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In this paper, arcwise connected sets are characterized in terms of arcwise combinations of more than two points.
Functions related to arcwise connected functions namely strictly arcwise connected functions, semistrictly arcwise
connected functions and arcwise affine functions are defined and certain relations and properties of these functions
are studied. Necessary and sufficient conditions involving arcwise connected functions, strictly arcwise connected
functions and semistrictly arcwise connected functions are established on the lines of the well-known Jensen’s
inequality for convex functions.
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1. INTRODUCTION

Avriel! generalized the concept of convex sets and functions to arcwise connectedness by replacing
the line segment joining two points by a continuous arc on the lines suggested by Ortega and
Rheinboldt®. Certain local- -global minimum propemes were discussed for generalized arcwise con-
nected functions by Avriel and Zang3 Smgh extended some elementary properties of convex sets
and functions to arcwise connected sets and functions. Yadav and Mukherjee” studied some basic
properties for a class of generalized arcwise connected functions.

In section 2 of this paper, we define arcwise combinations of more than two points and use
it to characterize arcwise connected sets. We introduce the concepts of strictly arcwise connected
functions, semistrictly arcwise connected functions and arcwise affine functions as generalizations of
strictly convex functions, semistrictly convex functions and affine functions respectively. In Section
3, we extend the Jensen’s inc‘;zquality6 for convex and strictly convex functions to arcwise connected
and strictly arcwme connected functions. Jensen’s inequality was generalized for semistrictly convex
function by Yang We extend this result for semistrictly arcwise connected function. In Section 4
of this paper, we establish the relationships among arcwise connected functions, strictly arcwise
connected functions and semistrictly arcwise connected functions. It is shown that the class of arcwise
connected functions is independent of the class of semistrictly arcwise whereas the class of strictly
arcwise connected functions is contained in the classes of both arcwise connected and semistrictly
arcwise connected functions. We discuss the conditions under which an arcwise connected function
is strictly arcwise connected or semistrictly arcwise connected. We also show that under certain
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assumptions a semistrictly arcwise connected function is arcwise connected or strictly arcwise
connected.

2. PRELIMINARIES

The follogving definitions of arcwise connected set and arcwise connected functions are by Avriel
and Zang".

Definition 2.1 — A subset X of R™ is said to be an arcwise connected set if, for any pair
of points x,y e X there exists a continuous arc H, y(a) defined on [0, 1] with a value in X such

that Hx‘y(0)=x and Hx,y(1)=y.

Definition 2.2 — A function f: X — R, where X is an arcwise connected set, is said to be
an arcwise connected function if, for any x,ye€ X, ae [0, 1]

fH, (@) <(1-a)f(x)+af).
Note that a convex set is arcwise connected set where the function H, y (o) 1s given by
Hx’y(a)z(l—a)x+ ay

for any x,ye€ X, e [0, 1]. Similarly, a convex function is an arcwise connected function.

We now extend the concept of convex combination of more than two points to arcwise
combination.

Definition 2.3 — Let x|, Xy, ..., X, € R™. Then

D"v Ky X (&, &, ..., &) is said to be an arcwise combination of x, x,, ..., x, where
XXy oo X (al’ 0 oees an)=Hy , X (an)’
A n n-1""n
y -H . %1
(kN A ] I/ X 2R R A
-H an—2
yn—2 Vo3 %2 al+a2+...+an_2 ’
_ )
y2 ’

and
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The next theorem characterizes arcwise connectedness of a set in terms of arcwise
combinations.

Theorem 2.1 — A subset X of R™ is arcwise connected, if and only if, it contains all the
arcwise combinations of its elements.

PROOF : A subset X of R” is arcwise connected if and only if, for any xpx€ X, H |
72

0 =x, H  (1)=x, and H__(0)e X, for ae [0, 1]. If X is arcwise connected then it contains
1’72 P72

arcwise combinations of two elements, that is, the result is true for n = 2. For n > 2 we will prove
the result by mathematical induction. Let the result be true for all arcwise combinations of fewer

than n elements. Consider an arcwise combination of Xps Xgs ooy Xy given by D, .
1

y Xy X

n n

(al,az,...,an) where ¢, 20, i = 1, 2, ., n and Z o=1 Since Z o;=1, at least one o; 1.
i=1 i=1

