ON PERMUTATION CUBES AND LATIN CUBES
by Hansras Guera, F.N.A,, 402 Mumfordganj, Allahabad 211002
(Received 31 October 1973)

The enumeration problem discussed in this paper is primarily that of finding
the number of reduced Latin cubes in %-dimensional orthogonal Euclidean
space. Starting with s rather unusual notation for the coordinates of a
point in such & space, a technique is developed which reduces the problem
to one of enumerating certain matrices. This is utilized to show that the
number of reduced Latin cubes of side 4 in three-dimensional space is 58.
This has been confirmed by Professor D. H. Lehmer. The problem is
carried to the four-dimensional space, analysed and then left at a point
where the computer must take over.

1. INTRODUCTION

In k-dimensional orthogonal Euclidean space, take a point O as the origin
and OXy, ..., OX, as the axes of reference. For 0  xg. ..., 2, < n—1 asso-
ciate with each lattice-point (zy, .... x,) a non-negative integer Uy Each
a may be assumed to be entered or located at the corresponding lattice point.
Then the configuration so obtained is called a weighted cube C(n, k).

Such a cube is stochastic of weight r, if every line sum in the direction
of an axis is r. that is. if
n—1

2 a = cea (l)

Ty T
z =0
]

where in every such relation all z’s, with the exception of one, remain fixed
and the exceptional one runs through the values :

0,1,2,...,n—1.
In analogy with matrices having this property. a stochastic cube of weight 1,
is called a permutation cube.

If in a C(n, k), the entries on the axes and along every line parallel to any
of them are 1, 2, 8, ..., n in some order, we have a Latin cube. If in a Latin
cube, the entries on the axes themselves are 1, 2. ..., n in order, we get a reduced
Latin cube.

In what follows, a permutation cube is denoted by P(n, k), & Latin cube
by L(n, k) and a reduced Latin cube by R(n, k).

For given n and L, P*(n, k), L'(n, k) and R*(n, k) denote the number
of permutation cubes, Latin cubes and reduced Latin cubes respectively.
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The object of this paper is to describe a method of enumerating these
cubes.

We might at the very outset state that

L*n, k) = n !t {(n—1) Ye1R*n. k), k > 1. e (2)
This follows readily from the fact that permuting the entries on the axes
and correspondingly those at the other lattice-points, each reduced Latin
cube gives rise to
n H{(n—1) k-1
Latin cubes and any Latin cube arises only from a unique reduced Latin
cube.

The reader might have marked the rather unusual way of writing the
coordinates of a lattice-point which we have adopted. This consists in denot-
ing the point by (2, ..., #;) in place of the usual (x;, ..., z;;). The advantage
in doing so will appear in the next section.

2. DrcomposiTioN oF WEIGHTED CUBES
Any weighted cube C(n, k), & > 2, may be deemed to be composed of
n weighted cubes Cj(n, k—1) obtained by letting X; =0,1,2, ..., n—1
intersect C(n, k) in turn. The components are weighted cubes in (k—1)-
dimensional space and can be denoted by OCyn, k—1), Cy(n, k—1),...,
C,_i(n, k—1) respectively. We then write
Cin, k) = Cy(n, k—1) Ci(n, k—1) ... C,_i(n, k—1) . (3
the components being written in order.
For & > 3, each component on the right of (3) can itself be expressed
in terms of weighted cubes Cy(n, k—2) and we have
Cln, k) = Cyo(n, k—1) Cpy(n, k—2) ... C,_; nq(n, k—2). o (4
Continuing the process to its logical end, we get

Cn, k) = aq...q ... Doy =+ Tty wovs e (3)

-where the subscripts of a’s are all the k-digited numbers in the scale of =
arranged in ascending order of magnitude.

This brings out the advantage of our notation. In view of this ohserva-
tion, we can write
Cln, k) =aya,8, ... @y, m=nk—1 ... (6)
where the subscripts when written in the scale of n (in place of the decimal
scale} will yield the corresponding subseripts in (5). The same method could
be adopted in writing (4).
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One very convenient and useful way of writing (4) is in the form of a square
matrix. Thus, with Cy = Cy(n, k—2), we have

C1()0 001 002 e 00’11—1

Cy Cyu Chs v Cripa e (D)
Cin, by = . . et

071—170 On—]:l On—»]ﬂ Or/wl’n—l

where there is no cause for confusion, we shall not put brackets round the
matrices as in (7).
The several ways of expressing C(n, k) mentioned above will be considered

to be equivalent and we will adopt any one or more at the same time to suit
our conveniernce.

The importance to us of representation (7) cannot be overemphasized
as it replaces a k-dimensional weighted cube by a matrix which is very much
easier to handle than the cube itself.

Notice further that if we divide the expression on the right of (5) into n
blocks of equal length, we get in order the n components of C(n, k).

