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o
Let F denote the class of functions f(z) = z+ Z ax2", which are reguiar
n=2

and analytic in the Unit Circle |Z{ < 1 and satisfy the condition fig{z—iz)—l
< 1 for {Z] < 1 where g(z) is regular, univalent and starlike in [Z{ < 1.
2n—1

- for n » 2. These bounds are

In this paper we prove that la,|

sharp.
Following Kaplan (1952) a function
f@) =2+ E A"
m=2

analytic in |2| < 1 is said to be close-to-convex if there exists a function
gz) =2+ T bpe™
m=2

regular, univalent and starlike in |2| < 1 such that

Re [zg(g)] >0  for |2 <1

We denote by F the class of close-to-convex functions f(z) which satisfy the
condition

rz—gf—(,S—)—lJ<1 for |z| < 1.

The purpose of this paper is to determine sharp estimates for the coefficients
of functions of the class 7. We prove the following theorem.
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Theorem—If f(z) = z-+ag?+...-ba,2m-4...
belongs to ¥, then

la,| < n—1 for n=2,3,...
n
These bounds are sharp.
Proof : Let
2f'@)
2) = - —1 .o (1
wlg) = M
Then,

wlz) = 5 wmz™
m=1

is analytic in |z] <1 and |w(®)] <1 in |z| < 1. On substituting the
power series for f'(z), g(2) and w(z) in (1), we have

¢

S (it —bm)em = (z+m§:; bz ) | 3 ™). (@)

m=2 m=1
Equating the coefficients of z» on both sides of (2), we get

na,—b, = w, 1+byw, o+ ... +b, ;. .. (3)
Now
1 w(z)dz

i T 0o<r<l1, m=12 ... ,5n—1
Z[w=p

Wy =

(4)
From (3) and (4) we obtain

_ 1 w(z) -
na,—b, = - mf_r s (1+bgz+ ... +b, 2" B)dz
-1 w(z)-p(e) dz e (5)

2m jzi=r 2n
where p(z) is any function analytic in |z]| < 1 with a power series expansion
P@E) = I4+bgz+...+b,_2*24-bpan—1-4 .. ... (6)

h(z) = V@) = 2+ .§1 Com 221
m=
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is an odd univalent function because g(z) is univalent (Nehari 1952, p. 213).
Further more

zh'(z) _ 2%'(2%)

hz) — g(®)

Consequently, if g(z) is starlike, so is the odd function A(z) and hence
feomia] < 1 for m=1,2,.... e (M

Let ¢(z) = 1+4-cz®+c2?+... o522, then p(z) = (¢(z))? is a polynomial
which satisfies (6), since (h(z))? = ¢(2%) implies '

sz_1+0302m_3+...+02m_303+0m_1 = bm for m = 1, 2, very B = 1.

For this choice of p(z) and noting that |w(z)| < 1, we obtain from (5)

1 or p(,.ew)
‘mn'_»bnl < 2_7,0 ‘L‘rﬁ_' I_ do

. 1 an 0 2d6
= gt | 40T )|

1
=:;-T——1. (1+|63l2’rz+...+‘c2”_8|272ﬂ—4)

1
< oy {14 |eg|2+... 4+ | Cyn-sl?)-

Since the above inequality holds for all r in the interval 0 < r < 1, it follows
that

lmn"—bnl '< 1+I03l2+...+102ﬂ_slz. wee (8)
(8) yields in conjunction with (3) -

{na,—b,| < n—1.

and hence
Ina'n""bnl + Ibnl

£
< n—14n = 2n—1,

gsince |b,| < n for all n. If follows that

[

2n—

ol < 22

for n=2,3,4,...
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These bounds are sharp, since the function f(z) defined by

of'(2)

~z—|—(r:z—)2~ = 1+Z

belongs to the class F and has the expansion
2z
f@) = T:;-Hog (1—2)

(2’n 1)

—z+—— 24— 2.
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