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In this paper, we study the duality theory of hyperbolic equations. The main objective is to prove the duality
theorem under general conditions within an infinite-dimensional framework. An example of its application is also
given.
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1 INTRODUCTION

To distributed parameter systems of some class we associate dual control systems and discuss
relationships between their optimal values. Here, we consider the optimal control problems and the
dual optimal control problems for hyperbolic systems. For optimal control of non-well-posed distrib-
uted systems, direction results have been given in [3, 4, 5]. More detailed accounts can be found
in [6, 7]. Chan' and Tanimoto® studied duality theorg' for the corresponding non-well-posed parabolic
equations wjth positive control. However, Tanimoto~ dealt with for more general distributed control
systems than those in Chan'. In this paper, we study duality theory for hyperbolic equations with
time varing control constraints and convex cost functional. The main objective is to prove a duality
theorem under general conditions within an infinite-dimensional framework. Our approach is based
on an infinite dimensional version of the duality theorem in [8] for the optimality systems which

characterize the optimal control. An example of its application is also given.

IThe author wish to acknowledge the financial support of the Korea Research Foundation
made in the program year of (1998).

2 PRELIMINARIES

Let X and H be two separable Hilbert spaces. The norm on X will be denoted by Il - Il. The norm
on H will be denoted by || and the corresponding inner product by (-, ). We assume that X ¢ H
and the injection of X into H is continuous, and that X is dense in H. We denote the dual space

of X by X and the norm on it by Il - Il,. Identifying H with its dual space, we have Xc Hc X',
Yy * p

where X is dense in H and H is dense in X' ang the corresponding injections are continuous. The
usual bilinear form on the dual pair (X, X ) is denoted by (- -). When xe XcH and

he Hc X", the equality (x, #)=(x, h) will be frequently used. Let T be a fixed positive number.
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We define a function space W(0, T) by

WO, T) = {xlxe L*(0,T;X),xe L0, T; H), x € LX0, T: X))},

with an inner product

T
>y x2)w(0, = J {(x, (), xz(t))x + (xl (0, ).Cz(t))H + ().C.](I), ).C.z(t))x*}dt
0

This becomes a Hilbert space with norm

I
2 -2 e 2 >
I x ”w(O, n= ( I x IILZ(O;» ot Il x IIL2(O, T I x IILZ(O, T: X" )Z,
2
where 5:=g£ and x 24—{.
We consider the following optimal control problem :
T
| (Fet, x@) + G(t, u@y) de > inf
P 0 w21
@) subject to 2.1
x = A@®x(®) + B(t, ut)) a. e
x(0)e C,x(0)e H,u(t)e Ut)a.e..

We assume that the control variable u takes its values in another separable Bafhach space Y,
the norm of whose element is denoted by Il-ll,. We denote by S(¥) the set of nonempty closed,

convex subsets of Y. The set of admissible control is given by

U, = {u)lu)e LZ(O, T, Y), u(®) e U(t) ae.}.
We will describe the assumptions which are imposed on the optimal control problem (P).

(A1) A(r): X > X* is a linear operator for each re€ [0, 7] such that for every x,ye X, the
function

a(t; x,y) =(A@x,y)

of ¢ is measurable and la(s; x,y) [SMIlixlillyll for some M > O and there exist a real number A
-and a positive number ¢ satisfying

at, x, x) + Al x 22 allxI?, xe X, te [0, T].
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(A2) B:[0,T}xY— X" is a measurable mapping such that B(z,-) is continuous for each ¢
and B(f): Y - X" is a continuous linear operator for each te€ [0, T] such that B(-)u is a continuous
mapping of ¢ and | B@ull, <a(t)+bllull, ae. with ae LZ(O, 7).

(A3) F:[0,T)xH — R is a function such that F(-, x) is a measurable function of r for each
x€ H and F(t,-) is a convex and continuously Gateaux differentiable function of ¢ for each 1.

(A4) G:[0,T]xY— R is a measurable function such that G(z,-) is continuous for each .

(AS) U(-) is a mapping [0, T] — S(Y) such that the function

t— sup{llullylue U(r)} belongs to LZ(O, T) and such that its graph is a measurable subset of the
product measurable space generated by the Borel o-field of [0, 7] and the Borel o-field of Y.

(A6) Cc H is a closed and convex set with nonempty interior.

