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The present paper deals with problems involving null points of vectors
obtained as solutions of the differential system

d2

=y

LU =AU, L = » U = {u, v}

+p(x) ()

d2

with prescribed boundary conditions at £ = ¢ and 2 = b and also at z = 0
and b — . The results are analogous to those of zeros associated with
second order linear differential equations. Finally, the results are applied
to study the discreteness of the spectrum of the differential operator des-
cribed above.

§1. We consider the differential system

(L—)T = 0 . (1)
where
}r Lo @ 7}
L= i
|
dz
IL r(x) ~W+Q(w) J]

p(z), g(z), r(x) being real valued functions of 2, A a variable parameter, real
or complex.

This is equivalent to the pair of differential equations

d*u _
T +(A—p(@))u = r(x)

(1.2)
I

T+ gy = reh |
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Let U = {u, v} = ( :) etc. be two component vector functions of 2. The

boundary conditions are
at x = q,
M(a, U) = ajyu(a)+apu’ (@) +ajzv(a)+agp' (@) = 0 —o (1.38)

at x = b,
N(b, U) == bjyu(b)+bsu'(b)+bsgv(b)+b4v'(b) = 0 o (1.4)
(j = 1, 2) where the accent denotes differentiation with respect to .
We assume the following :

(i) ay and by are real valued constants such that at least two of the
ratios @,j/a,; and at least two of the ratios by;/by; (5 = 1, 2, 3, 4) are unequal.

We assume, in particular,
Ay o, Wy by £ b1y
a. Ay b by ’
22 24 22 24

(ii) az; and by are all independent of the parameter A of the system (1.2).

(iit) Uyyloy—Qyolloy +ygllos—Uyylyy = 0

b11622—b12b21+b13b24“‘b14b23 = 0.

The vector U = {u, v} which is a solution of (1.2) and satisfies (1.3), (1.4)
is an eigenvector and the corresponding A an eigenvalue and the problem
an eigenvalue problem.

The relations (iii) are necessary for self-adjointness of the problem
(Tiwari 1971).

Let ¢i(ajz, A) be the boundary condition vectors at x =a (I =1, 2).
Then M(a, U) =0 can be expressed in ‘Kodaira form’ as [U, ¢](a) = 0
(!=1,2). Similarly N, U) =0 reduces to [U,¢;)(b)=0 (j=3,4)
(Chakrabarty 1965).

We need the following definitions :

(1) A vector {u(x), v(»)} is null if each of its element u(z), v(x) is null.

(2) A point 2 =c in a < x < b is a null point of a vector {u(x), v(x)}
if u(c) = 0, v(c) = 0 simultaneously.

(3) Two solution vectors {u;, v5},j = 1,2, of (1.2) are said to be like
(o1 similar), if uy, v; > 0 imply u,, v, > 0 and viceversa.
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Our object in the present paper is to prove some theorems involving null
points of vectors analogous to those of zeros associated with second order
linear differential equations (Titchmarsh 1946 Chap. V, pp. 110-13)

It may be recalled that the eigenfunction expansion problem associated
with second order differential operators, has been dealt with at good length
by Chakrabarty (1965), Bhagat (1966) and Tiwari (1971). Notations and
results of the authors referred to will be used when necessary.

In what follows we assume A real and A, > A and all vectors appearing
are like vectors. We establish the following theorems.

§2. Theorem 1—If the solution vector {u,, v;} of (1.2) be null at two
consecutive points a, # in @ < & <C b, then the solution vector {u,, v,} of (1.2)
with A = A; must be null at least once n o < & < B.