Without loss of generality, assume o, # 1. Now

Dxl,xz, X, (al’ 0y vees an) =Hyn_1,x (an)’

n

where
=H Qn—l - H an—l
In-1 In-rFar| g+ O+ O, Yoo ¥, 1—an
-D ! ) Fn -1
- LTRSS 1_an’ l_an’ oo l_an
n-1 .
1 . 1 _ . . .
and o 20,i=12, ..,n-1, Z l—an— 1. Now by induction hypothesis y, ;€ X..As X

n i=1
is an arcwise connected set and y, ;,x,€ X it follows that Hy , (@) € X, that is,
n-1""n
Dxr"z’ o, (o), 0y, ..., ) € X.
We now define strict arcwise connectedness, semistrict arcwise connectedness and arcwise
affinity.
Definition 24 — A function f: X — R, where X is an arcwise connected set, is said to be

a) strictly arcwise connected, if for any x,ye X,x#y, ae (0,1)
fH, (@) <(1-@)f)+afo)

b) semistrictly arcwise connected, if for any x,ye X, f(x) #f(y), xe (0, 1)
fH, (@) <(-0)f(x)+af0)

¢) arcwise affine, if for any x,ye X, a€ [0, 1]

fH, (@)=1-a)fx)+af@)
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We will now establish that strict arcwise connectedness, semistrict arcwise connectedness,
arcwise affinity are generalizations of strict convexity, semistrict convexity [Yang7], affinity,
respectively.

Remark 2.1 : Every strictly convex function is strictly arcwise connected but the converse
is not necessarily true as illustrated by the following example.

Example 2.1 — Let X = R. Define f: X -5 R by fix) = Wl
For any x,y € X, define Hx’y (o) :[0,1] >R by

Hx,y(a)=(l-a)2x+ogy.

Clearly, f is strictly arcwise connected but not strictly convex because for x = 1, y = 2,

BN |

fl(l-0)x+ay) k (1-a)fix)+afy).

Remark 2.2 : Every semistrictly convex function is semistrictly arcwise connected but the
converse is not necessarily true as illustrated by the following example.

Example 2.2 — Let X = R. Define f: X - R by

rw={ ) 350

For any x,y e X, define Hx,y(a) :{0,11 > R by

Hx_y(a)=(1—a)2x+a2y.

It can be seen that f is semistrictly arcwise connected but not semistrictly convex because

forx=1y=3, a=%, F@=f0).

f(A-ox+ay)k (1-a)f(x)+af@).

Remark 2.3 : Every affine function is arcwise affine. However the converse is not necessarily
true as illustrated by the following example.

Example 2.3 — Let X = R, \ {0}. Define f: X — R by fix) = log x. For any x,y € X, define
Hx’y (@) :[0,1] >R by

_-a «a
nyy(a)—x y .

Clearly, Hx‘y(0)=x, Hx,y(1)=y and Hx,y(a)e X for ae [0,1]. It can be seen that f is

arcwise affine but not affine because for x = 1, y = 2, a=%

fA-a)x+ay)z(1-a)fx)+af()
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3. EXTENSIONS OF JENSEN’S INEQUALITY

, 6 . . . . L
Jensen’s” inequality for convex function and strictly convex function is stated below :

Theorem 3.1 — Let f:X — R be a function defined on a convex set X in R™. Then f is
convex, if and only if,

flogxy+oyxy+..+a, x )< o flx)+ 0, fix)+...+ @, fx,) .. ()

n
for every integer n22 and all x;€ X, @;20,i=1,2, ..., n with z a;=1. If f is strictly convex and
i=1
all ;>0 then equality occurs in (1), if and only if, x;=x,=...=x,.

We now extend the above result for arcwise connected and strictly arcwise connected
functions.

Theorem 3.2 — Let f: X = R be a function defined on an arcwise connected set X in R™.
Then f is arcwise connected if and only if

f(Dx”xT 7 (0, O, s &))< o fx)+ a2f(x2)+ ot a flx)

n
for every integer n22 and all x; € X, a,-ZO, i =1 2 .. n with Z Q= 1.
i=1
PROOF : Let f be an arcwise connected function. Then

) ) )
f(yZ):f[Hyrxz[al+a2D S(l_al +a, }l(ylHa] +a2f(x2)

1
“ava El o; fix) e))

N

and

% 1
f03) =f(Hy2, %, ( ot 0 D Sarara (@ Rf0)rafl O

On using (2) in (3), we get

3
O e ML

i=1
Proceeding similarly, we get

n-1
1
f(yn-l)sal_i,%_'_”._'_an_l Z aif(xi) e B

i=1
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and

fD, o ..y (@0 ) =fH, (@)

<SA-a)f,_ )+, fx). . (5)