3. P(n. k), Ln, k) and R(n, k)

The necessary and sufficient conditions that
Ap @y Ay ... @ by ... (6)

will represent a P(n, k) can be stated as follows :

(i) Divide the expression in (6) into n blocks of equal length and write
them one below the other in » rows and nk-! columns. Then sum of the
elements in each ecolumn must necessarily be 1, if the expression is to represent
a P(n, k) at all. '

(i) Next see if starting from the left in (6), each block of n, of 72 of
73, ..., and finally of n¥-1 elements does or does not satisfy condition (i). If
it does then (6) represents a P(n, k) otherwise not.

Condition (ii) really states that starting from the left, each block of n
elements is a P(n, 1), each block of n? is a P(n, 2), .... and finally each block
of nk~1 a4 P(n, k—1).

Again, the necessary and sufficient conditions for (6) to represent an
Lin, k) are :

(a) Divide the expression in (8) into n blocks of equal length and write
them one below the other as before. Then if (6) is to represent an L(n, k)
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at all, it is necessary that each of the numbers 1, 2, ..., n appears in each of
the columns.

(b) Starting from the left, it is further necessary that each block of =,
each block of n2, ..., and each block of n¥—! elements satisfies the condition
stated in (a).

If both the conditions (a) and (b) are satisfied, (6) represents an L(n, k),
otherwise not.

Now, to see if (6) does or does not represent an R(n, k), first ensure if
it represents an L(n, k). If it does not, the matter ends there. If it does.
then see if for 0 < » < k—1,

=44+1, 4=0,1,2, ..., n—1 ... (8
@ =01 SRR (8)
If all these conditions are satisfied then and only then does the L(n, k) become

an R(n, k).

The conditions stated above are only a restatement of the definitions of
P(n, k), L(n, k) and R(n, k) in section 1.

Note that conditions (i) and (a) imply that a P(n, k) and an L{n, k) are
completely determined by their first (r—1) components.

It must also be borne in mind that for k£ > 2, the n components of a
P(n, k) or an L(n, k) are all distinct. This is not necessarily true of stochastic
cubes.

Tt is usuzally convenient to write the a’s on the right of (6) in blocks of =.

Before proceeding further, it would be useful to give an expression which
represents a permutation cube and another representing a reduced Latin
cube. We leave it to the reader to check that

100 010 001 001 100 010 010 001 100
represents a P(3, 3) and

1234 2143 3421 4312 2341 3214 4132 1423

3412 4321 1243 2134 4123 1432 2314 3241
an R(4, 3).

The following property of an R(n, k), k > 3, is noteworthy : If an
R(n, k) is written in the form of a matrix as in (7), then the element in the
top left hand corner is an R(n, k—2), the first row and the first column of the
matrix are representations of two reduced Latin cubes R,(n, k—1), By(n, k—1)
not necessarily distinct, and all the other rows and columns represent merely
Latin cubes but in no case are they representations of reduced Latin cubes.
Moreover, the transpose of the matrix is itself a reduced Latin cube.
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4. CompaTiLE CUBES

While a P(n, k), k> 2, can be decomposed into n permutation cubes
P(n, k—1), all distinct, not cvery set of n distinet P(n, k—1)’s will yield a
P(n, k) on composition. Any set of n permutation cubes P(n, k—1) which
composes into a P(n, k) will, therefore. be spoken of as k-compatible. A
similar statement holds for Latin cubes but not for reduced Latin cubes.
In fact, if a reduced Latin cube is decomposed into its » components, then the
first component alone is a reduced Latin cube while all the others are Latin
cubes but not reduced Latin cubes. Further note that every permutation
of a k-compatible set produces a distinet P(n, k) or L(n, k) as the case may be.

Two distinet k-compatible sets may or may not have any element in
common, but in no case can they have more than (n—2) elements in common.
This is a direct consequence of the fact that (n—1) components of a P(n, k)
or an L(n, k) determine the nth.

5. PrRELIMINARY RESuLTs

Theorem 1—For all n > 1,
P*n,1) =n, P*n,2)=n!
Proof :  Since
ag+ay+.. . 4a, ;=1

has exactly » solutions in non-negative integers,
P*(n, 1) = n.
Denote by (j41) the permutation cube in 1-dimensional space, which has
ag=1 and aq;=0 for t£45 0Lt j< n-1
Then the » permutation cubes P(n, 1) are
(1), (2). ..., (n).
These provide the unique 2-compatible set

{0, @), ..., ()}
All the permutation cubes P(n.2) are given by the n ! permutations of the
elements of this set. Hence

P*(n,2) = n!
Theorem 2—TFor all positive integral =,
R*n, 1) = 1.
Proof : The only R(n, 1) is given by the expression
1234...n.

Hence the result.
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Theorem 3—Reduced Latin cubes R(n, k) exist for all n, k > 1.