From (1.2) we have,

2
_df?l‘{—(/\—l))“l. = r(x)y; ]

I} (2.1)
T =g, — o |
and
dPu, i 1
Tz +(Ay—pluy = (), %
l} .. (2.2)
%+(/\1—q)v2 = r{a)u,. j
It follows from (2.1) and (2.2), on elimination of p and ¢, that
(Z; [to; — 2 g |7 (20) (20— 250;) = (A3 —A)2y2ty . (2.3)
and
(Zé [50] — 237 ] +7(2) (Uoy — Uy V) = (A;—A)010, .. (24)
Adding (2.3) and (2.4) and then integrating from a to g,
(gt —u Uy 2,0, — 019,18 = (A —A) i (wuy 40,0, )2 ... (2.5)

Now by hypothesis the vector {u,, v} is null at the two points a, f; so that
uy(a) = 0, vy(x) = 0, w0y (B) = 0, vl(ﬂ) =0,
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Hence it follows from (2.5)

]
[v90; +uu 18 = (A;—A) afl (@) ug+v10,)dx, ... (2.6)

Without loss of generality we can take wu; > 0, v, > 0 for the system (2.1)
ina<<x<b.

For i) if u; < 0, v, < 0 we can cancel the negative sien throughout end
(i) if %, > 0, v; < 0, we can replace r(x) py r(x) = —-r(z) in the system.

Similorly for the system (2.2) we can take
Uy 2 0, 0,20 ina<x<h
{Since the vectors appearing are like.)

If possible, let
Uy >0, v, >0 In o << pf.
We have
u(@) > 0. uy(f) < 0, vi(e) > 0, v;(f) < 0

and
us(f) 2 0, va(B) 2 0, uy(@) > 0, vy(xx) > 0.

It follows from (2.6) that the right-hand side is positive, whereas the left-hand
side is negative and this is a contradiction.

Now wu,u,4-v,v, vanishes at least once in oo < @ <7 £, say, at x = ¢; so
that '
wy(C)us(c)+-v1(c)vy(c) = 0.
Since u4(c) > 0, vy(c) > 0 and u;, v, are linearly independent, therefore
Uq{c) == 0, vy(c) = 0.
Therefore {u,, v,} must be null at least once in « < x < b.
Theorem 2—Let {uy, v;} and {u,, v,} be two solutions of (2.1) and (2.2)

respectively such that

ul(a) == A’ U/i(a,) = B: 7]1(0/) - 0, v;(_a,) — D ‘l
(2.7)
uy(@) = 4, uy(a) = B, vfa) = 0, va) =D J

If {u,, v} becomes null at » points in @ < @ < b, then {u,, v,} must be null
at least » times in the same interval. Also, if a; and f; be the points for
which {u;, v;} = {0, 0}, {u,, v,} = {0, 0} respectively, then g; < ay.

Two cases arise (I) AC £ 0, (I) 4 =C =0,
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Case (I) : AC # 0. Then the point z == a iz not a null point of the
vectors {u,, v;} and {u,, v,}.

Let a be the point nearest to « for which {u,, v;} is null. It follows from
(2.5) that

. ’ i ’ 4
[Ugtl) — U Uy-1- 990, — 010,17 = (A —A) [ (wuy-v,0,)dx
a

which reduces to
valoyn(a) - itg(a)ug(or) = (A3—A) f (Uq g+ vy0,)dx .. (2.8)

by (2.7).
If possible, let
{ug, v} = {0, 0} n (@, ).

Then the left-hand side of (2.8) is negative or zero but the right-hand side is
strictly positive and this is a contradiction.

Thus {u,, v,} must be null at least at the same number of points, say =, .
where {u;, v,} becomes null in the interval @ < » < b. Also, if {u,, v,} hecomes
null at a; snd {u,, v,} hecomes null at fy, then f; < «.

Case (II): 4 =C=0. So that {u,, v,} and {u,, v,} are both null at
# =a. Then by Theorem 1 it follows that between two consecutive null
points @ and « of the vector {u, »;} there is at least one null point of the vector
{42, v,} and the result therefore follows.

