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An attempt has been made in this paper to consider the thermal effect on
the transverse vibration of a spinning disk. For a comprehensive study
of the effect, it is assumed here that the rate of generation of heat is fixed
per unit volume and thereby renders a parabolic distribution of tempera-
ture in the disk.

Towards the end of the paper an effect of the chosen distribution of tem-
perature on the frequency of vibration and its consequence on the pre-
valent moving waves in space during vibration have been considered under
the condition of coincidence of angular speed of the disk with those of the
travelling waves (carried round the disk). A brief discussion regarding
some special modes of vibrations symmetrical with respect to the centre
of the disk has also been considered by way of examples.

INTRODUCTION

The transverse vibration of a rotating circular disk of uniform thickness
was studied by Lamb and Southwell (1921). The problem bears a special
significance as it throws light on the occasional failure of turbine disks. Now-
a-days it is fairly well established that while a turbine disk is kept spinning
by admission of impulsive steam-flow over its blades, the disk exhibits trans-
verse vibration.

Apart from this traditional investigation of such vibration regarding steam
or gas turbine, the problem has taken a new turn with a renewed interest in
connection with the possible use of large spinning membrane-like disks as
solar sails or optical and radar reflectors for space vehicles (Simmond 1962).

It is quite natural that while a body is exposed to the solar radiation
or connected to any other heat source, it will absorb a considerable anount
of heat, and as such there will prevail a rise in temperature, with which the
elements of the body will expand yielding thermal stresses as a consequence.
In many mechanical designs, such as steam turbines, nuclear reactors and
diesel engines, these thermal stresses are of great practical significance.
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For a comprehensive study of the problem of transverse vibration of a
spinning disk (or membrane), it is assumed as in the case of a spherical reflector
or moderator (Johhson and Mellor 1966) that the rate of generation of heat
is fixed per unit volume in a steady state of radial heat-flow which will produce
a parabolic distribution of temperature in the disk. It will also be assumed
throughout the present discussion that the coefficient of conductivity k, the
coefficient of linear thermal expansion o and other physical constants like
Young’s modulus £ and Poisson’s ratio v are all unaffected by temperature.

TrRE PROBLEM

A uniform thin circular disk of radius ‘e’ is supposed here to be spinning
in its own plane with angular velocity « in a steady state of radial heat-flow
due to a uniform source, producing ¢ amount of heat at the rate, fixed per
unit volume.

If or and o, be the radial and tangential stresses developed in the rotating
disk, the stresses obviously remain unaffected for a small transverse displace-
ment w, normal to the undisturbed plane of the disk and thereby the equation
of transverse motion of an elementary mass, prd,d,, of negligible small rigidity
will take the form :

02w

a 0'w Og 5210
P ¢

1
= (o o AR G e (1)

where p is mass per unit volume and (r, §) the pclar coordinate of any point
on the disk with respect to the centre. Since it is known that the sum total
of the strains at a point is the sum of that due to stress and that due to a
temperature rise T, the radial and tangential strains e, and ¢, at a point for
a thin disk will thus be given by

E(ey—aT) = Or—v0y,
(2)
E(eowocT) = gy—VOr
where o is the coefficient of linear thermal expansion, £ the Young’s modulus
and v the Poisson’s ratio.

For a radial displacement u, the strains will be
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which yield on substitution in (2)
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The only equation of equilibrium here to be satisfied by the stresses is :

doy or—0,
ar + —f = —pur e (4)

r

Replacing o and o, using expressions (3), eqn. (4) reduces to
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or by integration
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where 8 is a constant of integration.