Proof : We have
Rn, 1) = 123...n.

An R(n, 2) is given by the cyclic matrix

1 2 3 . . n
2 3 4 . . 1
3 4 5 . . 2
n 1 2 . . n=-1

Assume that reduced Latin cubes R(n,q) exist for each ¢ < k—1,%k> 3.
Let B(n, k—1) = By(n, k—2) Ly(n, k—2) Ly(n, k—2) ... L, _,(n, k—2) be the de-
composition of any R(n, k—1). Then it will be readily seen that

R, L, L . . L,,
L, L, L . . R,
L., R, L . . L,

represents an R(n, k) and the theorem follows by induction. The construc-
tion, in fact, implies that corresponding to every R(n, k—1), k > 3, there
are at least R*(n, 2) reduced Latin cubes R(n, k). Hence we have the in-
equality :

R*(n, k) > R*(n, 2).R*(n, k—1).
Since R*(n, 1) = 1, we thus have

R*(n, k) 2> R*(n, 2)}-1 N ()]

We shall shortly obtain a generalization of this result.

Theorem 4—For all k> 1.
B*3, k) = 1.
Proof : As already shown R*(3,1) = 1. Also the only R(3, 2) is given by

1 2
2 3
31

o = e

Suppose that
R*3,q)=1 foreach ¢ < k-1, k > 3.
Then, there is just one R(3,k—1). Let
R(3, k—1) = Ry(3, k—2) L,(3, k—2) L,(3, k—2).
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Then, we have just one R(3, k) and that is given by
By, L, I
Ll LZ RO
L, Rk, I
Hence the theorem.

Theorem 5—For &k > 2,

P*(n, k) = L*(n, k—1).
Proof : Let anv L(n, k—1) be given by

Ay Ay @y ... Gy
where each a is one or the other of the integers :

1,2 3, ..., n and h = nk1-1,
We readily see that
(@) (@) (ay) ... (an)
where (a;) has the same meaning as in the proof of Theorem 1, represents a
P(n, k). This correspondence heing one-to-one and onto, the theorem follows.
It will thus be seen that the problem of enumeration of permutation

cubes in k-dimensional space, reduces to that of enumerating Latin cubes
which itself depends on the enumeration of reduced Latin cubes R(n, k—1).

Finally, we might state here that for all L > 1.

PH1.E) =1 and P2 k) — 2.
This is casy to verify.

6. TRANSFORMATION OF LATIN ('UBES

in the expression for L{n, k—1).

In the preceeding seetion. we replaced 1 by (1). 2 by (2). ... and » by (n).
of Latin cubes.

This was one example of transformation
Here we consider some more.
tion of these numbers.

(I) Consider the transformation which takes 1.2.3. ... # into & permuta-

Such a transformation will take a Latin cube L(i. k)
into some L(n, k), not necessarily different. TFor example. if

T:(1,2.3.4) > (2, 1.4.3).
then
T(4321 3412 2143 1234) = 3412 4321 1234 2143,
(IT) Take now the transformation which replaces 1.2, 3.....n by the
components of a P(n, 7). r > 2, in order. Such a transformation takes an

L(n, k) into a P(n, k--r—1). But a transformation of this type may not
7

a1W&1»ys have an inverse transformation.
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(IIT) The transformation which replaces 1,2,3,...,n in order by the
components of an L(n,r), r > 2, transforms an L(n, k) into an L(n, k+r—1).
Again the transformation is not in general reversible.

(IV) Finally, the transformation which replaces 1,2,3,...,n by the
components of an R(n,r) taken in order, » > 2, replaces an R(n, k) by an
R(n, k--r—1). This transformation too is usually irreversible.

The reader should have no difficulty in proving the above statements
with the help of the criteria of section 3.

As a direct consequence of (IV), we have the following Generalization
of (9): For any fixed r < k,

R*(n, k) > {R*(n, r)}4R*(n, u{-1) .. (10
where
E—1 =qr—1)4+u, 0 u<<r—1.

Proof : Apply to an R(n, k—r<-1) the transformation which takes
1,2,3,...,n in order into the n components of a given R(n,r). This taakes
each R(n, k—r-1) into a distinct R(n, k).

Since every R(n, k—r--1), when it is expressed in the form (6), starts with
the figures 1,2,3, ..., n; each of the R(n, k) into which the R(n, k—r+1)'s
are transformed, has the first #7 figures the same as those in the expression
for the given R(n,r).

Hence, distinet pairs R(n,r), R(n, k—r+41) give distinct R(n, k). We
thus have

B*n, k) > R*n,r). R¥n, k—ri-1).
Inequality (10) follows directly from this.

Note that we do not assert that these transformations give all the
R(n k). If they did, we could replace the inequality by an equality.