In what follows we assume that the b’s oceurring in the boundary
conditions (1.4) satisfy the additional condition

bysbag—basbyy # O .. (2.9)
We can now derive the following theorem :

Theorem 3—If {u;, »;} and {u,, v,} become null at the same numher of
points in @ <. & << b, then there is an increasing sequence of eigenvalues
Aps Ay, ... such that the eigenvectors of the system (1.2) with (1.3) and (1.4)
associated with A, becomes null at just m points in a < @ < b.

As A inereases, a null point of {u;, v;} moves steadily towards the left;
since the jth null point of {u,, v,} the solution vector of (1.2) with A= A,
satisfying (1.3), lies to the left of the ith null point of Ju,, v} which is the
solution vector of (1.2) satisfying (1.3). Hence there is an jncreasing sequence
of valnes of A, say, g, ftg, Moy ... such that

uy(b) = 0, v,(b) = 0, for A == uy, say;
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uy(®%, A), vy(x, A), being continuous functions of A. Consequently {u;, »}
becomes null at m points in a < & << b.

The following cases are now considered,

Case I— v
@) > 0, (b1ghaa—bagh1y)/(Br3bag—bgoby) > 0. o (20)

Without loss of generality we assume

v v
A2 -
Uy Uy

so that v(z, A)/u(z, A) is decreasing in A, ctherwise we can consider the system

(1.2), (1.3), (1.4) with % and » interchanged.

Since {u,, v1} is a solution of (1.2) satisfving (1.3) and {u,, v,} is a solution
of (1.2) satisfving (1.3) with A = A;, we have

Lo () ) Ty ()]

dx Uy Uy ul Uy Wy

so that

d | o ( %y Uy )}
= S S 0
dx {u1 Uy Uy = O

and therefore

is increasing.

Tet
{uy,v;} be null at 2 =c¢ ina <z <b.

Then the null point «, next hefore ¢ corresponds to {u,, v;} and not to {u;, »,},
since between a and «, there are exactly v points where {u,, v,} is null.

We have, therefore,
wdb) (03 (b) g (b) —ug(h) Jua(b)) > wd(ar,)(ry(et,) fuyler,) —g(er,) us(et,)) = O

It follows that w'(b. A)/u(b, A) is a steadily decreasing function of A in each

interval (um, pm.,) and u'(b, A)/u(b, A) must decrease from oo to —oo, since

u(b, A) = 0 for A = pp, and A = ppy. Tt follows from (1.3), (1.4) that
w'(b, A)

‘ﬁm = —(b11b24 "“b21b14),/ (b12b24"‘b22b24)—

v(b, A)

—(bisba—baabsa) (Broboy-busba)- S5y (2.11)
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Since »(b, A)ju(b, A) is a decreasing function of A, therefore the right hand
side of (2.11) is an increasing function of A in each interval pp, < A < pimyy.

Hence it follows that there is just one value of A in py < A < iy, for
which (2.11) is satisfied. Now Irom (2.11)

baal by (b)+-byge' (0) 0150 (b) -+ b1 0" (0)]—
—O14[Ba1 (D) 4ot (0) bost(b) +bogd’ (B)] == 0.
Since by are independent, therefore
biud)-+bu (D) +bgav(b)+-0; 0" (B) = 0 (j =1, 2).
Hence {u, v} is an eigenvector.

Thus there is an increasing sequence Ay, Ay, ... of eigenvalues such that
the eigenvector associated with A, has just m null points in @ << z < b.

Case 11—
7"(9)) < 07 (b13b24——b23b14)/(b12624--—b22b14) < 0.
Without loss of gencrality we can assume
V1 /Uy — gty < 0,

s0 that v(x, A)fu(x, A) is increasing in A and we consider the system (1.2), (1.3),
(1.4), with % and » interchanged. The result therefore follows as befcre.
Case II1T—r(x) = 0.