We associate another optimal control problem to (P), which is called the dual problem of
(P). In order to describe it, we need a function K: [0, T} X H — R defined by

K(t, p)= 03() {G(t,u)+{(p,B(t,u))}, pe X
ue Ut

‘We make the following assumption on the function K.

(A7) K(,p())e LY, T) for all p()e WO, ).

We call the following optimal control problem of the dual problem :

T

f (K@, p@®) - { p(®), x — A@Dx(2) ) + F(t, x(t))) dt — sup

0

(D)4 subjectto Q22
p=AT(t)p@)+F (6 x(n)a.e

p(T)=0,p(T)=0,xe W(O,T),
(p(0) , h - x(0)) 20, (p(0), x(0) —c) 20 forall h € H,c e C.

Here A*(f) is the adjoint operator for A(s) and F (¢, x) the derivative of F(z, x) with respect

to x. It should be noted that the control variable of this problem is x. By making use of Lemma
5.5.1 of [9] and (2.2) we have

T T T

T
[ o5 @)dr = G, pe) | -, pe) | + [ (5 @.x0)
0 0

0

0

i

T
—((0), p(0) ) +{x(0), 0) )+ | (p(1), A ) dr
0
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T
+ [ (), F o xw )y e
0

since, as will be stated explicitly below, p, x € W(0, T). Thus the dual problem can be equivalently
rewritten as follows (D):

T

(x(0), p(0) ) = (x(0), p(0) ) + _[ {K(t, p(1)) = (x(1), F (¢, x(8)) ) + F(t, )(1))} dt —>sup
0

subject to (2.2).

As for the differential equation in (2.2), we restrict ourselves to only solutions which belong
to W(0, 7). Hence, if there exists no solution (p,x)e W(,T)x W(0,T) in (2.2), we define the
supremum of problem (D) to be — eo.

3 DUALITY

We first prove a weak duality theorem saying that the infimum of (P) is equal to or greater than
the supremum of (D).

Theorem 3.1 — Under the assumpﬁ'ons (Al)-(A7), if F(,x(:)e L](O, T and
F.(,x()) € LXO, T, X") for all xe W(O, T) and G(-,u()) & L0, T) and B(-, u(-)) € L*O, T: X") for all

ue Zla & then the infimum of (P) is equal to or greater than the supremum of (D).

PROOF : Let u()e U, ,; be any admissible control and fix it for a moment. Due to J.L.
Lions?, there exists a solution xe€ W(0, T) of (2.1) with any initial condition x(0)=xy€ C by the

assumption B(:, u(-)) € L%(0, T; X*). Let X be any one of such solutions corresponding to . That is,
X (1) = A()X() + B(t, u(2) .G

X0)e C,x(0) e H.

To this u we associate the following problem (D,):

{F(t, x(t)) + G(t, u(t)) — {p(D), x () = A(E)x(t) — B(¢, u(?)) )}dt —>sup

O ey

subject to (2.2).

If there is no solution (p, x) € W(0, T) x W(O, T) satisfying (2.2), we define the supremum of
(D,) to be —ee. If (p(), x°(")) € W(0, T) x W(0, T) is an arbitrary solution of (2.2), then we can show
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that the value

T
[ (Fe.50) + G, u)) de
0

T
— | AP 0) + G u@) ~ (P05 (1) - AWX (1) - B, w(n) )
0

is nonnegative. To do this, note that
B(t, u(®)) =5 () — A(Dx(t) a.e.

and observe that
F(t, X(0) - F(t, X (0) 2 (X0) - x (1), F (1, £ (1) ),

since F is a convex and differentiable function with respect to x. Substituting these into (3.2), we
see that the value (3.2) is equal to or greater than

T : T
[ Go-X0.Faxemp+aorord + | (P05 0-30
0 0
Using p(T) = 0 and p(T)=0 and {p(0), h—x(0))=0 and { p(0), x(0) —c ) 20, we have
[ o o-30)d
0
T T

—( (@, x () -X(1))
0

1]

T
@0, X -3 0) o G -30) ar
0

0

v

T
[ G 0.x0-30) d.
0

Therefore, the value (3.2) is equal to or greater than

T
[ (zy-x0, Ft. X0y + A0 p 0 -p° (1)) de=0,
0

since (po, xo) is a solution of (2.2). Let us denote by p(x, u) the value
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T

