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In this paper, the concept of statistical h-regularity of series methods is introduced in topological groups, and it
is proved that a series method is statistically h-regular if and only if it is statistically generalized h-multiplicative.
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1. INTRODUCTION

In [17], Prullage first introduced the concept of summability in topological groups and he continued
in his papers, [18], [19] and [20], and the concept was investigated by Cakalli in the papers (2],
[31, {4], [5), [6), [7], [8] and [9], and Cakalli and Thorpe in [10] and [11].

In [12], A complex number sequence x =(x,) is called statistically convergent to the number
L if for each £€>0

lim m ! {(n<m:lx,-Ll12¢g} | =0,
m —» oo

where the vertlcal bars indicate the number of elements in the enclosed set. This concept was also
studied by Fndy and Maddox'%!®, was generalized to Banach spaces by Kolk'* and to locally
convex spaces by Maddox'®. Recently, Cakalli generalized the concept to topological groups and
investigated statistical summability in topological groups in his paper”. Quite recently, Cakalli
investigated statistical generalized multiplicative series methods in topological groups in [9].

The purpose of this paper is to introduce statistical A-regularity of series methods in
topological groups and prove that a triangular series-to-sequence method in a metrizable abelian
topological group is statistically h-regular if and only if it is statistically generalized h-multiplicative.

2. DEFINITIONS AND NOTATION

Throughout this paper, X will denote an abelian topological Hausdorff group written additively, which
satisfies the first axiom of countability. For a subset A of X, s(A) will denote the class of all
sequences (x(n)) such that x(n) € A for n = 1, 2, ...; ¢(X), ¢o(X), C(X), ¥X) and ITX) will denote
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the set of all convergent sequences, the set of all convergent-to-zero sequences, the set of all Cauchy
sequences, the set of all convergent series and the set of all Cauchy series in X, respectively.

In [8], a sequence (x(k)) is called statically convergent to an element / of X if for each
neighbourhood U of 0,

lim m ' n<m:x(k)-le U}l = 0.

m — oo

In case a sequence (x(n)) is statistically convergent to ! we write S-lim x(n) = [. The set of
all statistically convergent sequences in X is denoted by S(X), and the set of all statistically
convergent-to-zero sequences in X is denoted by So(X). To avoid the confusion recall that s(X) is

the set of all sequences in X. Naturally, we define statistical convergence of a series Xx(n) in
topological groups as follows :

oo

We say that a series Z x(n) in X statistically convergent to an element [ of X if for each
n=1

neighbourhood U of 0,

n

im m™ | {n<m:| Y xk) |-leU!}]| =o0.

me e k=1
In this case, we write S—Xx(n)=[ or Xx(k)=IS). By 7(X), we denote the set of all
statistically convergent series in X. In particular, by )%(X), we will denote the set of all statistically
convergent-to-zero series in X ({9]).

It is clear that ¥X) c ¥°(X), and the inclusion is strict. For example, for an element x different

from zero, the series X x(n) defined by

x(n) = )" x if n=m’forsomem=1,2, ...
0 otherwise

is statistically convergent to zero but not convergent at all.

A sequence of additive functions fim) whose domain, for each m, is some subset of s(X)
and contains the set IX), and whose range is contained in X is said to be a series method. The
sequence (fim : x(1), x(2), ..., x(m), ... )) is called the transformed sequence of the series X x(n) by
/, and the sequence f= (fim)) is called a series-to-sequence method on X. The series

Zglk:x(1), x(2), ...., x(k), ...)

is said to be the transformed series of the series, X x(n), by the series method g = (g(k)), and the
sequence g = (g(k)) is called a series-to-series method on X. The intersection of the domains of the
functions is called the domain of the series method. If the domain of (f{im)) is all of s(X), and the
equality

Am : (1), x(2), ..., x(m), ...) = fm : y(1), y(2), ..., y(m)b, )
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holds for every positive integer m and every pair of sequences (x(n)), (y(n)) for which x(n) = y(n)
for n = 1, 2, .., m, then the series method (fm)) is said to be triangular. In case (fim)) is a
triangular series method, we will write Am : x(1), x(2), ...., x(m)) instead of fim : x(1), x(2), ..,
x(m), ...). For the sake of simplicity, we write f instead of (fim)) when no confusion arises”.