The case reduces to Case I or Case I according as

(D1abag—Dasb14)/(b12bag—bpsb1s) 2 0.
The theorem is thus completely established.
§3. In what follows we effect an extension of our arguments from the

finite interval [a, b] to the infinite interval [0, c0). This case will be referred
to as the singular case.

We assume that the boundary conditions (1.3) and (1.4) are fixed for
a =0 and for every b > 0. We note that the boundary conditions (1.4)
in the present case reduce to

a3u(0)+ g (0)+ gy (0)+-az @' (0) = 0 (j = 1, 2)
att X = O.
The following cases are considered.

Case 1—Let p(z), ¢(x) — o as z —> o0 and r(x) > 0, p(x), q(x), r(x) being
all continuous functions of z in 0 < & < 0.
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Let p(x), q(x) > A for some x > z,, say.

Let x; > x,. The following cases arise.

(1) w(xy, A) >0, vz, A) >0, w'(x,A) >0, v'(z,A)>0. Then from
(1.2), u"(zy, A) > 0, 0"(25, A) > 0 and %'(x, /i), v'(z, A) increase steadily for
x 2 .

Therefore, u(x, A), v(xr, A) tend tc¢ infinity as x —» o0, since u(x, A),
v(x, A) > 0 and are increasing for x > x,.

Hence, there is no null vector {u, v} for x > ;.

(i) u(xy, A) > 0, w(xy, A) >0, u'(z;,A) >0, v'(x, A) <O.
By (1.2), u”(zy, A) > 0; so that u'(z, A) increases steadilvy for = > o,
Therefore u(x, A) tends to infinity as x — 0.

Hence alzo there is no null vector {u, v} for x > ;.

(l“) u(a:l’ /\) = 07 v(xl’ A) > 0’ u”(xl: A) < 0; v’(xl, A) < 0.
Two cases arise.

(iia) u(z, A), v(x, A) remain positive for x > x;.

If w(x,A) > 0 for © > ;. then «"(z,A) > 0 for @ > x; and «'(z, A) is
steadily increasing. Thevefore u'(x, ) tends to a lLimit, finite or infinite.
This limit cannot be negative, for then u(x, A) would tend to —oo; for u(x, A)
continuously decreases as « — oo and u(x, A) cannot remain positive and this
contradiets our hypothesis.

If 4/(z, A) tends to a positive limit, then u(x, A) = oc; sincs u(z, A) then
continucusly increases as x — o0. Therefore there exists no null vector for
x > %, in this case,

If w'(x,A) >0 as & > o0, then w'(x,A) < 0 for > «;. Hence u(z, )
is steadily decreasing and is bounded below, since u'(x, A)— 0 and u(z, A)
tends to a constant. Therefore u(x, A) tends to a limit O, say. We first
establish that u(x, A) € L[z, 0).

We have
3
| [r@w(z)+{plx)—Aju(x)] de = I,+1,, say
ry
%2 d2y
= [ g dr = u'(z,)—u'(z,) < —u'(z) for every @, > %1,
zy €T

since u'(z, A) < 0 for = > ;.
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Since I, > 0, I, > 0, therefore
%y
J [p(x)—AJu(z)dr < —u'(x;) for every wx, > ;.
z1

Therefore, [p(r)—AJulx) € L{z;, c0), so that

-

J [p@)—Alu(x)de << K, a constant.
z

Now, p(x)—A > N, N >0 for « > m, say.
Let 2y > m. Then

T Nuwys < T [p(e)—2AJu(z)de

zy (51

which leads to

[ u(@)de < I\{: implying that u(z) € L{z,, o). o (3.1)
z1 4
Similarly,
v(x) € Lz, o). . (3.2)

If possible, let u(x, A) — C(+# 0) as & — o0, so that u(x, A)—C = ¢, where
e—> 0 as ¥ — o0. Now,

r,

T, Ve = [ (O+edn
2

3!
Letting
Xy —> 00, F w(z, A)dz = [ COdx = o,
1 x1

which contradicts (3.1). Therefore ¢ = 0.

