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In the present paper the electrostatic potential due to a pair of coplanar and
parallel condensers is determined, such that each condenser is formed of two
parallel strips having finite but unequal lengths, maintained at different
potentials. Using the theory of Fourier transforms and triple trigono-
metric integral equations, the problem is reduced to a system of simultane-
ous Fredholm integral équa.tions of the second kind. Expressions for the
quantities of physical interest are derived for the large value of the distance
between the strips of each of the condenser by finding the iterative solution
of these Fredholm integral equations.

1. INTRODUCTION

Electrostatic potential due to two equal collinear strips charged to
potentials +1 has been considered by Sneddon (1966), Srivastava and Lowen-
grub (1970) and Tranter (1960). Here, we discuss a more general problem
from the above problem and find the electrostatic potential due to a pair of
coplanar, parallel condensers, where each condenser consists of two strips
having finite but unequal lengths and maintained at different potentials
{(Fig. 1). The problem for § > 1, where ¢ denotes the distance between the
strips of each condenser, is reduced to a system of simultaneous Fredholm
integral equations of the second kind.

2. Tuae ProBLEM, FUNDAMENTAL EQUATION AND BOUNDARY
CoONDITIONS

We consider the electrostatic potential due to two parallel and coplanar
condensers, such that the strips a < |#| < 1, y = 0 are charged to potentials
+ p, and the strips k£ < |¢] < 1, y = & charged to potentials +g¢, p, and
g, are constant. We divide the whole space into three regions (1) § < y < o,
(2) 0<y<d, (3) —o<y< 0. The potential fields are denoted in these
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regions by V,, ¥, and V, respectively. Here V,, V, and V, are the functions
of 2 and y.
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Fig. 1.
The following boundary conditions are :
(Vl)”=5 - (Vz)y=8, 0 < le < (v @] ven (1)
(Vay—o = (Valy-or 0 < |2 <0 v (2)
On the common boundaries, we have
V, = g, k<z<l,  y=28 .. (3)
Vi=—qy —l<a<—k y=38¢ . (4)
Vs = p, a<x<l, y=0 . (5)
Vo= —pp —l<az<-—a, y=0. ... (6)

In addition, on the section of common boundaries which are not on the
strips of the condensers, the normal components of the potentials must be
continuous, i.e.,

v, _ ov,

— T 0< x <k, x >1, =8 ees 7
= 2l <k o] > 1, y g
%ziﬁ, 0<|z|<a [z|>Ly=0 .. (8)

Finally V,, V, and V; must satisfy the Laplace’s equation :

V2V, = 0, r=1,23 .. (9)

where V2 denotes Laplacian operator,
and
Vi>0, y>o

} e (10)

V=0, y— —o0.
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3. REpucrioNn oF THE PROBLEM TO A SYSTEM OF SIMULTANEOUS
TRIPLE INTEGRAL EQUATIONS

Let
V= | wld,(we- 9 sinaudy, y>8 —o0 <z <o, . (11)
0
Vo= | w{4y(wsinh uy+A;(ujsinh (3—y)ulsin zu du,
0
O<y<d, —owo<z<w, .. (12)
V= ? w4 (u) ¥ sinzudu, —0 <y <0, —w<xr<oo, .. (13)
0

where V,;, V, and V, satisfy eqn. (9) and A,(u), 4,(u), A5(u) and A,(u) are
unknown functions. ¥V, and V; also satisfy the condition (10). From the
boundary conditions (1) and (2), we have

Ay(w) = sﬁ;h(u—ia . (14)
Ay(u) = sﬁﬁ’% ... (15)

We can show that the remaining boundary conditions can be reduced
to simultaneous friple integral equations :

zc(u)sinxudu=0, O<xz<k ..(16)
;fd(u)sinxudu=0, o<az<a .. (17)
I wlo(u) sin 2u du = 2¢,— ;F u-td(u)e~*® sin xu du,

= g m(z), (s8y), k<z<l .. (18)

