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ON UNIVALENCE OF CERTAIN INTEGRAL OPERATORS
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In this work.we investigate the univalence of certain integral operators, considering the class of univalent functions
2.0
defined by the condition E-'fi-zl--] <l,1zl<1, where ﬂz)=z+azzz+ ... is analytic in the unit disc

f@
U={z:ld< 1}
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1. INTRODUCTION

We denote by A the class of functions which are analytic in the unit disc U and have the form
ﬂz)=z+a2z2+ ... Let § denote the class of the functions fe A which are univalent in U.

In their paper* Ozaki and Nunokawa? proved the following :
Theorem A — Let f€ A satisfy the condition

2 @_,

3 <1, ze U .. (D
7@

then f is univalent in U.

2. PRELIMINARY RESULTS

We will need the following theorems and lemma :
Theorem B': 2 — Let ¢ be a complex number, |c1<1,c#~1. lff(z)=z+a222+... is a
regular function in U and

<1 - (2)

clzl2+{l—lzlz i—(zlJ

f@

for all ze U, then the function f is regular and univalent in U.
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Theorem C° — Let o be a complex number, Re a > 0, and ¢ a complex number,
letgl, c#-1 Iff(z)=z+a2z2 + ... is a regular function in U and

Az P4 (11229 QD

7 <1 .. (3
oF (2 @)
for all z€ U, then the function
1
4 a
Fo@=| [ u®'f wdu| =2+ .. .4
0
is regular and univalent in U.
The Schwarz Lemma3 — Let the analytic function flz) be regular in the unit circle

lzI<1 and let £0) = 0. If, in IzI<1,1fiz) 1< 1, then
IRz 1<1z),1z1< 1 . (5

where equality can hold only if iz)=Kz and | KI=1.

3. MAIN RESULTS

Theorem | — Let ge A satisfies (1), o be a complex number, Re o > 0 and c¢ be a complex
number, lcl<1,c#~-1. If

lg()1<£1, ze U . (6)
and
lel+3la-11<1 .. (D

then the function

Z a-1
Fo@= | (3—‘:—’) du . (®)
0

is in the class S.
PROOF : The function F o (@) is regular in U, From (8) we have

o -1 a-2
F,,(z)=[5‘i’J ,Fa<z)=<a-1)(3‘z9) S

Z
and
F ,
clzi2+(1-1z|2)z,“(Z) = clzl2+(l—|z!2)(a—1)[£g—(§l—l)‘. w (9)
Fa(z) 8(2)
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From (9) we obtain

ZF” Z) 2
clzP+ (=12 —2— | <icl+la-11| |81 181 | qo
o @ & @ z
Using (10) and Schwarz-Lemma we have
ZFH (Z) 2,
AzP+(1-1z)=2—= | <lcl+la-11 z—f—(z—)—l +2 )
o (D 87(2)
The function g satisfies (1) and from (11) we get
F (2)
clzP+(1 -1z =2 |<lcl+3la-1] . (12)
Fo,@

From (12) and (7) we have

’”

zZF_(2)
clzP+(1-1zPH=2=|<1, ze U.

CFy(d)

By Theorem B it follows that the function F is in the class S.

Theorem 2 — Let g € A satisfies (1), & be a complex number, Re a> 0, and c be a complex

number, 1cl1<1,c#-1.

If

lg(z) <1 .. (13)

for all ze U, and

o-1

lel+3 <1 .. (14)

then the function

1
a

Z
G )= a | [gwn® " du . (15)
0

is in the class S.

PROOF : From (15) we have

a-1

Z
G @=| a { u""(ﬁuﬂ) du | . .. (16)

R
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Let us consider the function

f (g Y™
p(@)= g [ u ) du. .. (7D

The function p is regular in U.
@) o~}
From (17) we get p'(z)-‘-(%] ,

Z2

a-2
p"(z)=(a—1>[£(§J S

and

1z P% 4 (1 -1 22D

= l clz|2a+(l_|z{2a)g:_l_[§£'_(2_)_l J'

op’ (z) a | g@
2,
<lel+ a"‘l k) 'f’(zl)'n ,ze U. . (18)
o g@ | 2
By the Schwarz-Lemma and using (18) we obtain
{4 2 /’
clzPa(-1zPHZ B gy | @2l Z8@ )L, .. (19)
op (Z) a g (z)
From (19) and since g satisfies the condition (1) we have
clzPe(-1zPH @ | o 3 e=l . (20)
ap’ (2) o
From the condition (14) and (20) we get
20 20, 29" (2)
clzi*+ (1 -1zl n <1, .. (21
(1-1z )ap(z) 3y

for all ze U.

-1
From (17) we have p’(2) =[%)-) and by Theorem C it results that the function Ga is

in the class S.
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