By another integration and simplification, the above differential equation
gives u for a solid disk as

—p2 2
w = — 1 ;E)pr (1+V J- Trdr—{——é r .. (6)
r
provided _1 J‘ Trdr = 0 exists.
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Introducing the above expression for u to the set of stresses (3), it is found
that

FE
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Associating the problem with boundary condition

or =0 at r = a.
p i8 obtained as

2(1— 3 EBa ¢
= _Q_E_V) [%}pw“‘az-%-—]ﬁ:— { Trdr ],

Eliminating £ from the expressions (7) for oy and o, the stresses take the form
as given below :

oy = E(@®*—r2)pwi+Bayr,

.. (8)
oy = (Eat—yr¥)pwi+Eay, }
where
£ = 3;" . (9)
y = Hf’ ... (10)
1 @ 17
V1= fo Trdr—-5 jo Trdr .. (11)
1 @ 17 d
¢2=&? {) Trdr—}—"? fo Trdr—T. ... (12)
Let us now take
w = W cos s0 cos pt ... {13)

as a solution of the equation of transverse motion (1) where s is an integer,
W a function of r and p/27 the frequency of vibration.

Equation (1) can now be written as

@BW _ diroy) 1 AW

, o B
or W+T' s o (.ppz—r—2 SZ)W—-— 0. ... (14)

Eliminating o, and o, using expressions (8), the above equation (14) takes
the form :

oo o) S {5y 4 L 9
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... (15)
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It is quite easy to understand from eqn. (15) that nature of the solution (and
thereby the mode of vibration) is sustained by the forms of functions ¢, and
Y2, Which are characterised by the mode of temperature distribution and as
such incorporate a conception of thermal effect on transverse vibration of a
spinning disk. Hence under identical physical condition it is possible for a
spinning disk to execute different modes of vibration for different trends of
heat distribution. Our interest, however, concerns with the process of such
a heat conduction, where the rate of generation of heat is the fixed amount
Q per unit volume and thereby bears the condition :

—2nrk ‘gj = 7r2Q ... (186)
which on integration gives :
T =2 (@2_pt)yLp (17)
yyA

where k is the thermal conductivity and 7" the temperature of the disk on
its rim.

Hence yr, and ¥, become for the case

¥, = "’i%c' (@P—r%) ... (18)
and
¢'2 —— ]_2"; (az__ara)_ (19)

Now using the above expressions for ¢, and i, and introducing two new cons-
tants, viz.,

Ea
2 = E— 1?5%2 ... (20)
and
3B
z,:,,_i_@% .. (1)
eqn, (15) can be written on simplification as
3w 1 dW P2z a?st
%2 2__gp2) 20 juk 2P T =
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The solution of eqn. (22) ean be taken as a series of the form :

r

n
W==%e, (;> ... (23)
where ¢,’s are constants to be determined.
Substituting the series for W in eqn. (22), it is found that :

2c, [(nz——s2) <£)n—2-—{n(n+2)—— ?—22—52 s2 } (-T—)ﬂ] =0 ... (24)

a A
On equating the coefficients of (r/a)® to zero, the relation between successive
coefficients is found to follow the rule
L
nn+2)— L 5282

Cnie Tyw” Xy

c, (n4-2)2—s?

. (25)
It can be easily shown that for a solid disk, the lowest degree of (r/a) in the
series will be s and as such the series (23) can be alternatively written as

r

8 i\ 2 r \4
W= (‘;) {Cs+03+2 (-a—) +08+4 (;) —'l—..} (26)
Again for a series of the form (26) containing only m terms, we get

2
?I:;z‘*‘;: 82 = m(m-2) .. (27)

which on solving for p gives
= {Zym(m-+2)— x84 w? ... (28)

This expression for p will determine the frequency of vibration. Now on
imposing the condition (27), the relation (25) between successive coefficients
of the series (26) admits of a compact form of the order

Cpia _ (mn—m)(n+m--2)
¢n  (m+2—s)(n+2+s)
Hence the solution of eqn. (1) will be

w= o (T) {2 ()

.. (29)

L mm)s—m-2)(s+m+2)(s+m+4)
2.4.(25+2)(28+4) (a ) —{—} cos 8@ cos pt.