We call a series-to-sequence method on X, (fim)), is statistically generalized A-multiplicative
if

§ — lim fim : x(1), x(2), ..., x(m), ..) = h| ¥ x(n)

n=1
and a series-to-series method on X, (g(m)), is statistically generalized A-multiplicative if

oG

S - Z gm : x(1), X(2), ..., x(m), .) = h| Y, x(n)

n=1

for each (x(n)) € X) where h is a function from X to X’
Now we give the following definition :

We say that a series-to-sequence method on X, (fim)), is statistically h-regular if for each
neighbourhood U of 0, there exists a constant positive integer M such that

M
im a7 | {k<nih| Y xG) |-Ak:x(1),xQ2), ., x(K), .)€ Ut | =0

i=1

for each (x(n)) e INX), and we call a series-to-series method on X, (g(m)), is statistically h-regular
if for each neighbourhood U of 0, there exists a constant positive integer M such that

M k
im w7 S k<mih| Y x@) |- Y, g6 x(1),%(2) e x(), .)€ UL| =0

m - eo i=1 i=1

where h is a continuous function from X to X.

2. SUMMABILITY

Here we give two lemmas analogous to one in [11] and prove a theorem giving necessary and
sufficient conditions for a triangular series-to-sequence method to be h-regular. It turns out that a
triangular series method is h-regular if and only if it is generalized h-multiplicative.

Lemma 1 — Every topological Hausdorff group, which satisfies the first axiom of
countability, has a base of symmetric neighbourhoods of the origin (see page 24 in [1]).

Now we prove the following lemma :

Lemma 2 — A series-to-sequence method on X, (f{m)), is statistically A-regular if and only
if it satisfies the following conditions :

(1 S- lim fm:0,0,..,0x0,0,..)=h(x) for all x in X in any fixed position.

m— oo
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(C2) For each neighbourhood U of 0 and for each positive number &, there is a neighbour-
hood V of 0 such that for all (x(n)) € C(X) M s(V), there exists a positive integer M
such that m > M implies that

m™ | {k<m: fk: A1), AX(2), ..., Ax(K), .) —h(x(1)) e U} | <&.

where Ax(i) = x(i) — x(i + 1) for each positive integer i.
n
PROOF : Sufficiency : Let (x(k)) be any element of ITX) and write s(n)= z x(i) for each
i=1
positive integer n. Let W be any neighbourhood of 0 and € a positive number. We may choose a
symmetric neighbourhood U of 0 such that U + U + U < W. By condition (C2), there exists a
neighbourhood V of O such that for all Cauchy sequences in V, there is a positive integer N so that
m > N implies that

m™ L k<m: fik: A1), Ax(2), ., Ax(K), ..) — h(x(1)) & U} | < 2.

Since (s(n)) is a Cauchy sequence, there is a positive integer M such that m, n>M implies
that x(n) —x(m) e V. Then the sequence

00, .,0 sM+ 1 - sM), s(M + 2) — s(M), stM + 3) = s(M), ... )

is in C(X) M s(V), where O appears M + 1 times, so there exists an integer M(1) > M such that
m > M(1) implies that

m I k<m: fk:0,0, ..., 0,—x(M+1),—x(M+2),-x(M+3), )¢ U}l <&
By condition (1), there exists an integer M(2) > M(1) such that if m > M(2), then
m | [k<m: h(s(M)) =Rk : x(1), X(2), ..., x(M), 0,0, ..) g U} | <&2.
Thus if m > M(2) then
m 1 {(k<m h(s(M)) - Rk : x(1), x(2), ..., x(K), ..) & W} |
<m U {kSm:fk:0,0,..,0,—x(M+1),-x(M+2),..) ¢ U}l

+m I{kS m : h(s(M)) - flk : x(1), x(2), ..., x(M), 0,0, ...) & U] |
< &2+¢2=¢

This completes the proof of the sufficiency.