[ (Fa.30) + Ga, uey)) s,
0

and by d(u) the supremum of problem (D,). Then the above argument show that

p(x, u) 2 d(u) .. 3.3)

holds for every ue U ; and every x satisfying (3.1) together with u. If we denote by J(p, x, u)
the objective function of (D), that is, if we put

T

I xuy= [ (F6x@)+ Gl ut) +(p), B, u()
0

- (p(0), x (1) - A(1)x(r) )} dr
it follows from (3.3) and a well-known inequality of game theory that

inf p(x,u)> inf d(u) = inf sup J(p, x, u) .. 34

X, u u u px

2 sup inf J(p, x, u).

p.x u

For a given u(-)e U, , we have

T T
[ 166, uwy + (o), B, ui))y dr> | ke, poyer,
0 0

since G(1, u(?)) +{ p(t), B(t), u(t)) ) 2 K(t, p(t)) a.e. by definition of the function K. Hence, it follows
that

T

inf J(p, x, w2 [ {K(, p0) - (p(0, ¥ ()~ AWxX() )+ Flt, x(1)} dr
u 0

for every solution (p, x) of (2.2). If we-denote by inf (P) the infimum of (P) and by sup (D) the
supremum of (D), it is obvious that inf p(x, ) = inf (P) and sup infJ(p, x, u) 2 sup (D) by the

X, u p,x u
above inequality. Therefore, we conlude from (3.4) that inf (P) 2 sup (D). This completes the proof.

We prove next the duality theorem that under certain conditions the infimum of (P) coincides
with the supremum of (D). We make the following assumptions:

(A4") G:[0, T} x Y — R is a measurable function such that G(t, -) is convex and continuously
Gateaux differentiable with respect to u for each re [0, T].
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(A8) The interior of U , is nonempty.

Theorem 32 — Assume (Al), (A2), (A3), (A4), (A5)-(A8) and that F(-,x()) € L\0,T) and
F (. x()) € LX0, T; H) for all xe W(0,T) and G(-, u()) € L'(O, T) for all ue U, attains the infimum

of (P), then there exists p"€ W(0,T) such that (p’,x") attains the supremum of (D). Furthermore,
the infimum of (P) is equal to supremum of (D).

PROOF : If (x°(0),x’,u’)e CxW(0,T)x U, attains the infimum of (P). There exists
p € W(0,T) satisfying

p ()=A"Op 1)+ Ft,x®) ae. p(D=0,p1) =0, .. (3.5)
Gt u @) +B O p O, v-u @)y y20 .. (3.6)

for all ve U(t) ae., and

(p(0), h — x(0)) = 0, (p(0), x(0) = c) 20, for all he H,ce C, . (3.7

where B*(f) denotes the adjoint operator of B(z), (, ')Y, y* the bilinear form on the dual pair (¥, Y*)
and G, the derivative of G(f, u) with respect to u. By convexity of G, (3.6) implies

G, v) +(p (1), B )2 G(t, u () +{p (), BOu () for all ve U(r) ae., from which we have
K, p () =Gt u®)+{p ), BOu(t)) ae. . (3.8)
From (3.5) and (3.7) we see that (p°, x") is a solution of (2.2) and from (3.8) that we obtain
K, p@0)—(p,x ()-AWX(0))+F(1,x (1)

G(t, ' (9) +{p @), BOw @)Y — {p (), x (1) —A@W)x (1)) + F(t, x (1))

G(t,u' (1) +(p (), AOx () + B (1) —x (1)) + F(t, x (1)

il

G@t, u () + F(t, x (1)) ae.,

since (xo, po) satisfies )'c'o(t)=A(t)xu (t)+B(t)u°(t) a.e.. Therefore, we conclude that

T
[ (Fe.x0)+Ge. " )y ar
0

(Kt p ()= (p (), % ())=AW®X 1))+ F(t, x (1)}dr.

]
O —~

Thus Theorem 3.1 implies that the infimum of (P) is equal to the supremum of (D) and
that (p°, x") attains the supremum of (D). This completes the proof.
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4 EXAMPLE

In this section we give an example satisfying Theorem 3.2 (duality theorem) to a hyperbolic
distributed system.