é’o w=id(u) sin 2u du = 2p,— ‘j? u-tc(u)e~%® sin xu du

= -’2i I(x), (say) a<z<l .. (19)
T'c(u)sin:wdu=0, l<z<oo .. (20)
V]

.Io d(w) sin 2u du = 0, l<zr<oo .. (21)
1]
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where we have defined the functions c(u) and d(u) by

(coth u&—i—l)Al(u)—Si‘;l(uqz = o(u) ... (22)

(coth ud l)A4(u)—S;:;l(2:28 = d(u). .. (23)
From (22) and (23), we have

A, (u) = $o(u)+3d(u)e—%8 } )

Aq(u) = }o(u)e0+Jd(u).

4. REepucrioN OF SiMULTANEOUS TRIPLE INTEGRAL EqQUATIONS TO
SIMULTANEOUS FREDHOLM INTEGRAL EQUATIONS OF SECOND KIND

Using the solution of triple integral equations involving sine kernels given

by Srivastava and Lowengrub (1970), we can write the solution of eqns. (16),
(18) and (20) in the form

o) = [ ({)sin utds. | .. (25)
Here k
AE2) — l{tz——-kz)}(l y)2ym(y)d+ ¢ Eet<l
Or=—7 =) | ’ fE=ma—ap << b
. (26)
where
E
2 L f2 1 1—gy? \ ym'(y) 1 m(y)dy
a=r | (e ) #] (y2~k2> R | (g
. (27)
my) = — % ; d(u)e~"% cos uydu, ... (28)

F = F@/2, V1—F?).

F and K,(k) are the elliptic integrals of first kind and complete elliptic
integral respectively.

In the same way, the solution of eqns. (17), (19) and (21) can be written as

dw) = | git*) sin tudt. .. (29)
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Here
i
RN AR YA 2yl’(y)dy Oy
g(t?) = - ( - ) £ ( s ) yi— + [(E—a®)(1—2)F° a<t<l1
.. (30)
where
o= 2 ( r—a? )* at § ( 1-y )iyl’(y)dy L] Uy)dy
2onFyp )\ 18 y—at/ y—t2 " FKi(a) 5 (P—a)1—A)IF
. (31)
and 2 ®
Uly) = —— [ o(w)e™ cos uydu, ... (32)
0

F,=F (5, vi=at).

F, and K,(a) are the elliptic integrals of first kind and complete integral
respectively.

If we consider the case § > 1, then by substitution » = % and expand-

ing cos % y and sin % r we may write
]‘o e~% cos uy sin urdu = 1 .jo e cos 1 sin ~—d7]
0 0 é é
= 531 (P30 + .. - (38)

Using (28), (29) and (33), we find after some manipulations that

Lk )‘}kl = )* 2ym’(y)dy

T —2 —k? Y-t
-2 (52 fo el 8] v o
where Bt — 1R

With the help of (34) we find that

* !
137’ I( 1-—- f:) I(;ﬂ:g:ﬁ) ?/’;gf_?{:;ly

77 1909 [ B=RF)— (= 2 B—RF)2B—(E+ F)
+0(8-9)+... ... (35)

3k ]
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=BT Tk
E=EB(%, vi—k),
where £ denotes the elliptic integral of first kind.

We can easily get, by making use of the result (33),

1 } m(y)dy
FK,(k) ¢ [(y*—F)(1—y)]

4q —.|
”Kl(ok) FK (&) 2 J g0r%) [52 5@ P30} J dr--0(8-6) ..

Making use of (27), (34), (35) and (36), eqn. (26) can be written as

BE) = RO+ | K(r, Ogeddr,  k<t<1
where a

_ 4
RO = SR meE—wp

and

2r 1/ E T
K(r,t) = (2 —k2)(1—e2)} [ 82 ( F —#- 2FK,\(k) )

i (= ) oo 3

R (H—%) 3 (1 -+k?)

