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The object of the present note is to introduce two fractional integration
operators associated with H-function. Three important properties of
these operators are established which generalize the results given ecarlier
by several authors, notably bv Kalla and Saxena (1969). Parasher (1968)
and Lowndes (1970).

1. IsTRODUCTION

Various definitions of fractional integration operators have heen given
from time to time due to their usefulness in Applied Mathematics. Two
new fractional integration operators whose kernels are associated with H-
function are introduced in this paper. Since most of the special functions
occurring in ‘pure and applied mathematics’ follow as special cases of the
H-function, various integral operators can be derived as special cases of these
operators. The operators also serve as a key formula for several important
integral operators, notably by Kober (1940), Erdélyi (1950-51), Saxena (1967),
Parasher (1968), Kalla and Saxena (1969) and Lowndes (1970). Three
important properties of these operators are given in the form of three theorems
which provide expressions for their Mellin transforms and integration by
parts. The results given earlier by the aforesaid authors can be derived
as special cases of the results of this paper.

The H-function introduced by Fox (1961) will be represented and defined
as follows :
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where an empty product is interpreted as 1, 1 <m g, 0 n < p d's
and B’s are all positive, L is a suitable contour of Barnes type such that the
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poles of I'(bj—Ays), j = 1, ..., m are separated from shose of I'(1—a;+4;9),
j=1..,n

Asymptotic expansions and analytic continuations of the H-function have
been discussed by Braaksma (1963).

In what follows the symbol (a,, 4,) represents p ordered pairs

(ay, 4;), ..., (ap, Ap),

n v m ']
=X (Aj)“ 2 (4)+ Z(B)— X (B)>0
=n+1 j=1 j=m-+1

g=1

and 7, 8, a, a; and b; are complex parameters.

2. DErFINITIONS

We introduce the fractional integration operators by means of the follow-
ing equations :

x z M, D @ ) A
B3 [f@)]) = ramnresd 41 @r vy FO)xHyd (w: ((b’; BZ Hdt o (2.0)
L ? 4

A‘;::[f( )] —_ T.’Eﬁ j‘ t—-é—ra~1 __xr)af é\’ [[5]7 ((‘ZZ: f;:; ] dt (22)

where U and V represent the expressions

()" (1=5) e (F)" (-F)

and 8, m, n are positve numbers.
The conditions of the validity of these operators are as follows :

)1 <p, g<oo, pldgl=]1
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(ii) Re (n—!—rm %)> - é, Re (a+m %:)> _%

by 1 -
Re (8+oc+mr E)>—E, i=1...M
(iii) f(z) € L (0, c0).

The last condition ensures that R, ,[f(x)] and Ki ;[ f(x)] both exist and
also that both belong to L (0, o).

Particular Cases of the Operator (2.1} and (2.2) :

(i) Operators involving Meijer’'s G-function given by Parashar (1968)
can be derived on setting r =1, P = p+2, Q =q+2, 4y, = Bp,, = 1,
p1=A Qpo=1—p+l, by =y, bpo=1—panda=0,m=1,n=0.

() Putting M =1, N=P=Q =2, a; = 1—A, ay=1—u—1, b, =0,
by=1—-p, Aj=4,=B,=B,=1=m, a=0, n=0 and replacing k
by —k we get the operators due to Kalla and Saxena (1969).

If we further take r = 1, we obtain Saxena’s operators (Saxena, 1967).

3. MEerLrLiNn TTRANSFORM

The Mellin transform of f(x) will be denoted by # [f(2)] or by F(s). We
write § = p~1+4if, where p and ¢ are real. If p > 1, f(z) € L (0, x0), then

p=1 A{f@}=F6) = | fwm de o (3)

p>1, (@)= Fe) =lim. /jz fyestde ... (3.2)

where 1i.m. denotes the usual limit in the mean for L,-spaces.
Theorem 1—1If f(x) € Lp(0, 0), 1 < p < 2 [or f(z) € M (0, c0) and p > 2],
jarg k| <~;~A1r, A> 0, Re(ﬂ+rm%;)> —q1, Re(a—{-m—%) < —qt j=1,

2,..., M, pt+qt =1, then
s—y+1

r

(14522 ), (—a ), (ap, 4P)
MR @)} = Hpya, o3e | K
wr ' p—s-+1

r

—a, m+n)

A {f(@)} - (3.3)

' (be, Be), (—
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where M (0, o) denotes the class of all functions f(z) of Ly(0, o) with p > 2
which are inverse Mellin transform of functions of Ly(—co, ).

Proof : From (2.1), it follows that

AR @] = [ s ramrret I tr(ar—tr)f(6) Hpr g [w

L.

| (ap, Ap) ]
di dzx
(be, Bo)

n §—n-1%~ r i(a’P 4p)
7]1‘f dtfr 2y t)H [kU (bQ,BQ)de'

(3.4)

The change of the order of integration is permissible by virtue of de la
Vallee Poisson’s theorem (Bromwich 1954) under the conditions stated with
the theorem. The theorem readily follows on evaluating the x-integral
by means of the fomula (Goyal 1969)

1 (@ Ap)
a1 —x)f-1 {2 " ‘ k(] —2x) P l dx
(.)f ( ) pg | ? k(] ! (bes By)

—

((L—a, B), (1—8. 1), (ap, 4p)

My N2
== H,lo 442 [z (o Bo), (1—o— B, k-t 1) l ... (3.5)

where Re(oc—l—k%)>0 Re(ﬁ’—HA )>O forj=1,2,...,m, A > 0]argz|

1
<3 Az, which follows from the definition of the H-function and beta func-
tion formula.

In a similar manner, the following theorems can be established.

Theorem 2—1f flx) € Lyp(0,0), 1 < » K 2 [or flz) € M40, 0), p > 2},

] b]' 1 bj 1

|arg k| < 2/\77, A> 0, Re (oc—}-rnE) > —gl, Re(8+ar+r _B;) < —p~t,
p“l—*{—q"l = I, j = 1, 2, ey ‘LM, then '
! 845
(-

.//z{ K. T f) = B 6

, m)(ﬁoc, n), (ap, Ap)
AL f(x)}.

(be Bo)[~ T2t mota)

(3.6)



INTEGRAL OPERATORS INVOLVING H-FUNCTION 5
Theorem  3—If  f(x) € Lp(0, ), pi4glt=1, gx)& Lyp(0, o),
by 1 g1 by
A -1 g~ =1, 2, k!
Re(7}+rm Bj}> max(p-1, ¢-1), Re(a—LmB )> 0, 5 M |arg k|

< -—“1? Am, A > 0, then
of g(@) Ry S[f(x)] de = of f(@)K ¢ {glx))de. e (37)
4. ForMAL PROPERTIES OF THE OPERATORS

Here we give some formal properties of the operators which follow as
consequences of the definitions, (2.1) and (2.2).

w1 R ()] = K@) ()

P K (5)] = B i) ()

o® Ry S [flx)) = BL ) ° [ f(@)] . (4.3)

™ Ky S f@)] = Kot [ flz) . (48)
if

RIS [f(@)] = gl@)
then
o » [ flcx)] = g{c) ... (4.5)

and if

Ky 5 [f(@)] = plx)
Ky % [flcw)] = d(cx). .. (4.6)
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