Let T > 0 and 2 be a bounded domain in R” with a smooth boundary dQ=1I. On
[0, T} x £2 we consider the control problem :

(T
j I (e, z, x(t, 7)) + g(1, z, u(t, 2)) dtdz — inf

0 Q

subject to

Fx(t, 2)

P

x(t,z2)=00n [0, T x I, x(0, ) € Cc LX), %0, )e H
1

=A(x(t,z) +u(t,z) on [0, T} X 2

2

(I Fu(t, 2) Izdz] <L

Q2

Here A(r) is the formal second order elliptic italic italic partial differential operator defined

n

Aty=- 3, -éx‘;(alj(t, 2) Q—y&—f—) }
J

ij=1 ¢

We assume that a;; (,-)e L= ([0, T] x ) and that they satisfy the strong ellipticity condition

n

z aij(t,z)ﬁié,’j?.a 2 {;z

ij=1 i=1

. 1
for all (1,2)€ [0, 71X (§);_, € K" and for some a>0. Taking X=Hy(Q), H=L Q) X" =
H '(Q), the triple (X, H, X*) enjoys the properties mentioned in Section 2. The bilinear form

a(t; ¢, W) = j Y aq(t,z)égz@—alfa’%dz
Qij=1 i J

1 .
on XXX gives rise to a continuous linear operator A(f): V=H, (£2) —» V=g (£2) characterized
by
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a(t;y,2) =(A()y,z),y,z€ H(I, (€.

The strong ellipticity condition and the assumption imposed on a; (,-) ensure that A(r)

satisfies (A1) of Section 2. The control space is Y=L2(£2) and U(s) is defined by U(t) =
1

{ue L2 1 I ully < L} for te [0, T], where Il u ll, = ( J. | u(z) Izdz}2 and L>0. Then (48) is
Q

fulfilled. Let C < L%(£2) be a closed, convex subset with nonempty interior. Moreover, we assume

that the functions f and g in (P") satisfy

@B f-,-,): [0, T} x 2xR—-> R is a measurable function such that f{z,z,-) is convex and

continuously differentiable with respect to x. fe L2(0, T; L? (£2)) for every x e L= (0, T; L2(£2)).

(ii) g(~,'~,') ([0, TIx2XR— R is a measurable function such that g(s, z,-) is convex and

continuously differentiable with respect to u. g€ L%(0, T; L2 (£2)) for every ue L%([0, T] x Q).

If F:{0,TIxL2(£) - R is given by F(t, x) = j fit,2,x(z))dz and G: [0, T} x L?2(2) - R
2

by G(t,u) = _[ g(t, z, u(z)) dz, our optimal control problem (P’) reduces to the abstract form
2

[ {Fe.x0)+ G, u@)) dt — inf
subject to

x () =A@x(t) +u(t) ae., x(0)e C,x(0)e H,u(®) e U@®) ae.

The dual problem of (P’) can be formulated via the dual problem of this abstract one. In
this case it is calculared as

Kepy= inf [ (g2 u@)+p@ud)dz, pe Hy(Q).
lul, <L o

Hence the dual problem written in the alternative form becomes :
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[ [ %0.2p0. 29 dz- | x0,2) p(0, 2dz
Q 0

+ f K(, p(r))dr - f J (£, (8, z, x(t, 2))x(¢, 2)
0 Q
- fit, z, x(t, 2))) dtdz — sup

subject to

(D) 5 QZE;{Z—Z— A*(D)p(t, 2) +f(t, 2, x(t, 2)) on [0, T] x £2,

p(t.2)=00n [0, T)x I, p(T, 2) =0, p(T, z) = Ofor z € £2,

xe W0, T)=(x()Ixe L¥0, T; X), xe L*0, T; H), x € L0, T; X*)),

| (h@) - (0, 2)) p(0, 2)dz 2 0 for all () € H,
0

[ @0, 2~ 0p(0. 9y de20all (c() € C,
e

where p(r) in K(t, p(f)) means p(t) =p(t,-) € W(0, T), A*(?) is the formal adjacent of A(#). Thus the
following duality theorem is immediate from Theorem 3.2.

Theorem 4.1 — Assume that (t,z) > f(t,2,x(t,2)) € L([0, TI x ) for every xe W(0, T).
Under the above assumptions, if (x"(0),x",u’)e Cx W(0, T) x U,, artains the infimum of (P’), then

there exists p°€ W(0,T) such that (p°,x’) attains the supremum of (D’). Furthermore, the infimum

of (P') is equal to the supremum of (D).
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