Necessity — The necessity of (1) is obvious. To prove the necessity of (C2), let us take.
any neighbourhood U of 0. Choose a symmetric neighbourhood W of O such that W + W c U.
Since h is continuous there exists a neighbourhood V of O such that h(V) c W. Let (x(n)) be in

C(X) (M s(V). Take any positive number £ Now consider the series X Ax(n) which is a Cauchy
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series. By the assumption that f is statistically h-regular, where is a positive integer M such that
m > M implies that

m V| {k<m:fik: Ax(1), Ax(2), ..., Ax(m), ...) — h(x(1)) — h(x(M)) & W] | <&

Therefore, m > M implies that

m U {k<m:fik: A1), Ax(2), ..., Ax(K), .) - h(x(1)) ¢ U} | <&

This completes the proof of the necessity, hence the proof of the lemma.

Lemma 3 — let f = (flm)) be a series-to-sequence method on X satisfying the condition (1)
of Lemma 2. Then the condition (C2) of Lemma 2 is equivalent to the following -condition :

(2") For each neighbourhood U of 0 and for each positive number &, there is a neighbourhood
V of 0 such that for all (x(n)) € C(X) /M s(V), there exists a positive integer M such that m > M
implies that

m | k<m: fik: 8x(1), &(2), ..., &(m), .) e U} | <&,

where &x(n) =x(n) —x(n—1) for each positive integer n and x(0) = 0 for convention.
The proof of this lemma is easy so is omitted.

Theorem 4 — A triangular series-to-sequence method on X, (film)), is statistically h-regular
if and only if the following conditions are satisfied :

(TI) S- lim fim:0,0,..,0,x0,0,..,0)=h(x) for all x in X in any fixed position.

m — oo

(T2) For each neighbourhood U of O and for each positive number € there exist a
neighbourhood V of 0 and a positive integer N such that if m and k are integers
satisfying m > k > N and if x(n) is in V for n = k, k + 1, .., m then

m | i<m:fi:0,0,..,0, Ax(k), Ax(k + 1), Ax(k +2), .., Ax(D)) e U}l <e.

n

PROOF : (Sufficiency) : Take any Cauchy series, X x(k), write s(n) = Z x(k). Let W be any
k=1

neighbourhood of 0. Choose a symmetric neighbourhood U of 0-such that U + U < W. Take any
positive number £ By condition (T2), there exist a neighbourhood V of 0 and a positive integer N
such that if m and k are integers satisfying m > k > N and if x(n) is in V for n = k, k + 1, k +

2, ..., m then

m | {ism:fi:0,0, ..,0, Ax(k), Ax(k + 1), ... Ax(i) & U} | < &2,

Since (x(n)) € IX), there exists a positive integer M > N such that n,k2M implies that
s(n) — s(k) € V. Then the sequence

©, 0, ..., 0, s(M + 1) — s(M), s(M + 2) - s(M), s(M + 3) - s(M), ..)

is in s(V). Therefore,
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m ism:fi:0,0,..,0,x(M+1),x(M+2), ... x() ¢ Ul < &2 - (@)

From the condition (1), there exists a positive integer M(1) > M such that for m > M(1)
m! Hi<m:fi:x(1),..,x(M),0,0,..,0)—h(s(M) g U}l < &2 . (b)

It follows from (a) and (b) that m > M(1) implies that

m Wi <m R x(1), X(2), ..., x(0)) — h(s(M)) & W}I <

Hence, it follows that f is statistically h-regular..

Necessity — The necessity of (T1) is obvious. We are going to prove that (72) is also
necessary. Suppose that (72) is not satisfied so that there exist a neighbouhood U of 0 and a positive
number £ such that for all neighbourhoods V of 0 and all positive integers N, there are integers m
and k satisfying the condition m > k > N and there are elements y(n) in V for n = k, k + 1, ...,
m such that

m | {itk<i<mandfii:0,0, ... 0, Ay(k), Ay(k + 1), ..., Ay(i)) e U} | 2 €.