As a corollary of (10), we have

R*(n, k1) > R*(n, k). R*(n, 2) > R*(n, k). e (1

e

7. Tur ENumMERATION OF REDUCED LATIN CUBES FOR £k 2> 2

Assume that all the R(n, k—1)’s have been listed. Then to obtain all
the R(n, k)’s, we proceed step by step as follows.

(1) Break each R(n, k—1) into its n components.

(2) Coin symbols for the distinet components appearing in the different
B(n, k—1Ys.
(3) Rewrite each R(n, k—1) in terms of the new symbols.
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(4) Group together those which have the same first component. Inci-
dentally, we thus get E*(n, k—1) primary (k—1)-compatible sets.

(6) Apply transformations of tvpe I, described in section 6, to get all
the other (k—1)-compatible sets.

(6) Take two R(n, k—1)’s (not necessarily distinct) from the same group
and place in order the n components of one to form the first row and those
of the other (again in order) to form the first column of an % xn matrix.

(7) Complete the matrix so that the elements of every row and of every
column are (k—1)-compatible.

The totality of all the matrices that can be obtained by the above pro-
cedure, determines the R(n, k)'s.

In view of step 6, it will he advisable to write the elements of the primary
sets in the order of the components of the corresponding R(n, k—1)’s.
To explain the procedure, we consider in some detail the case :

n=4, k=3
We have
R(4,1) = 1234,

The two-dimensional Latin cubes (reduced) are :

(i) 12384 (i) 1234 (Gii) 1234 (iv) 1234
2143 2143 2341 2413 (12)
3412 3421 3412 3142
4321 4312 4123 4321

so that

R*(4.2) =4

Write
(11) = 1284, (21) = 2143, (31) = 3412,  (41) = 4321;

(12) = 1243, (22) = 2134, (32) = 3421. (42) = 4312;

(13) = 1432, (23) = 2341, (33) = 3214, (43) = 4123; oo (13)
(14) = 1324, (24) = 2413, (34) = 3142,  (44) = 4231;

(15) = 1342, (25) = 2431, (35) = 3124, (45) = 4213;

(16) = 1423, (26) = 2314, (36) = 3241, (46) = 4132.
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If we drop the brackets round the symbols (11), (12), ..., (46) for brevity, then
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the 2-compatible sets are as in Table T.

Table 1
A 11, 21, 31, 41 B: 11, 21, 32, 42 C: 11, 23, 31, 43 D: 11, 24, 34, 41
E: 12, 22, 42,32 F. 12, 22, 41, 31 G: 12, 25, 42, 35 H: 12, 286, 46, 32
I: 13, 43,33, 23 J: 13, 43, 36, 26 K : 13, 41, 33, 21 L: 13, 45, 35, 23
M 14, 34, 24, 44 N: 14, 34, 25, 45 O : 14, 36, 24, 46 P: 14, 31, 21, 44
Q: 15, 35, 45, 25 R : 15, 35, 44, 24 S: 15, 32, 45, 22 T: 15,33, 43, 25
U: 16, 46, 26, 36 V. 16, 46, 23, 33 W : 16. 44, 26, 34 X : 16, 42, 22, 36

Rets A, B, ¢, D are primary and the others are in order their transforms as
(11) goes into (12), (13), (14). (15) or (16).
four sets, each element occurs four times and each pair twice.

Notice that in the above twenty-

The reduced Latin cubes R(4,3) are given below in four sets. The
frame-work of the matrices in Set 1, is provided by the matrix in (12) ).
The matrices in 12 (ii), 12(iii) and 12 (iv) similarly provide the frame-work
of matrices in Sets 2, 3 and 4.

Set 1

11 21 31 41 11 21 31 41 11 21 31 41 1T 21 31 41
21 11 41 31 21 11 41 31 21 11 41 31 21 11 41 31
31 41 11 21 32 42 11 21 32 42 12 22 31 41 12 22
41 31 21 11 42 32 21 1N 42 32 22 12 41 31 22 12
11 21 31 41 11 21 31 41 11 21 31 41 11 21 31 41
23 11 43 31 23 13 43 33 21 13 41 33 24 11 41 34
31 41 11 21 31 41 11 21 31 41 11 21 34 41 11 24
43 31 23 11 43 33 23 13 41 33 21 13 41 31 21 11
11 21 31 41 11 21 31 41 11 21 32 42 11 21 32 42
24 14 44 34 21 14 44 31 21 11 42 32 21 11 42 32
34 44 14 24 31 44 14 21 31 41 11 21 32 42 11 21
41 31 21 11 41 31 21 11 41 31 21 11 42 32 21 11
11 23 31 43 11 21 32 42 11 23 31 43 11 23 31 43
21 11 41 31 21 11 42 32 23 11 43 31 21 13 41 33
31 43 11 23 31 41 12 22 31 43 11 23 31 43 11 23
41 31 21 11 41 31 22 12 43 31 23 11 41 33 21 13
11 24 34 41 1T 24 34 41 11 24 34 41

