cd) (1-bd) (1 -bc)/(1-bA) (1 -cd) (1 -cdg)

1-bA/gq N
1-bA

.
1-

b—q&(l -q)(1=cq/b) (1 -dq/b)/(1-bA) (1 -cdq) (1 —cdqz)
1 —

29 (1 cdg) (1 - bdg) (1 - beg)/(1 ~b A.9) (1 - cde?) (1 - cdg?)
(1-1;1@ )+

1-bAg

f’—q—}ﬁ (1-¢%) (1 -cq*/b) (1 —dg*/b)/(1 —b A q) (1 - cdg®) (1 - cdg”)

1-

which is the required result.

4. SPECIAL CASES

1781

. (8)

Taking ¢’=c and d'=2 in (3.8) and then summing the inner &, and ,@, series by making use
of [1; App. II (I1.12)] and [1; App. II (II.8)] respectively

we get :

(Ac,Aq/b;q),, k
(Acqg-A/b;q),,

- ") (cq/b;q), (Md:q), (bcq), (1-2ca?"
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] %(l—cd)(l—bd)(l—bc)/(l—b/l)(l—cd)(l—cdq)
1= 1-bAg ),
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%&(l—q)[l—%q)(l—%q)/(l-bl)(l - cdg) (1 = cdg?)
: L

k
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For k = 1, we have
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-%b—(l -q) (1 =cq/b) (1 -dgq/b)/(1 —-Ab)(1-cdg) (1 -—cdqz)
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As d -0 in (4.10), we obtain
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(l-z/b (l—bc)(l lb)——(l—q)(l cq/b)/(1 = A b)
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1-Ab/q + 1-
1-Abg

As b— 1 and ¢ > 4, (4.12) yields :

¢ q,lq’_aq;lz _ i (1_12q2n)12nqn(n-l)

r

A
C(1-a) 1 2 ;(l—q)(l—lq)/(l—l)
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1-4

A 2 2
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A q( q) ( q)(r q)

1-A/q + 1-
1-2¢

For A=gq, (4.13) yields :
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If we take b =1, d = g in (3.4) and then representing the ;@, series on the right hand side
by its equivalent continued fraction from (3.6) we get :

T R
n=0

(ac'd'q— lya,acl’ ad’;q)n 1 _ac,d,g'ln—l
* q),

(4 9), (ac’ d; q),, d" 1-ac’ dq !

o g "acd ¢ acaqqq ) ag".c' ¢ d' ", q; A
473\ ac,ad’, acq 372 Aqhac d g

1- 1-A/q +

_ 1 A(l-ac)(-a)(1-c)/1=-A) (1-ac) (1 -acq)
1-4

%(1 ~q) (1-cq) (1-ag)/(1 - A) (1 - acq) (1 - acq®)
1-

Ag(1 ~acq) (1-aq) (1 —cq)/(1 -Aq) (1 ~acq®) (1 —acg’)

1-Ag
1-4q

. (15)

Taking d'=A and ¢"=c in (4.15) and summing the inner ;®, and ,®, series by [I; App.
IT (I1.12)] and [1. App. II (IL.8)] respectively we get, -

k
5 )" ( ;) (Ag)" (Racg ',a,ac;q), ( —dacg 1| Wq.c;q),
n§=:0 D G q)n 2 Ac; q)n l 1-Aacq 1 (a A, acq; ‘I)n

_ ((a/lc;l;q)m J‘{_l_l(l—ac)(l—a)(l—c)/(l—/l) (1 —aac) (1 - acq)
=\ Tedaa |12

(Ac,Aa;q), l—/'{/g)

1-4 )

%(1 — ) (1 -cq) (1 ~ag)/(1 - A (1 - acg) (1 - acg?)
1-

Aq(1-acg) (1 ~ag) (1 - cq)/(1~Ag) (1 ~acg’) (1 ~acg®) . (16)

1-Xgq
1-4¢q
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For k = 1, (4.16) yields :

7 ¢6

lacq—],q\/lacq_ l,—q\l).acq",a, c,ac,f};q;-lq
\//'Lacq'l,—\/lacq—l,)l.c,al, A acq; q

-4

T (Ao Aag_{1- 1-4q ],

(Aac, 4; 9),, 1 A(-a0)(1-a)(1-c)/(A =) (1 —ac) (] —acq)
1-4

201-0) 0~ cq) (1-ag)/(1 - 1 (1 ~acg) (1 -ace?)
1-

Aq (1 -acq) (1 - ag) (1 - cq)/(1 ~Aq) (1 - acq’) (1 - acq’) an

BN e}
1-4q

For A = g, (4.17) yields :

(aq. cq; q),,
(q’ acq; Q)ce

g(l-acy(1-a)(1 —¢)/(1 -g) (1 —ac) (1 —acq)
0+

=1
=7

(1-¢) (1 —aq) (1 —cq)/(1 ) (1 —acg) (1 - acq®) -
1-

g (1-acq)(1-aq) (1 -cq)/(1-g)) (1 ~acd) (1 -acg’)

0+ .. (18)

Replacing a and ¢ by q” and ¢° respectively, we get :

(1-4901-4) g
(a, ¢)
(1-g)(1-¢"%) 4

o 0-g9-gY1-g""*)(1-9)
0+

(1—an)Q—qc+])/(l—q1+a+c)(l—q2+a+c)
1-

q2 (1 _ql+a+c) (1 _ql+a) (l _q""C)/gl_qZ) (1 _q2+a+c)(l _q3+a+c)
0+

e e (19)

As g1, (4.19) gives :

_ac_ _Ta+1]I'[c+1]
[a+c)8(a'c)— I'l+a+c]
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_ac/(l+a+c) @+ (c+1)/(1+a+c)(2+a+c)

=1 0+ 1-

(l1+a+o)(l+a)(1 +c)/2(+a+c)(3+a+c)
0+ ST

.. (20)

Taking a = x, c = 1 — x in (4.20) we get :

x(1-x)m_ | x(1=x)/2 (x+1) @=x)/6 (1+x) @ =x)/12
sinmx 0+ 1- 0+

x(1-x) x+DC-0)(1+02-0)2+x)(3-x) .

=1-707 3- 0+ 5~

. (21

Taking x = 1/2 in (4.21) we get :

_1/49/4 9/4 25/4
0+ 3-0+ 5-

1
4—1

1 9 9 2525 49 49
=1-073-0+5-0+7-04 " . (22)

If we take A — g/ac in (4.16) we get :

" ) (qz/ac)n (a. ¢, ac, 1/ac; g),
(¢/ac; q), (9/a, q/c, acq; q),,

1+ i {(—1)"41[ +q")}k

n=1

@ aac:q). | | Z(1-ac)(1-a) (1-c)/(1 - g/ac) (1 -ac) (1 - acg)
={ 1- 1-1ac,
1-g/ac

(1~ ) (1 - cg) (1 - ag)/(1 - ¢/ac) (1 - acq) (1 - acq’)

(q/a,q/c; q),,

- .. (23)
Taking a,c — o= in (4.23), we obtain :
1+ ¥ {a+ghq 172 ={@a.] . (24)
n=1
For k = 1, (4.24) yields Euler’s identity :
Y O V=g, .. (25)

n=-oco
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For k = 2, (4.23) yields :

©0

1+ Z (]+qn)2qn(3n-1)={(q;q)m}2_ . (26)

n=1
By applying Jacobi’s triple product identity, (4.26) can be written as:
s 6,2 2
@"; 46),.,{(— Nt -d"1O =1+ @9 . (27)

A number of other interesting results can also be scored.
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