Hence
u(z, A) >0 as x— 0.
Similarly

v(z,A) >0 as x— 0.
Again, since wu(x,A), wv(x, A) tend to zero as x— 00, we can write
u(x, A), vz, A) < K,, where K, is a constant.
It now follows from (3.1) that

T ? KK
[ wie, Ve = § ufe, Dulz, Nde < =4~
z1 )

Similarly for v(z, A).
13
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It follows therefore that w(z), »(x) € Lz, 00) and {u(x), v(x)} together
with {w'(z), o'(x)} tend to {0, 0} as x — o0.

(iiib) Xf u(x, A), »(x, A) change sign, they can do so at most once for x > @,
for otherwise %'(x,A) and ¢'(x, ) change sign, and this is contrary to our
assumption that «'(x, A) and 2'(x, A) maintain the same sign for x > z,.

1t follows therefore that the vector {u(z), v(x)} may be null at most once
for « > ;.

(iv) ufxy, A) < 0, w(x;, A) <0, w'(x, A) < 0, v'(xy, A) < 0.

It follows from (1.2), u”(®;,A) <0, #"(x;,A) < 0. Therefore
w'(x, A), v'(x, A) are monotone decreasing for x > w,. Hence ufw, A), v(z, A)
tend to—oo for a > x;.

Therefore the vector {u(x), v(x); has no null point for x > ;.

(v) ulxy, A) < 0, vz, A) <0, u(z;, A) >0, ¥, A) < 0.

Then by (1.2),

v'(xy, A) < 0.
Therefore v'(x, A} is decreasing for x > ;.

Hence, v(z, A) tends to —o0 as 2 — oo and the vector {u(z), v(x)} has no
null point for = 2> ;.

(Vi) w(xg, A) < 0, v(x, A) < 0, w'(xy, A) > 0, v'(x;, A) > 0.
This case can be treated in the same way as in Case (iii).
(vii) w(wy, A) > 0, v(@;, A) <0, w'(x;, A) <0, v'(x,, A) > 0.
Two cases arise.
(a) u(w,A) > 0, v(x, A) > 0 for x > z,.
Then there is no null vector for z > ;.
(b) u(x, A), v(x, A) change sign for z > z,.
Then u(zx, A), v(x, A) can change sign at most once for » > x;; otherwise
u'(z, A), v'(%, A) cannot maintain their signs.

Thus there can be one null point for = > x,.

Exactly similar arguments as in case (vii) apply to the cases

(viil) wu(x;, A) > 0, v(zy, A) <0, w/(x, A) > 0, v'(z, A) > 0.
(ix) w(wg, A) >0, w2, A) < 0, u'(xy, A) <0, ¥'(2, A) < 0.
(x) uleg, A) > 0, v(@y. A) <0, w(x, A) > 0, V(2 A) < 0.

Thus in all cases considered before {u(x, A), v(x, A) has at most one null
point for x > x,.
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We conclude therefore that the solution vector {u(z, A), v(x, A)} becomes
null at a finite number of points n(A), say, in [0, c0).

A point where n(A) changes in value may be called a discontinuity and
it can change by at least one at the point. Therrfore in any finite interval
of arbitrary length there are only a finite number of discontinuities which
are discrete points.

We prove the following lemma.

Lemma—If wu(x, A), »(x, A) tend to zero as x— oo and g > A, then
{u(z, p), v(x, #)} becomes null at a point lying to the right of the extreme
right hand null point of {u(x, A), v(z, A)}.

Let {uy(x, A), v(x, A)} be a solution vector of (1.2) and w,(x, A) > 0,
vy, A) > 0, w/y(2, A) << 0, o'y (&, A) < 0 for sufficiently large x.

Let {uy(w, p), vyo(x, p)} be the solution vector of (1.2) with A replaced by p.
If possible, let
ug(, p) > 0, vy, ) > 0 for x > a,

where @ is the extreme right hand null point of {u,(, A), vy(x, A)}.