21 11 41 31 24 11 41 34 21 14 44 3]

31 41 11 21 34 41 11 24 31 44 14 21

41 34 24 1} 41 34 24 11 41 34 24 11



11
21

31
41

11
21
31
4]

11
24
34
41

11
24
34
41

11
21
31
41

11
21
32

11
21
31
41

11
23
31
43

21
11
41
31

21
11
41
31

21
14
44
31

24
11
41

21
31
41
11

21
32
42
11

23
33
43
13

35
44
15

31
47
21

~

11

32
42
21

P

1

34
41
24
11

31
41
11
21

42
11
21

31
41
11
21

34
45
14
25
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41
31
11
21

e

42
32
11
21

41
34
11
24

41

11
21

<

31

42
11
2

32

43
13
23
33

41
13
21
33

11
2]

32
42

11
23

43

11
23
31
43

21
11
42
32

21
11

2 42

32

23
11
43

31
41
11

33
41

13 -

23
33
46
16

31
41
21

11

32
42
21

-

11

31
43
23
11

Set

43
31
11
23

Set

41

11
21

31

42

16
29

36

43
13
26
36

9

11
21
32
42

11
21

P

31
41

11
23
31
43

11
21

41

11
24
34
41

21
11
42
32

21

11
4]

DD
W w

'S
Tt Ot

33
41
13

23
31
43
11

23
35
45
13

31
4]
22
12

32

— 19
NN

31
41

31
43
11
23

41
11
21

31
44
14
21

41
31
12
22

41

13
21

33

43
11
23

43
15
25

33

11
21

41

11
23
31
43

11
21
32
42

11
21
31
41

11
23
31
43

11
24
34
41

21
11
41
31

21

L

13

41 2

33

24
14
46
36

33
41
13

23

43
11

24
34
4]
11

34
44
26
16

31
4]

11
21

=

31
43
11
23

34
41
11
24

41

[ e
o o

'S
[

5 35

12
25

41

12
22

41
13
21
33

43
11
23
31

41
11
24
34

1013
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Set 4

11 21 31 41 11 21 31 41 11 21 31 41 11 21 31 41
21 41 11 31 24 41 11 34 24 44 14 34 21 44 14 31
31 11 41 21 34 11 41 24 34 14 44 24 31 14 44 21
41 31 21 11 41 31 21 11 41 31 21 11 41 31 21 11

11 21 32 42 11 21 32 42 11 23 31 43 11 23 31 43
21 42 11 32 24 44 15 35 23 43 11 31 24 46 14 36
32 11 42 21 34 14 45 25 31 11 43 23 34 16 44 26
42 32 21 11 41 31 22 12 43 31 23 11 41 33 21 13

11 24 34 41 11 24 34 41 11 24 34 41 11 24 34 41
24 41 11 34 21 41 11 31 21 44 14 31 21 44 14 31
34 11 41 24 31 11 41 21 31 14 44 21 32 15 45 22
41 34 24 11 41 34 24 11 41 34 24 11 42 35 25 12

11 24 34 41
23 46 16 33
31 14 44 21
43 36 26 13

Notice that the elements of the first row and the first column in each one
of the matrices come from the primary sets and cppear in their proper order.
In completing the matrices, all the twenty-four sets have to be considered.
The sets Q and U, however, fail to eppear since they have no element in
common with any of the primary sets.

The listing shows that

R*(4, 3) = 58.
Hence,
P*(4, 4) = 24.6%58 == 50112.

8. THE CasE:n =4,k =4

The main problem is to coin symbols for the elements of the primary
three-compatible sets and their transforms as (11) goes into (12), (13), (14).
(15) or (16).

It will be readily seen that every element of a 3-compatible set is a cer-
tain permutation of the elements of one or the other of the sets : A, B, C, ..., X
recorded earlier. ‘
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Consider, for example, the matrix
11 24 34 41
23 46 16 33
31 14 44 21
43 36 26 13

listed in the preceding section. It represents the reduced Latin cube given by
(11) (24) (34) (41) (23) (46) (16) (33)
(31) (14) (44) (21) (43) (36) (26) (13)
or in the expanded form by
1234 2413 3142 4321 2341 4132 1423 3214
3412 1324 4231 2143 4123 3241 2314 1432
Tts four components are in order :
(11) (24) (34) (41), (23) (46) (16) (33),
(31) (14) (44) (21) and  (43) (36) (26) (13).
These are certain permutations of the elements of D, V, P and J respectively.