In the same way we can write (30) in the form

9 = He)+ | Mr, Oh(Ddr, a<t<l,
k

where 4p,
and HO = Tre—me—ap

O 1 /FE m 1
0.0 = ==y & (5"~ sy ) o

X {( 72——-23~ a1) (tz—f—,: )+3tﬂ(tﬂ—aﬂ)—2—;’;?-+a2

< (Rt )+ o i 1100

TSFR R T TR b +oeo+

... (36)

.. (87)

... (38)

... (39)

.. (40)

... (41)

... (42)
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E, = E(n[2, v/1—a?), 0% = 1—a?
where E, denotes elliptic integral of the second kind.

Equations (37) and (40) are simultaneous Fredholm integral equations
of second kind. From these equations we shall get A(t2) and g¢(t?).

5. SoLuTiON OF SIMULTANEOUS FrREDHOLM INTEGRAL EQUATIONS
or Seconp Kinp

In this section, the approximate solution of the simultaneous Fredholm
integral equations (37) and (40) is obtained. Since &> 1, |K(r,f)] <X
and M(r,t) < 21, where £ and X! are less than 1. Therefore, the solution
of (37) and (40) can be written as

BE) = holt)+ gy () g5 Bl - (49)

9E) = 0ol 55 G2(B) 453 Ga) - . (48)

Substituting the above values of k(%) and g(t?) in (37) and (40) and then
comparing the like powers of 8, we can get hy(t2), R,(t2), h.(t2)... and g,(t?),
g1, g5(t%), .... In this way we can obtain the iterative solution of the
Fredholm integral equations (37) and (40). This method is well known.
Hence we find by iteration that

E
2 (57—~ srrm)

W) = My s

7K, (k)[(1—#)(E—k2) ]}

1 1 4p
X TE—E A & [w&(a)[(l—tﬂ)"(tﬂ—kﬂ)]f X

{rma + () =S rwe—m—g e (e-p )+

E il E . 7T
o1+ (- Ftgpmy ) o (7~ v
TR I—AF T aRB(—B)E— ]

E i
(B _z 240““”’(?“"‘375;@‘)] .
NF, TTFE@ /)T ak@e—R)(I—8)F

+0(8-%)+... ... (45)
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and E,
() = 4p, + 0o (:~t2_ 2F2K1(a) )
Y = IR - F—a] )

1 4
“E=ani—eF e [nKlw)[(tz—Zz)(l—ﬂ)]* 8

E
a2 E—Fit o)

taF 2K1(a')}+ ﬂKl(k)[(tz_’az)(l )

B, m E T
o (F;_tz_ 2F,K (a) )7 2FK1(k)>

+ TR @@ —aB) (1 —]

E 7
0 (7" amx ) OTF) J
B n.?fl(a)[(tt-zz)h s +0(6-6)+... ... (46)

6. SomE UskrurL REsuLTS

We shall now obtain the surface charge density of the strips. The surface
charge density of the strip lying in the interval ¥ <o <1, y =4 is:

% ;jﬂ c(u) sin zudy = oq(x), k<x <l .o (47)
And hence, using the Fourier inversion theorem we see that,
clu) =8 z o) sin zudz. ... (48)
With the help of (25), we get
oy(x) = —;—h(xz). ... (49)

In the same way, charge per unit length of the strip lying in the interval
o< <<l, y=0,is

oy(x) = %-g(x’). .. (50)
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The values of h(x?) and g(a?) are known from (45) and (46), and hence
the results (49) and (50) respectively.

If we take p, =1, § - o0, ¢, = 0, then we get

) = :
10) = IR aa—R)E—ab]

Jand
h(t?) = 0.

In the above conditions if we consider the upper half space 0 < y < oo,
then our problem will be the same as considered by Tranter (1960). In this
case the surface charge density of the strip lying in the interval ¢ < x < 1,
y = 0, is given by the expression.

1
7= K @0 @ - D

which agrees with Tranter (1960).
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