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Thoe main foature of this work is to study two.dimensional compressible
boundary layor flow in a converging canal when the muin stream is steady
an the bo ly is moving with velocity eup(?) {where up is an arbitrary function
of tims and ¢ the smal! reference parameter). The linear relationship of co-
efficienr of viscosity and temperature is taken into account and the body is
assumod to bo at prescribed temperature together with the Prandt’l number
unity.

1. INTRODUCTION

Following the work of Lighthill (1954), Watson (1959), and Sarma (1965),
has given a unified theory for the solutions of compressible boundary layer
equations. As per the work of above authors, the present problem deals with
the solutions of the boundary layer equations for flow in a converging canal.
The main stream is steady with velocity U, = c;2™ and the body is in
an arbitrary motion with velocity eu,(t) (where z is the distance along the wall,
¢t the time, up the arbitrary function of time, ¢, and m the constants and ¢ the
small reference parameter). The Prandt’]l number o being unity here. Fol-
lowing Sarma (1965), we obtain two solutions, one for large tinies and the other
for small times given by a double series in derivatives of up and in a number
similar to that of Mach number. The skin friction and the boundary layer
thickness are evaluated and in general they depend on Mach number and wall
velocity.

2. TeE Basic EqQuaTioNs
Following the analysis of Sarma (1965), we write the equations for steady
and unsteady flow together with the boundary conditions.
3. SoLuTIONS OF STEADY EQUATIONS

For flow in a converging canal
€y = —Cy €y >0and m= —1 .. (3.1
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If steady state is defined by

— %2, _ X &
Up= =3 n—-x(%) . (32)
. > 28 . —27
Xo=1/cps = (%‘)-f,,(ﬂ) .. (3.3)
=0 ag

where suffix s and co refers to some standard condition and main stream values
respectively, a be the velocity of sound and » the coefficient of kinematic visco-
sity, ¥ and Y are the normal distance from the wall.

Also
pad ... (3.4)

where g is the coefficient of viscosity and 7' be the temperature. Then substi-
tuting (3.1) to (3.4) in the equations for steady flow of Sarma (1965) and equat-
ing the coefficients of c"z~2"/a?™ we obtain

— 2 2= +1 f; far—2 B (=1 ifuur
r=0 =0
;y n—1 . fy_l n~-1 L,
= f rEOfrfn—r—l —(—é—> '220 (l“frfn—r-l)
+f forn>0 ... (3.5)
and
o =1—f ... (3.6)

fo(0) = f5(0) = 0;  fy(c0) = —1 }
Sa(0) = fi{0) = fo(0) = 0; for n > 0

with

(3.7)

where vy is the ratio of two specific heats.

4, SorutrioN OF UNSTEADY EQUATIONS
(4) For Large Times

To solve the unsteady equation for large times, just as in Sarma (1965),
we assume

dlub

w o c%nx—zn > e+l o
. —y— o (4.
Co pd l-0< a'fn czz ¢l (7’) dtl ( 1)

Substituting (3.1) to (3.4) and (4.1) in the unsteady equation of Sarma (1985)
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21 020 l
and equating the coefficients of (@%ﬁ— ) %1;1" , we obtain
2

¢ B orgiof £ {2—ntr)+ 1),
r=0

+ £ -+ 1gie—ip+ G B e gl sy
=

(4.2)

n-—
+(y—1) 5 ¥V =0, for n>0, I1>1
=0

and g0 O+ fo+45 o = 0, (4.3)

together with the boundary conditions
B0) = $e0) = 0; $10(0) = 1, )
S (44)
PEE(0) = ¢;2"(0) = $;¥(c0) = 0, for all other » and I. ]

The skin friction is given by

ou
T= [ﬂa—] = Tot+e€Ty
where Y ! y=0
I
c T v—z 1 on ; p2n 29
/02 . 0 V1= f_ z Co X ,O  sE
¢ I\Zd plU%: ( 8‘> n= ( a" )f"( ) .5)
s
— 7‘1 22, } - on 20sn
Ve (B3 g2 ) oD
TV T p T, 7 z (% ) s -
1
s (4.6)

giemo).
where 7, and 7, are the steady and unsteady part of skin friction, p the density
and P the pressure. If we define boundary layer thickness & as the value of
the true normal coordinate y and Y is infinity, then ¢ is given by
T /P,) ('y——_l) i X, 4X, iy

i
8”(‘13) {ﬁdy_3° e(p) 5ar) § 57 a7

[ ) (c;’nx—zn)

(B o § () 5 (2 du)

Caairs

1=0

(£ [ rgienan) (@)

where 8, is the basic part of the thickness.
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Let us consider the problem up to the order of the square of the Mach number.
From (3.5), (3.6), (4.2) and (4.3), we obtain

fo +fif—1=0 . (4.8)
Frehifr ittt fif—(557) 1—fB = 0 e (49)
G0 O+ fo+ 8o = 0 e (410)
B O3B0~ = 410 = 0 o (11)
B — R+ 35— 26, B,
+3850 - GO+ L) Hy—1fy By @ = 0 e (412)
B O+ OS5 H B+ SN34S — 240,
—$00+ L GOS0+~ LSO = 0 - (413)
with fol0) = —1;6,0) =1 and
at 7 = 0, all other functions and their first deratives vanish, ... (4.14)
at 7 = o0, all other first deratives vanish.