If g, po) = 0, vy(@, p) = 0 as & —> oo, it follows from (2.5) that
a0 -]
(t—2A) [ (st -vyw,)de = [0y0] — 00y Ugtty — 1y, ] ... (8.3)
a a

from which we have

(L—2A) F (UtyF-v105)dx = —us(ar, phug(a, A)—vy(a, poy@, A), ... (3.4)
a

since g — 0, v, = 0 together with u, — 0, v,— 0 as ¥ — oo by (iiia).

Now wuy(a) > 0, vy(a) > 0, for 2, v, remain positive for sufficiently
large @ without having a null peint lyving to the right of the extreme right
hand null point @ of the vector {u,(x, A), v,(x, A)}. Therefore the left-hand side
of (3.4) is positive whereas the right-hand side is negative, and this is a
contradiction.

Also if uy(x, ) > 0, wy(x, #) > 0 for large x, then uglx, ) > 0, va(, p) > 0
and this leads to a contradiction as before.

The lemma therefore follows,

It follows from the lemma that to each interval where n(A) is constant
there corresponds at most one value of A for which u(z, A), v(z, A) € L? and
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this value of A must correspond to the right-hand end point of the interval,
for otherwise, as is evident from the lemma, we are lead to a contradiction.
Thus the value of A must be the right-hand end point of the interval.

Let us consider a decreasing sequence {A,} with the limit A. It follows
that n(Ap) = n{A-0), for p large enough. Without loss of generality, we

assume
n(dy) = n(Ay) = n(Az) = ... = t, a constant.

Let the solution vector {u(z, Ap), v(x, Ap)} be null at the points CP), CP), ..., CP.
Then it follows that for every ¢ < ¢
0P < 0P < ... < OP,
Let C be a constant such that
p(x), g(z) > A, for x> C.

Then CP, CP, ..., C{P) remain less than C for all p, since {u(z, Ap), v(x Ap)}
may be null at most at one point lying to the right of C.

The sequence {O®} (i =1,2,...,{—1) being increasing and bounded
above, converges and therefore

lim OP = 0y < C exists
P=px

for all ¢ =1,2,...,t—1; and C; are the null points of {u(z, A), v(x, A)}.

The null points C; are all different; for if two of the null points are equal
we get

w(Cy, A), v(C;, A) = 0, ' (Cy, A), v'(C;, A) = 0,
for some 7; but this is not possible since {u, v} is a non-null solution of (1.2).

On the other hand any null point C; is a limit point of C{® since

lim O = C,.
P—rx

Hence {u(x, A), v(z, A)} has ¢ or £—1 null points according as O tends
to a finite limit or infinity as p — o0.

We have that «'(C{P, A,) has the same sign for all p. Let it be positive.
If O»— oo, then O > ¢ for sufficiently large p.

Since u(x, Ap) does not tend to zero, u(x, Ap) having only a finite number
of null points none of u(x, Ap) € L2 Then

w(x, Ap) > 0, u(®,Ap) < 0 for C<a< O’gp).
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Letting » — oo,
w'(w, ) > 0, u(x,A) < 0 for ¢ > C.
Therefore,
w(w, Au'(x, A) < 0 for & > C.
Therefore, u(z, A) € L2 Similarly for =z, ).
Again, if O tends to a finite limit C; as p — 00 then #'(z, A), u(z, A) > 0
for 2 > C;.

Hence u(z, A) does not belong to L2 A similar result holds for »(z, A).
Thus either n(A) == n(A1-0) or n(A) = a(A-+0)—1. In the first case none
of u(x, A), v(x, A) € L* but in the second case each of u(z, A), v(x, A) € L2

It follows similarly that for an increasing sequence A, A, A, ..., C®
are decreasing, and bounded below, and therefore all tend to finite limits
as p — 0.