Taking the left hand figure from each bracket, the components can be
represented by the symbols

Diggs=  Vas— Poge—>  Jygn—
or in view of our notations, even more simply by
D(11), V(24), P(34), J(41).
This is the symbolism, we adopt in what follows.
The question of transforms is dealt with as under.
Let ty5, to tigs ..., 11 denote the transformations which take (11) into

(11), (12), (13), ..., (16) respectively. Then, we give the transforms of
(11), (12), ..., (46) as in Table II

Let us use Table II to find #,;J(41). We observe that

J(41) = (43) (36) (26) (13).
Therefore,
L (A1) = (22) (41) (31) (12) = Fypy, — F(25).

tis D(11) = T(15)

1 V(24) = B(33)
t;5s P(34) = L(43).

Thus, the transformation t;s takes the primary 3-compatible set :
D(11), V(24), P(34), J(41)

into the 3-compatible set :
T(15), B(33), L(43), F(25).

Si milarly
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Since
(11) (24) (34) (41) = D(11) and (15) (33) (43) (25) = T(15),
we can further simplify the notation in the case of sets, and write the above
result in the form :
45 (DVPJI/D(11) = TBLF/T(15).

This could not possibly be more compact.

Table IT
Ly tio t1a 177 bis tis
11 12 13 14 15 16
12 11 i6 15 14 13
13 15 11 16 12 14
14 16 15 11 13 12
15 13 14 12 16 11
16 14 12 13 11 16
21 22 43 34 35 46
22 21 46 35 34 43
23 25 41 36 32 44
24 26 45 31 33 42
25 23 44 32 36 41
26 24 42 33 31 45
31 42 33 24 45 26
32 41 36 25 44 23
33 45 31 26 42 24
34 46 3b 21 43 22
35 43 34 22 46 21
36 44 32 23 41 25
41 32 23 44 25 36
42 31 26 45 24 33
43 35 21 46 22 34
44 36 25 41 23 32
45 33 24 42 26 31
46 34 22 43 21 35

The transforms of symbols A to X are given for ready veference, in

Table IIT.

Table II1
Iy Lo bz e Lig lig 7% lia tis tia bs big
A E 1 M Q U B F J N R v
E A U Q M I F B A% R N J
I Q A U E M J R B A\’ F N
M U Q A I E N A% R B J F
Q I M E U A R J N F A\ B
U M E I A Q v N F J B R
C G K (8} S W D H L P T X
G C w S 0 K H D X T P L
K S C W G [0} L T D p. ¢ H P
0 W ] (o] K G P X T D L H
S K (o] G w C T L P H X D
W 0 G K C 8 X P H L D T
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We can now list the 3-compatible sets in the new notation. This is done in
Table IV.

In Table 1V, the primary 3-compatible sets are listed in the first column
and their transforms in the succeeding columns. The first 22 entries in the
first column bhave A as the first element, the next 12 start with B, the 12
following with C and the last 12 with D.

In writing out a matrix representing an R(4, 4), the following procedure
may be adopted :

Take one of the 58 matrices recorded in the preceding section, as the
“frame’”’ of your matrix.

Note against each row and above each column the letter representing the
set to whieh the elements of the row or column belong (as listed in Table I).
The letter thus associated with any row or column restricts our choice of

the elements of that row or column to those sets in Table IV which have that
letter in the denominator, so to say.

Remember that the first row and the first eolumn necessarilv come from
the primary sets and have the first element in common.

Start with filling up the first row and the first column in one of the usually
several acceptable wayvs.

Note that as a row or column gets filled up, even the numerators for the
other rows and columns get restricted.

Now fill up the other rows and columns alternately till the process either
stops short or gives an R(4,4).

Take for example the ‘“‘frame’” : '