. (30)
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Fhe solution for w, made above is based on the assumption that the series
contains m terms. Hence n must not exceed m and as such (s—m), (s—m+-2),
ete., all become negative which will make the terms within brackets alternately
positive and negative. For simplicity let us take a positive integer A so that

m = 2A-}-s. ... (81)
Hence on removal of m by (2A4-5), eqn. (30) will have the mould :

AA—1)(A+s+1)(A+s+2) r¢

+ 1.2.(s+1)(s+2) AT } cos s cos pt .. (32)

The significance of the above equation (32), lies in its role in connection with
the physical interpretation of different modes of vibration. In this respect
it is worth noting that w vanishes for A different values of » and thereby
introduces A different Nodal cireles. Moreover, the function cos sf inserts s
Nodal diameters. Physically these nodal lines characterize the different
modes of vibration, and corresponding frequency of vibration is determined

by eqn. (28) which is moulded by the relations (2), (10), (31), (20) and (21)
to the form :

Eal

P = fitgg, [se—1)—2AA+a+1)). - (33)
EaQ .
= —StG e [0 ... (33a)

where

f= [3+”(2A+s)(2/\+s+2)— 1+3v 2]'(» .. (34)

which represents frequency of the lateral vibration of a spinning disk in
absence of heating effect.

It is viewed from the relation (33) that the total thermal effect on the
frequency is governed by the number of nodal lines existing in the disk con-
cerned. In this connection it may be noted for the problem that there will
be no such effect on the frequency of vibration for the modes (s =1,
A = 0). But the modes for which s = 0 and (s = 1, A = 0) are not appli-
cable to a disk mounted on a shaft as they involve irrelevant displacement
of the centre of the disk (Lamb and Southwell 1921). Hence it is worth

4
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noting that for the present choice of temperature distribution, thermail
effect on the transverse vibration of a spinning disk mounted on a shaft
should be taken into account for all its possible modes of vibration.

An interesting aspeet of the problem originated from the practical stand
point while we consider that w varies as cos (sf 4+ pt) instead of cos s6
cos pt.
The factor cos (s pt) makes no alteration of previous results but pro-
duces two trends of travelling waves carried round the disk, one with back-
ward angular speed —p/s and another with forward angular speed p/s. The
existence and importance of these two wave-trains in a rotating disk were
experimentally observed by Campbell (1924) during his search towards finding
the cause of failures of turbine disks. Now adding to « (angular velocity
of the disk), the angular velocities in space for the forward and backward
moving waves will be respectively w-+p/s and w—p/s. It is interesting to
note that while «w becomes exactly equal to p/s, the angular velocities of the
forward and backward moving waves in space will be 2w and 0. Under this
condition, eqn, (33a) will give

(fP—s*w?)(u—1) = 0 ... (35)
in which
Eao
po= 2k(3+?)pw%i - (36)

Hence if we keep the heating effect out of the account it will be found from
(35)
w=fls ... (37)

which gives the condition of coincidence of angular speed of the disk with
those of the travelling waves in the disk in absence of the chosen thermal

distribution.
Thus in presence of the distribution of temperature and to satisfy the
condition w = p/s, we get, in addition to (37), one more condition, viz.

n=1 ... (38)

which admits of an angular speed (w,) of rotating disk for which # becomes
unity. Hence, with the help of (36) and (38) w, comes to the form :

we = {ogia s - (39)
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which implies that if the disk is allowed to spin with angular speed w,, then
the angular velocities of backward moving waves in space will vanish and
on the other hand the forward waves will be moving in space with angular
speed 2w,. In this connection it is to be noted that w, is not a fixed quantity
as it changes with @ which is an amount of heat fixed per unit volume and

time.

In the particular case of vibration symmetrical with respect to the centre,
the aforesaid modes for which ¢ = 0 and (s = 1 & A = 0), will be admissible.
By way of an example let us consider the vibration of a disk carrying only
one nodal circle. It is found from the equation (32), (33) and (34) that the
magnitude of the displacement of the centre = ¢, cos pt, the radius of nodal

circle = and frequency of vibration

e

= {(3—{—1')&)2——% }§/27T.

It is to be noted here that the frequency of vibration stated above is reduced
from that of a disk, free of temperature, by counting the thermal effect without
altering the others such as radius of nodal cirele and magnitudes of dis-

placement of centre.

Again for the modes s = 1 and A = 0, the equations (32), (33) and (34)

gives
r
W == ¢ (;) cos 6 cos pt

and
P = w.

This shows that the mode remains constant in the present thermal distribu-
tion. The disk in this case remains plane in form but slightly incongruous to

the axis.
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