Since 1-0, =a;+0,+...+ @, _,, from (4) and (5), we get

f(Dxl’xz’ x (0, 0, s @)D S 0 f (X)) + 0 f(X5) + ...+ @, fx).
Converse is obvious by taking n = 2.
Theorem 3.3 — Let f: X — R be a strictly arcwise connected function defined on an arcwise
connected set X in R™. We assume that H () =x for oce [0,1]. Then for every integer n>2 and
n
all X, € X, ai>0' i =1 2 .. n with 2 ai=1’ we have
i=1

f(Dx]’X o (o, 0, ..., an))= alf(xl) + azf(xz)+ e+ anﬂxn) .. (6)

5
if and only if x;=x,=...=x,.
n
PROOF : For X, € X,0>0,i=1,2, .., n with 2 o=1, let relation (6) hold. Let if
i=1
possible, x; #x,. As f is strictly arcwise connected function, we have

1
o+ o

2
Y af(x). v (D)

i=1

fOp<

Either y, =x; or y, #x;. If y,=x; then

&
oo 253)

=f()’2)

f(x3)

1
= m [(al + az)f(yz) + a’jf(x3)]

If y, # x5, by strict arcwise connectedness of f, we get

fO3)< (&) + 05) f () + o5 fixy)].

1
o +ta o
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In either case using (7), we get

3
1
1)< o a 21 @ f(x).
Proceeding similarly, we get
f(DxPxT i (0, @y, ..., ) < o fx)+ o, flx)+... + a, f(x,) (8

which contradicts (6). Hence x| =x,. By definition of y, and Y, We get
N=N=%55%

and hence

2
* 1
702 =f[Hy1’x2 ( o+ o }J - o+ o, i§‘1 %S () ®

Now if x, #x3, we have y, #x;. As f is strictly arcwise connected function it follows that

fs)< (e + ) fyy) + 05 f (x3)].

1
a1+a2+a3

On using (9), we get

3
1
fOD<———— Y afk)

Proceeding similarly we arrive at (8) which contradicts (6).

Hence, x, =x;. In a similar manner it can be proved that x; =x,, x,=xs, ..., x, _;=x,.

Conversely, let x; =x,=...=x,. Then it follows that —
Y1=X
Y20 =%
Y3=Y2=%3
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Therefore, we get
D"rxz' g (0, Oy, ..., @) =X =Xy = .. =X,

n

and hence for ai>0, i =1, 2, .. n with Z Q= 1, we have

i=1

fo, X, (0, 0, ..;a))=(+ 0+ ...+ @) f(x))

1’72
= oy fix)+ o, fix)+... + @ f(x).

The following theorem generalizes Theorem 1 of Yang7 which was given for semistrictly
convex function.

Theorem 3.4 — Let f: X - R be a function defined on an arcwise connected set X in R™.

Then f is semistrictly arcwise connected, if and only if, for every integer n>2 and all

n
x€X, >0 =12 ., nwith Y o=17x)<fx,)<f(x)<...<f(x,), we have

i=1

,,,,,

x, (0, &, ..., ) < 0 flx)) + oy Ax)) + ...+ e, fx)

PROOF : Let f be a semistrictly arcwise connected function. For every integer n2>2, all

n

xeX >0, i=1,2 .,n Y o=1 let f(r;)<f(r)<f(x)<...<f(x,). As f is semistrictly
i=1

arcwise connected, we have

1
o+ o,

2
Y F) <fx) Sf(xy).

i=1

F<
As f(y,) #f(y;), by semistrict arcwise connectedness, it follows that

fO< () + 05) f () + 05 f (x3)]

1
Htant+o

3

1
“aiTaia Z.] o, f (x) <f (x3) £ (x,).

Proceeding similarly, we get

n-1

Y g fex)<fx,_)SFR.

i=1

1

o +oy .o,

fO,_D<
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Hence

n-1

FOy o x (00 @) <| 3 0 | fO,_ )+ @, f(x,)

1’2 .
i=1

<o fx)+oyflxy)+... + o, f(x,)

Converse is obvious by taking n = 2.

4. RELATIONSHIPS AMONG ARCWISE CONNECTED AND RELATED FUNCTIONS

We first discuss the relation between an arcwise connected and a strictly arcwise connected function.

Remark 4.1 : Every strictly arcwise connected function is arcwise connected. However the
converse is not necessarily true. The function f considered in Example 2.3 is arcwise affine and
hence arcwise connected but is not strictly arcwise connected.

A function f:X — R defined on an arcwise connected set X in R" is said to be arcwise
nonaffine if for x,ye X,

F(H, , (@) # (- fx)+afy)

for some o€ (0, 1).

Theorem 4.1 below illustrates that an arcwise connected function is strictly arcwise connected
if it is arcwise nonaffine.

Theorem 4.1 — Let f: X — R be an arcwise connected function defined on an arcwise

connected set X in R" :-

a) If f is arcwise nonaffine then for any x,y € X, o€ (0, 1)
fH, (@) <A-0)f(x)+af@)

b) If there exists e (0,1) such that for any x,y€ X,x#y implies
FH, (@) < (1-0)fx) + afiy)

then f is a strictly arcwise connected function.