11 21 31 41
21 11 41 31
32 42 12 22
42 32 22 12

Noting the letters associated with the rows and columns, we have

B B F F
11 21 31 41
21 11 41 31
32 42 12 22
42 32 22 12

HE e
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WON/EPAA
OUX/AAAA

(9)M/AAAA
(STJAJAAAA
(91N/AAAA

(ODAINNDAA
{o1)n/nnaa
(1)X/QHHN

(o1)n/nHEHN
(s1)X/NAAN
{sv)n/nHHEN

vm/onon
(s1)n/onon
GDM/KRARN

{o1)N/WANND
(o0)xX/nxXX0
(w1)n/nxXxXn

oM/ MNMND
s/ Mnmn
{oD)Alrean

(oun/eenn
(sDA/TINN
(o)n/II0N

(8T)ATAANN
(at)n/aANN
ox/annn

{(svM/nnnn
{an)a/nnNna
(stn/nnan

(eU)O/NNYY
(enL/aaay

(eD)slgady
{eV)d/guyayd
(e)d/yyay

(g1)a/bbuy
(Dd/OdYY
QDI/OTId

(e)B/OTTO
(e1)L/DIIO
(eD)O/DIIO

(91)8/HBHB
ENd/pdOd
(en)8/adIad

(eD)d/AOHD
(eD)1/BILO
(e1)B/BILD

(a1)8/sDsd
(g1)D/sbsd
(eD/NNOD

(9DD/NNDD
(eI WHOD
GO/ NHOD

(e1)9/aadbd
(@)O/gadd
(91)1./0dDOD

(g1)3/d0OD
(21)a/dbdOD
(e1)B/OHBY

FUW/HENN
(PUI/NNNN

(FTO/INNNN
(P1IN/NNNN
(FUW/NNNN

(PT)N/IWIWNNN
(FUR/WIWNNN
Fr)a/NAan

FUn/naan
FDINVVI
FUWMVVI

P10/ MM
FUR/ MM
FUo/nWAW

FOW/ awnnw
(P AIIN
FUN/WIAN

(#1)O/ONON
(FTIN/OWON
(FON/IIWN

(FUW/THWRH
(FIN/ODHN
GDR/OOWK

(PUN/NNIWIN
(PN NNWK
FUIWNAN

(FI)O/IWNIWININ
(P1N/WIWINI
FUW/ AW

(DT AALE
(ery1feeer

(cstirere
(en)e/ecee
(gV1/reeer

{gne/1Ier
{ev1/11er
(e01/ILax

(eI/1LIX
{e1)1/1001
(s)1/10DI

(e1)/0I0T
(€DI/DI0I
(e1)1/VIVI

(eD1/vVIVY
{sUT/1TII
(en/1171Y

(eU3I/3I91
(eD)I/>IM1
(e)p/AATT

(81)I/AAIL
(ene/nnxx
(eD1/nnIx

(ev)c/erix
(sD1/pe1x
{eryi/anx

{g1)31/1I11
(er)r/TITY
(gn1/1111

(z)a/ggaa
(FUH/gddd

@1)o/aada
(0 aaad
(zu)g/aqaa4

(z1)a/agag
(BUA/ A
GUH/AXXH

(zD)a/mxxH
(zr)p/anns
(zra/annd

(3UH/{sHuSH
@EDA/SHSH
(z1D/OadA

{ZDA/doabdba
(z1)H/aBHET
(1)a/aHE

(21)0/0HOHH
(z1)d/oaDH
(z1)d/dgaHam

(zyu/agam
(ualvvas
(ZUd/vvaE

(zr)a/agas
tANCIE R ACiCH
(FUR/aaaE

(z1)o/aand
AREHCICICICH
GDA/FEAT

(1v/aagd
(nalagagq

(1olgggda
(1)g/gddg
(11)v/agag

(i1)g/vvad
(11)vivvdag
(analvaav

(1v/vaav
{(11)a/ VIRV
(TDVIVIRRV

(1Do/MVIY
aQDv/iIvav
(11)ofiviv

(tv/iviv
(toalvaay
uv/vaav

(11)0/ovov
(xnvlovov
(tvg/aavv

(1)viaavv
(tng/ggvv
(tovigavy

(inglgagavv
(anv/gaavv
avalvvvv

(11)p/vvvy
(mgalvvvv
anv/vvvy

Al e8],
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a:ﬁzmmm
(8 D)X/MOHX

(91)X/XHHX
(91)n/XHHX
(ODA/LTHX

(91)M/aHdx
(ODX/XXXX
(9TIM/X XXX

(9T)A/X XXX
(91)n/XXXX
(oDx/XNNX

(91)n/XN0X
(ovm/oaam
(9DX/08OM

(9D)A/SIDOM
(91)M/LTOM
(ar)m/omoMm

(at)n/omom

(O1)X/ MMMM
(ODM/MMMM

(OD)A/MMMM
(o) a/mmmm
(som/omnm

(o1)n/nMnam
(o1)X/radaA
(BM/NFLHA

(91)A/LSOA
(sv)a/drda
(OT)A/LLAA

(S1)L/OM'LL

(90 L/LTTL
(9D)®/LTIL
(eD)y/adriy,

(91)8/XTHIL
(oDL/IILL
(g1)8/LILL

(e1)9/L1IL
(¢T)O/LLLL
(91)1L/1.00L

(9)O/1LODL
(av)g/nras
(91)/003TS

(Q"E/OMDS
(g1)s/aavs
(eD)8/HsHY

(91)D/OEHS
(61)1./8888
(e1)s/8888

(g1)/s888
(s1)D/sSEs
(e1)s/bSOS

(a1)B/DSOS
(en)1/NrAd
(¢D)s/aNgy

(e1)a/NOMYH
(SUY/XNHY
Amcm\zzmm

.,Q:.m;m:d
(¥1)d/snada
(y1)alaaad

Uw/aaada
(F1N/TIAd

(r1)o/Haxd
®Dd/adad
(¥1)0/adada

(P1)N/adad
(FDW/dadd
(r1)d/anna

FOW/aKWa
(r1)o/mdao
1)/ MIIDO

(F1)N/SDMO
F10/TIMO
F1)O/MOMO

FIW/MOMO
(¥1)d/0000
(+1)0/0000

#F1)N/0000
(31)IW/ 0000
(#F1)0/NOWO

(FUW/WOWO
(31)d/IgaAN
(F1)O/AMCN

(F1N/YION
(FTN/HYXN

(PTIN/HUNN

Aﬁwimimq
(e1y1/moxT

(go)rr/1rra
(eD1/TILT
(sDI/AXILT

(sU)3/aran
(eU1/17111
