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The purpose of this paper is to define the extension number of Bemoulli number with order n given by Srivastava
and Todorov” and to prove a new explicit formula for this number.
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INTRODUCTION

For any complex number x, it is well known that the Bernoulli polynomial B, (x) is defined by

e’xl = B n (x)

= Z TZ", lzl<2m.

e -1 n=0
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Note that B, (0) is the nth Bernoulli number.

In [2], the Bernoulli polynomials and numbers with order n are defined by
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It is easy to see that
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()

B, (1)=(-1)" B, (n-2x)
and
B” =18 @ =1"B" )

in terms of the generalized Bemoulli numbers Bf:)z.

To define a generalized Bernoulli number with order n, we first mention the multiple zeta
values and multiple logarithm,

Don Zagier devoted himself to the study of the multiple zeta values, and mentioned briefly
the multiple zeta function as follows :

1
C(SI,SZ, ...,Sn)= Z —“;-"—S_—T,SIG G.

1 2 n
0<ml<m2<...,m’l mymy...my,

In particular, it is analytically continued to a meromorphic function on €".

Now, we study the following zeta function :

* 1
Clhy kg o ky_1i8)= Y Fk k=T s

1 n
0<m1<m2<...<mn mymyt...m;._y my,

for n21,k;21(1<i<n-1), which converges absolutely for Re(s) > 1.

It is already known that a multiple logarithm is defined by

m

, Zn
le]’kz‘ ""kn (z): Z m,! my2 m n
0<ml<m2<...<mn 172 = "n

for k,21(1<i<n),lzi<1, the multiple logarithmic function is closely related to multiple zeta

values, i.e.,
¢ D=0k kg s k) k21 (1SiSn-1),k,22.
The multi-logarithm naturally appears in the theory of knot invariants.

In this paper, the aim is to define the extension number of Bemnoulli number with order n
given by Srivastava and Todorov?. We prove a new explicit formula for this number.

§ 1. GENERALIZED BERNOULLI NUMBERS WITH ORDER n

For kiZI(ISiSn—l) and kn=1, it is easy to see that

d 1
<L =L .
2 Yk, ok D Y@=77 L ki @
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From this, we have

a .. __1 ..
dlekyl(z)—l—lek(Z)'

So if £k = 1, then we have

2 Ly ) =——Li; () =~ ——log (1 ~2),

dz 1-2 1-2

oo

m
where the poly-logarithm Li, (z) = 2 E_k, lzl<1.

B

(ko Ky oo k
ek

m=1

Hence,

Z
Ly, @= | S, @de = | 7 log(1-2)de = 57 (-log(1-2)"
) |

O Gy

Also, from the above differentiation, we obtain

d .. 1,
Hence,
td 1
Ly, @= | ;;;Liu,l(z)dz=-3-—!<—log(1—z))3.
0

Continuing this process, we have

. 1
Lz],l__"] ) =;—1—(-log(1-—z))". .. (2)
n — times
For each integer &, (i = 1, 2, .., n), we define a sequence of rational numbers
» (m=0,1,2,...) as generalized Bernoulli numbers with order n by
/ oo (k .k ) ovy k )
lel‘kz,”.,k" (Z) _ 2 Bml 2 n xm
Py B m'! ’
i=l-ef m= 0
Thus
n - times
Liy 1 @ o gl
. m m
n.— times - Z L E——_ . (3
n m!
Z - X m=0
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From the eq. (2), the left hand side of (2) is written by

Ly 1@ )
__n-times _ X
:n _I’l' l_e-x
z=l-€"
1 -x Y
B n! e"x_l
o (n)
_ 1 Bm D"
Tt Z m! "
m=0
Note that
n - times ) )
B(l,!,...‘l)__(—])mBm B,
m = n! =T

where Bf:L"is the mth Bernoulli number with order n which is found in [2].

The Stirling numbers of the second kind S(n, m) (n20,0<m < n) are defined by

=Y Snm)®),
m=0

in which

and

3

S(n, m)— —l)[( ;njl"

(e—l) Z S (n, m)—,

where (x), 1s denoted by Jordan factor.

. . . ko k... k
For n > 1, by the definition of a generating function of Bin‘ 2 )

(4), we have

Li R
kyoky ook =k (2)

n

z=l—e"\'
1 (1—¢e 5
P E— z k Kk k ~k
I-¢7)" ocm <..<m mmy .. m;"jm, "
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7 and by the formula
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-1 1 (1—¢ %™
S -y 2 oy iDL
O<m <..<m _ my" my m, =m _ +1 m,

- 1 Qle)nl

(I-e O<m <..<m
-
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Therefore, we obtain the formula :

(a1+a2+a3)! a

p I
1 +1
=2 p 2 O m, 5 m,) 2 a lala,! '
=0 / Jm =0 L =a, +ta,+a, 1 273
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2. RELATIONS BETWEEN MULTIPLE ZETA VALUES AND GENERALIZED BERNOULLI
NUMBERS WITH ORDER n

Now we redefine the generalized Bernoulli numbers with order n as :

(kl ky ... k)

i R

Lig ok k =€ )_
(-1

forn =12, 3,
Consider the generalized multiple zeta function Cn (ky, Ky, oo k5 5) as

1 IS ts—l _
kiskqy ...k ;8)= Li 1—-€e )dt.
gn( 1 2 n ) r(s) £ (ef__l)n klykz,...,kn( )

Thus we see that

1 1 tJ—l
G lhyo Ky oo ki )= 5 | Lig g.x (=€ e
0

-1

tS
t

. -‘I N
+ I'(s) 'll‘ (e"‘)nleI‘kzv""kn(l_e ) dt.

The second integral converges absolutely for any s € € and hence the second term on the
right hand side vanishes at non-positive integers. Hence, we have

1

. 1 £l e
kiskyy ...,k ;—m)= lim Li 1-¢e H)d:
gn( 1 2 n ) s> —m r(s) 0 (et_l)n kl,kz, ..,kn( )
1 o plk Ky k)
. ] s—1 B/ } !
= lim F(S) J. ! Z “‘—“Z‘!—I dt
§—>-m 0 1=0
w ki ky k)
= lim 1 Z Bll ? 1
so-m 1 () Py ! [+5s

B(k], km..., kn)
I'(l-s)sinzms 1 m

= lim .
s—=-m n m+s m.
k ok

"
T
=
3
o)
~N
-1



GENERALIZED BERNOULLI NUMBER WITH ORDER n 1461

Thus we have the conclusion:
The generalized multiple zeta function { (k;, k,, ...,k ;5s) is analytically continued to an

entire function on the complex s-plane, and the special values at non-positive integers are given by
the generalized Bernoulli numbers with order n, ie.,

kik, ...
Cn (kl’ k2, ey kn, __m)= (_ l)m Bfn] k2 kn).

Remark : For k;>1(n+1<i<2n),Re (s)> 1, recall the multiple zeta values :

C(kl, kyy ok ko 1o s Ky )

1 2 2n-1
0<m1<m2<...<m2"_1 mymy” .. Myp ’"2n='"2n-1+1 m,,
1 1 - _
= 2 Kk 3 S j e Mt £ G
myt my? .. myy = 1 T 0
0<ml<m2< <m, . 1 - my, =m, . +
= - -1
! e M-t £
= I'(s) j Z kK, Kowot |t ]dt
0 |O0<m <m <..<m my"my 2n-1 |€~

1 =< ts—l ' .
~ I'(s) -([ -1y L’kl,kz,...,k"(e ) dt.

The above formula is closely related to the generalized multiple zeta functions.
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