PROOF : a) Since f is an arcwise connected function then for x,y € X, we have
F(a)s(l—a)f(x)+af(y)—f(Hx’y(a))20 .. (10)

for all ae (0,1). We have to prove that F(a)>0 for all ae (0,1). Assume to the contrary that
there exists o€ (0, 1) such that F(0ay)=0. Let e (0, o). Let zosz,y(aO) and z=Hx‘y(a).

Define

Hz‘y(9)=Hx,y(a+(l—a) 0).
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Then

0.'0—06
ZO_HZ,)’{ - ,

€ (0, 1). Since f is arcwise connected and F(a,;) =0 we have

-

where
|-«

o-a (ay- )
(I-a)f)+oyfy)=f(zg)s| 1~ )+ f)

|-« l-a
which on simplification gives
(1-a) flx) + afly) Sflz)
that is, for ae (0, Q)
F(a)z(l—a)ﬂx)+af(y)—f(Hx,y(a))SO. L1
Let ae (q 1). Define
H, ,(O)=H, (a6

Then

%
ZO=Hx,z[—gJ’

where —?e (0, 1). Since f is arcwise connected and F(ay) =0 we have

_ % %
(1= o) flx) + 0 f0) =flzg) S| 1-=> W)+~ fi2)
that is, for ae (0, 1).
F(a)s(l—a)f(x)+aﬂy)—f(Hx'y(a))SO. .. (12)
From (10), (11) and (12) it follows that F(a) =0 for all e (0, 1) which is a contradiction
as f is an arcwise nonaffine function.
b) Since there exists an o€ (0, 1) such that for x,ye X, x#v
FH, (@) <(1-0)fix) + afy)

it follows that f is arcwise nonaffine. The proof in this case therefore follows from a).
Next, we discuss the relations between arcwise connected and semistrictly arcwise connected
functions.
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Remark 4.2 : An arcwise connected function may not be semistrictly arcwise connected. The
function f considered in Example 2.3 is arcwise connected but not semistrictly arcwise connected.

The following theorem gives the conditions under which an arcwise connected function is
semistrictly arcwise connected.

Theorem 4.2 — Let f: X — R be an arcwise connected function defined on an arcwise

connected set X in R". If there exists oce (0, 1), such that, for any x,y € X,fx)#fy) implies
AH, (@) <1 -0a)fix) + ¢ fly)

then f is a semistrictly arcwise connected function.
PROOF : Proof follows on the lines of Theorem 4.1 (b).

Remark 4.3 : A semistrictly arcwise connected function may not be arcwise connected which
is illustrated by the following example.

Example 4.1 — Let X=R* \ {0}. Define f: X — R by

ifx=1

1
f(")‘{ 0 ifx=l"
Define Hx,y (@):[0,1] >R by
H, ,(@=(1-a)’x+ay.

Clearly f is semistrictly arcwise connected but not arcwise connected because for

N

x=%, y =13, a=

fH, (@) £ (1-0)fix) + afiy).

The following theorem can be established on the lines of the corresponding result by Yang7
on the lines of work by Mehra and Bhatia®. This theorem gives the condition under which a
semistrictly arcwise connected function is arcwise connected.

Theorem 4.3 — Let f: X — R be a semistrictly arcwise connected function defined on an
arcwise connected set X in R". If there exists ae (0, 1) such that, for any x,ye X

fH, (@) <(1-0)fix) + afiy)

then f is an arcwise connected function.

We now discuss the relationship between strictly arcwise connected and semistrictly arcwise
connected functions.

Remark 44 : Every strictly arcwise connected function is semistrictly arcwise connected.
However, the converse is not necessarily true. The function f considered in Example 2.2 is
semistrictly arcwise connected but not strictly arcwise connected because for x = - 2, y = 0,

1

a=5
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fH, (a) & (1-0)fix)+ afiy).

In the following theorem, we state the condition under which a semistrictly arcwise connected
function-is strictly arcwise connected.

Theorem 44 — Let f: X — R be a semistrictly arcwise connected function defined on an

arcwise connected set X in R". If there exists ae (0, 1) such that for any x,ye X, x#y implies
fH, (@) < (1= 0) fr) + af(y)

then f is a strictly arcwise connected function.
PROOF : Proof follows on the lines of Yang7 and Mehra and Bhatia®.

We now summarize the relationships among the above discussed functions as follows

Arcwise connected

Strictly Arcwise ——— Semistrictly Arcwise

connected ¢===+== connected
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