Hence n(A) = n(A—0).

Therefore it follows that there corresponds an interval of values of A
to every n in which n(A) = n, and that at the right-hand end point A, say,
of each such interval

ufz, A), v(x, A) € L2
Consequently, these discrete points A, are the eigenvalues of the differential
system (1.2) in the singular case and the eigenvector associated with a fixed
A, becomes null at » points.

Case 2—p(x) — o, g(x) > 00, r(@) > w0, as ¢ — o0 where p(z), g(z), r(x)
are all continuous functions of z in 0 < z < 0.

This can be treated exactly in a similar way as in Case 1, where we choose
x to be sufficiently large so that r(x) > 0 for large x.

We are thus lead to the following theorem.

Theorem 4—1If p(z), q(x), r(z) are all continuous functions of zin 0 < # < w0
and p(x), q(x) - o0 and r(x) > 0 or p(x), ¢(x), r(x) = v as & — oo, then the
eigenvalues of the differential system (1.2) in the singular case are discrete
and the eigenvector associeted with a given eigenvalue A, is null at n points.

§4. Let Ay, A, be the interior points of an interval where n(A) = constant,
and let z, lie to the right of the extreme right-hand null point of
{ulz, A), v(x, A)} for A, < A< A,
Let
m = min glb ([u(xy, A)|, [o(@, A]) nA; <AL Ay
so that m > 0.

Therefore,
[u(z, )], Jo@, )] 2m forzz x, 1, <AL A,
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Representing the solution veetor {u(x, A), v(x, A)} of (1.2) by ¢(x, A) [see Tiwari
1971, Chapter T1, viz., Problems in the interval [0, oo)], the function

2 A
vlx, A) = X {, ds(0] 2, w)dkps(u) (r=1,2) e (40)
s=1
where k,4(A) is an element of the matrix
1
EQ) = (kr(1)) = [ﬁm i -Imnz,s(ﬂ+iv)dp]
r-=0 0

and m(A) are associated with the linearly independent L2-solutions of (1.2) i.e.,

Yo, A) =

g1

Mer(N)Pr+0s(0]2, A) (s =1,2) [Tiwari 1971, p. 24|,
1

we obtain from (4.1)

)'2
f ¢S(x’ u)dkrs(u)

1 Ay

Mo

Xr(, Ag)—xr(2, A;) =

]

s
Each element on the right
2

>m X [krs@z“o)_‘krs(/H‘}‘O)]-

8§=1
But
v {x, A) € L?[0, 00) for every A.

Therefore k(1) are constant in the open interval where n(d) is constant.
These points are discrete (vide §3).

As usual we define the spectrum as the complement of the set of points
in the neighbourhood of which the matrix (&(A)) is constant [Bhagat (1966)].

It follows therefore that if p(x), g(x), r(x) are continuous and p(x), g(x)— cc,
but r(z) > 0 or p(x), ¢(x), 7(x) = o0 as x — o0, then the spectrum of the differen-
tial system (1.2) is discrete.

ACENOWLEDGEMENT
I acknowledge my grateful thanks to my research supervisor Professor
N. K. Chakrabarty of the Department of Pure Mathematics, Calecutta
University, for his helpful guidance and encouragement during the prepara-
tion of the paper,
REFERENCES
Bhagat, B. (1966). Eigenfunction expansions associated with a pair of sccond-order differential
equations. Thesis for the degree of ‘“Doctor of Philogophy”, Patna University, Patna.
Chakrabarty, N. K. (1965). Some problems in Eigenfunction expansions-1. Q. JI Math., 16,
135-50.
Titchmarsh, E. C. (1946). Eigenfunction expansion associated with second-order differential
equations, Part 1. Oxford University Press, Oxford.
Tiwari, 8. (1971). On Eigenfunction expansion associated with differential eq_ua.tions. D.Phil.
Thesis, Calcutts University, Calcutta,