Choose a symmetric neighbourhood W of 0 such that W + W c U. Take any neighbourhood
V of 0. Let (V(1)) be a base of neighbourhoods of 0 such that V(1) c VMW, V(i+1)c V(i) for
i=1,2,..and

o0

M V(i) ={0).

i=1
Choose an integer m(1) and elements x(n) in V for n = 1, 2, ..., m(1) arbitrarily. Now
suppose that an increasing sequence of integers m(i) (i = 1, 2, ..., r) and elements x(n) for n = 1,

2, ..., m(r) have been constructed. By condition (71), there is an integer n(r + 1) > m(r) so that if
m > n(r + 1) then

m U k<m: fik: Ax(Q1), ..., Ax(m(r), O, ..., 0) — h(x(1)) & W} | <&/2.

Also there exist integers m(r + 1) and k(r + 1) such that m(r + 1) > k(r + 1) > n(r + 1)
and there exist elements x(n) in V(r) (n = k(r + 1), k(r + 1) + 1, ..., m(r + 1)) so that

(m(r+ 1))_1 V{k<m(r+ 1) :Rk:0, ..., 0, Ax(k(r + 1)),
Ax(k(r+ 1D+ 1) ., Ax(k)) e U} I12¢
Finally choose x(n) = 0 for n = m(r) + 1, m(r) + 2, .., k(r + 1) — 1. Since (V(i)) is a

nested base and x(n) is in V(r) for n ="k(r + 1), k(r + 1) + 1, .., it follows that (x(n)) € cy(X).
Choose an integer r such that m(r + 1) > N. Then m(r + 1) > N implies that

m(r+ D) i Sm(r+1) : fi : Ax(1), AX(2) ..., Ax(D)) — h(x(1)) & W} |
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2(mr+ 1) | i<m@r+1):£i:0, ... 0, Axk(r + 1)), Ax(k(r+ 1) + 1) ..., Ax(@)) & U}l

—(m(r+ ) {i <Sm(r+1):fi: Ax(1), ..., Ax(m(r)), 0,0, ..,0) —h(x + 1)) ¢ U |
>e—g/2=¢/2.

Thus condition (2) is not satisfied. This contradiction completes the proof of the necessuy
and hence the proof of the theorem.

The following theorem was given in [9] :

Theorem 5 — A triangular series-to-sequence method on X, (fim)), is statically generalized
h-multiplicative if and only if it satisfies the conditions (T1) and (T2).

Thus we have the following :

Corollary 6 — A triangular series-to-sequence method on X, f, is statistically h-regular if
and only if it is statistically generalized h-multiplicative.

Now we will give a theorem for series-to-series methods. First we give the following relations
between a series-to-sequence method (fim)) and a series-to-series method (g(m)) :

Let g = (g(k)) be a series-to-series method on X. Define the associated series-to-sequence
method on X, f = (f(k)), by the equations :

D g :x)+g2:x)+ ..+ gk :x)=flk: x) for each sequence x = (x(n)) in the
domain of (g(i)) for i = 1, 2, ..., k,

(n g1 :x)=f1:x), gk :x)=RfRk:x)-fk-1:x) for k =1, 2, ... where g(i : x)
and f{i : x) are written instead of g(i : x(1), »(2), ... ) and fi : x(1), x(2), ...) for i =
1, 2, ..., respectively.
Theorem 7 — If f and g are connected by the equations (1) and (II), then the series-to-series
method g is statistically h-regular if and only if the series-to-sequence method f is statistically
h-regular.

The proof of this theorem is obvious, therefore omitted.

Corollary 8 — A series-to-series method g is statistically h-regular if and only if it is
statistically generalized h-multiplicative.

It should be noted that the results for the series methods which may not be necessarily
triangular are also valid in non-metrizable topological groups.

It should also be noted that the study in this paper can be adopted to the case where the
series methods are from an abelian first countable topological Hausdorff group to an abelian
topological Hausdorff group.
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