The equations (4.8) to (4.13) are integrated numerically and their solutions
are tubulated in Table I.
If the body is set impulsively in uniform motion with velocity ¢, then from (4.5)
to (4.7), the skin friction coefficients and the boundary layer thickness to
the order of the square of the Mach number of the main stream, are

o \/z—j = —[f}(0)+M2f;(0)] = [1.1547+0.06139.2] oor (4.15)
c; \/gj— = —[B;O(0)+ M2B;D(0)] = [0.86602+0.12185M2]...  (4.16)
&= ao—ﬂ’%(g:p— M*[0.43297) o (4.17)

2% o

and those in motion with uniform acceleration ¢, are

c \/f—}:— = —Ni [$;0%(0)+ M2;2(0)] = le [0.57736—0.06315M2]  (4.18)

Sp—ely—1ui.z

é= % M?0.23354] - (4.19)
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where suffix 1’ refers to the main stream values, N is a non-dimensional vari-
able and M the Mach number of the main stream given by
— (). (& \_ s Y=1\ 32 17
¥= () (geg) =2 [1+(T5) 2 | e (4.20)
also

[ fid@dn = —0.43207 )
0 S ... (4.21)
{
J

T £, dy = 0.23354
0

Thus we observe that unsteady skin friction coefficient for large times in
uniform motion of the body is constant where as that in accelerated motion is
zero asymptotically. The behaviour of the skin friction coefficient (4.16),
(4.18) in incompressible flow (for M = 0) is the same as that in Sarma (1965).
These behaviours are shown graphically in Fig. 1 and 2.

(B) For Small Times

To solve the unsteady equation for small times, just as in Sarma (1965),
we assume

X, = % d).qnY*n o (422)
n=0
X, = s gL, (=, Y*) e (4.23)
n=0
where
Y =qY* ¢ = :?1_: b == ¢c;t, Loz, Y*) =0 . (4.24)
4
do = d1 = d4 = 0 1

ty = b U0+ 300) )

dy = sfxs [H‘(%‘{) MZ]

Substituting (4.22) to (4.25) in the Laplace transform of the unsteady equa-
tion of Sarma (1965) and equating the coefficients of ¢, we get

L,
ay's K2 aY‘ =0; for n=20,1,2 ... (4.28)

o
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Fig. 1. Variation of skin friction for large and small times in uniform motion.
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1 n23 Y av, ddf+2 (r+2) aan-r-a
o r§o [ 2a} Uo g brea— — g ] rr oy*2

5 Uo 202 "5 (r 2)r 4+ o ¥
2a%l/g =0
for n > 3 e (4.27)
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with

_ g, _ 9L, _ . OL, _ 0L, .
L°“L’"'}')Y* 0; ay,__l, aY‘“O forn > lat Y* =0 ]

ro(4.28)
and g?,,—»o as Y*— 0.

Just as in Sarma (1965), a general solution of (4.26) and (4.27), satisfying the
boundary conditions at the wall is

aLn-H
oY+

= 3 LOE Yy e Est 3 LOK, Ty . (4.29)
r=0

r=0

where L{) and L{® can be determined from the solution of the equations
for L,,.

If the body is set impulsively in uniform motion with velocity €, the
skin friction coefficient to the order of M2, becomes

. Jes 1 3 3 1 3
CoVE = —— — > f(0).N— — N33 L M2 | — — N3/2
f\/,l T 0 ]

—{2% .f;(0)+1.5f;(0).}. N] +O(N?) ... (5.30)

and that in motion with uniform acceleration ¢, is
s 2 3 3
Cr\VE = e — —f(0)  N— = . N2
GV = e — G 0 N

+Mz[ 50\/~— - N {%fé(o)-f“g‘ff(o)”-!-O(N‘) .. (431)

where the values f;(0) and f;(0) are to be taken from Table I. Thus from
(4.30) and (4.31), we observe that the skin friction coefficient for small times,
to the order of M2, depend on M and N as for large times. The skin friction
coefficient in uniform motion of the body decreases with N and it approaches
to & fixed value of large time. But it increases with M for a fixed N. For
uniformly accelerated motion the skin friction coefficient decreases with N
and tends to zero asymptotically. In this case the skin friction coefficient
increases with M for small values of N but decreases for large values of N.
The values of N at the joinings are to be taken as the approximate limit for
the two solutions, We can find these values from the graphs of (4.16), (4.18),
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(4.30) and (4.31). Figures 1 and 2 represent the graphs of (4.16), (4.30) and
(4.18), (4.31) respectively, with y = 1.4. As given in Meksyn (1961), the
Euler’s transformation is used to make the small times solution converge
rapidly.
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