THE ACADEMY’S PUBLICATIONS
Proceedings
Partnz {Physical Sciences except Mathematics)

Part B (Biological Sciences)

First issued in 1935 as a single volume for both branches, split into two series in 1955
Periodicity : Monthly (six issues of each part in a year)

Anpual Subscription rate
Rs. 48.00 (Rs. 24.00 per Part A and B) (inland)
£ 4.00 or $ 12.00 (postage free) (foreign)
Single issuse is priced individually
Indian Journal of Pure and Applied Mathematics

Devoted primarily to original research in Pure and Applied Mathematics. First issued in
January 1970. Periodicity : Quarterly up to 1971 ; in 1972 published bimonthly and from
1973 as a monthly journal.

Annual subseription including postage :

Rs. 120.00 (inland); £ 20.00 or § 48.00 (foreign)
Single issue including postage :

Rs. 12.00 (inland); £ 2.00 or $ 5.00 (foreign)

Biographical Memoirs of the Fellows of I1.N.8.A.
First issued in 1966 and are priced individually,
Monographs
First issued in 1960 and are priced individually,

Bulletins

Contain proceedings of symposia. First issued in 1952 and are priced individuoally. The
papers read at the symposium are now being published in the Proceedings as symposia papers.

Year Book
Firat issued in 1960 and is priced individually.

PUBLICATIONS OF THE NATIONAL COMMISSION
FOR THE COMPILATION OF HISTORY OF
SCIENCES OF INDIA

Indian Journal of History of Science
First issued in 1966, Periodicity : Bi-annual.
Annual Subsoription inclusive of postage : Rs, 10.00 (inland); £ 1.0.0 or § 2.50 (foreign)
Single issue : Rs. 6.00 (inland); 12s. 6d or § 1.50 (foreign).

Books
Caraka Samhitd by P. RAY and H. N. Guera Rs. 15.00; 20s,
A Bibliography of Sanskrit Works on Astronomy and
Mathematics by S. N. SEN Rs. 20.00; $5.00; 35s.
Fathullah Shirazi—A Sixteenth Century Indian Sc'l,entzst
by M. A. Arvi and A. RamMaxw Rs. 2.50; $0.33; £0.25.9d.

Jahangir—The Naturalist by M. A. Arvr and A. RAHMAN Rs. 20.00; $3.60; £1.10s.
Some Aspects of Prehistoric Technology in India

by H. D. SaNgALIA Rs. 10.00; $2.50; £1.00
A Concise History of Science in India edited by D. M
Bose, 8. N. SEN and B. V. SUBBARAYAPPA .. Ras.50.00; $16.00; £6.00

Rasarpavakalpa by Mira Roy and B. V.
SUBBARAYAPPA .. Rs. 25.00; $5.00; £2.00



FORM 1V
( See Rule 8)

1. Place of Publication ... New Delhi

2. Periodicity of its Publication Monthly

3. Printer’s Name ... B. V. SUBBARAYAPPA
Nationality e ... Indian
Address ... ... Indian National Science Academy

Bahadur Shah Zafar Marg,
New Delhi 110 002

4. Publisher’s Name ... ... B. V. SuBBARAYAPPA
Nationality . ... Indian
Address ... ... Indian National Science Academy

Bahadur Shah Zafar Marg,
New Delhi 110 002

5. Editor’s Name ... F.C. AvLuck
Nationality e ... Indian
Address ... ... Indian National Science Academy

Bahadur Shah Zafar Marg,
New Delhi 110 002

6. Names and addresses of indivi-
duals who own the Newspaper
and Partners or Shareholders —
holding more than one per cent of
the total ocapital

I, B. V. SUBBARAYAPPA, hereby declare that the particulars given above
are true to the best of my knowledge and belief.

Sd/- B. V. SUBBARAYAPPA
Dated 1 March 1977 Signature of Publisher