(g1)31/ 11711

(/11T
(D111
(e1y1/1111

(eDY/TI11
(EU/DANS
(e1)1/oHsy

(SO MONS
(eDM/HXON
(eD3/DIOA

(€DI1/0MOM
(1) /3N
(SUM/ 3

(e /3133
e/ 33
(g1)3/3r

(eDT/TITA
(g1)1/AUNL
(g1)3t/gAdr

(e1)r/ADSe
(en)r/aaar
(gVrfAALr

("PyuC)) AT OIq®I,

NN:mEMzm
(3UH/IDIXH

GUH/EXXH
GDIAMHXXH
(zDa/daxXH

E1H/TXIH
ZUH/HHHH
(z1)D/HHHH

(z1)a/BEHEH
(FUI/AHHH
FUH/HAEH

(eDA/HAEH
BDH/SALD
(3TH/SOMD

(31)d/038H
(z1)D/aasy
(z1)o/sHsd

(e)A/sHSH
(z1)g/ooDHH
(z1)b/oDOHO

(z1)d/PHOHH
(31)F/HDOD
(FUH/IOED

(e)d/T0ED
(ZUH/FALA
(e)p/aaNa

(zn)a/goma
(zr)a/1934d
(zn)d/gdaa

: :m\?;a A
(1nal/vsdaa
(tmalaaaa

(1nv/aaaa
(m)ga/xHda

(ano/rata
(imalaaaa
(1d/aaaa

(11)g/agaaa
(1vigaaa
avalavva

(tv/iavva
(1DO/3INYD
(ral/>moon

a1g/os30
(1)0/XBEMD
QD303

(1v/30MD
avalopod
(11)0/000D

(11)9/0000
(1DV/D000
(1U2/vOVD

(11)V/vOVD
(tvg/aNnygdg
(11o/rdAg

(ing/lamod
(1oga/lraTd
(1vgladdag
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One acceptable way of filling the first row and the first column is :

ALY A2 E@B1)  E@)

A(21)

F(32)

F(42)
The row comes from the primary set AAEE/A(11) and the column from the
primary set AAFF/B(11).

For the second row our choice is restricted to those sets in Table IV
which not only have A(11) in the denominator but also have A as the second
element in the numerator. Such sets are :

AAAA/A(1T), AABBJ/A(11), AAEE/A(11), AAFF/A(1]).
Let us choose our second row as
A(21) A1) E41) E@31).
For the second column, we are now restricted to the sets which have B(11)
in the denominator and start with AA in the numerator. These are
AAAA/B(11), AABB/B(11), AAEE/B(11), AAFF/B(11).
Suppose we select as the second column
A(21)
A(11)
B(42)
B(32)
Then, the third row has a set with E(12) in the denominator and BF as the

last two elements in the numerator. There being no such set available, the
process stops short.

If, however, we choose
A1

)
A(11)
F(42)

F(32)

as the second column, we can select the third row from one of the sets

EEFF/E(12) and FFFF/E(12).

Selecting the latter, there is only one choice for the third column viz.
FFEE/F(12) and finally only one choice for the fourth row and the fourth
column that is FFFF/E(12) and FFEE/F(12).
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Thus, one of the matrices (with the given frame) representing as R(4, 4) is

A(11)  A@1) E@l) E@l)
A(21) A(l1) E@4l) E(31)
F(32) F42) Fa2) F@22)
F(42) F(32) TF(22) TF(12).

Notice that

FFEE/F(12) = F(12), F(22), E(41), E(31)
and the third and the fourth columns are permutations of this 3-compatible
set which is all that was needed. Written in the expanded form, this R(4. 4)
(as every other) will have 256 figures. .

With as many as 222--3-122 = 916 choices for the first row and the first
column of the matrices representing R(4. 4)’s, the task of computing R*(4. 4)
must be left to a computer.

We might state that the values of R*(n, 2) are known for n { 8. The
first seven will be found in the Combinatorial Mathematics by Ryser. These
are

1,1, 1, 4, 56, 9408. 16942080.
The first four had been given correctly by P. A. MacMahon in his Combina-
torial Analysis (Vol. T, p. 250). For the fifth he wrongly gave 52 in place of 56.
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