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In this paper the restricted problem of three bodies in a three-dimensional
coordinate system is regularized in the neighbourhood of bigger finite mass,
which has been taken as an oblate spheroid, assuming the third coordinate
& of the O(u). The existence of periodic orbits has been studied. Lastly, it
is seen that periodic orbits of collision also exist.

1. INTRODUCTION

In a recent paper, the author (Sharma 1973) has studied the existence
of periodic orbits with a collision in the restricted problem of three bodies,
taking the bigger primary to be an oblate spheroid, the equatorial plane of
the spheroid coinciding with the plane of the circular orbits of the two pri-
maries.

In the present paper, we shall study the three-dimensional genéralization
of the above problem. We shall assume that the third co-ordinate &; is of the

O(u).
2. EQUATIONS OF MOTION

In the canonical form the equations of motion are

oH . oH

= = —— (= e (1
x4 aps s 9% (¢ ‘ 1,2,3) (1)
where '
— 1 (—p) p I 38T
H= %[P1+P§+P§+2(p1x2—pgxl)]—-r T2 —}———»2?',1; = ¢ = const.
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and
¢ = o(p) = cotpey+Ou?).

b= 5;”1—752’ Py = 3‘72‘#1'1, Py = 17}3,
ry = [a;—p)2+ag 4], ry = [(¥,—p+-1)2-+af+af ]
I = (I;—1,) > 0 is a constant quantity,

where I; is axial moment of inertia and I, is equatorial moment of inertia of
the oblate spheroid.

The term
( 253 55 27'51 )

comes due to the oblateness (McCuskey 1963, p. 166) of the bigger primary.
For the regularization of the solutions, we introduce Levi-Civita’s (1906)
generalised parabolic transformation
= (u+E—E)p, +-2E.E,po+-Eogg
such that

a8 a8

= = —— ': P vee 2
H= g = gr s G=1,23) (2)

Here m; are the momenta associated with the new coordinates &.

The Hamiltonian in terms of these new variables is

H= Gt B bt} M0Ed )
(1—/4) w I 3831
— rl —;;-— 27? —|— 27.? = C e (3)
where
m = nitnd, B2 = (E}4-E) ]
r} = (E}+E3)P+E3 = E4-E3 r e (4)

= 1484238 +8, ¢ = cotpc.
The equations of motion (1) become

: oH . oH .
& = o e = e (¢#=1,2,3) e (5)



PERIODIC ORBITS OF COLLISION 149
where H is given by (3).
We, now, introduce a new variable 7, defined by

dt = rydr, T=20, when ¢ = 0.
The equations of motion (5) become

. K . JK .
Ei“"a_ﬂ‘y ﬂi___a—g‘— (1’—1’2’3) e (6)

where primes denote derivatives with respect to 7 and

mer I 31
K =r(H—c)= g2 b g - dry (B —mE — 2¢0)— 1 — 2 Sz 1+ 2,.1

+ﬂ[“'§'(771£2+772£1)£17+1_{ %+ '(‘c—_lu—%lrl}] e (7)

The quantity K given by (7) is zero along any solution of the differential
equations (3) and vice versa, every solution of these equations must belong
to the K = 0 manifold.

The Hamiltonian K can be written as

K = K0+K1+ﬂK2

where
o 1o I
Ky, = ) zz"'l'7”3’1+’}rl(”152_”2g1“200)—
I RiZ74
K = — g+ % \ . ®)
- o _(C‘_co)
K, = %(771£2+7’251) EZ +1 7.2 ﬂ_"'l- J

Now K, has the same expression as in Bhatnagar (1972) and with him we
shall assume that K, is negative.

- The solution corresponding to K, is given by Bhatnagar (1972).

The Hamiltonian K, in terms of the canonical elements {( L,g, G, h, H )
defined by Bhatnagar (1972) is written as

IE: 3D
e . (9)
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where A4 = EB|-D?
= [H—2(G+¢)]
B = [LA4-(L:—G?)cos? {—2L(L2—G?)icos 1]
= [hE— H(L*—G2)}sin z]’.
Hamilton’s équations of motions for the Hamiltonian K, are

da, 0K, df, _ 0K, _
r ~ 0B dr ~ day r=123 ... (10)

where alzl, Ay = ¢, d3:k; ﬂ1:Ls ﬂsz, ﬂazﬁ

From (9) and (10), we have
dl 0K, _ I[B¥YE[L(1+4cos?l)—(L*—@G*tcos® |— L} L:—G?)tcos? I}

dr = 9L T Az
_ DHL(L*— G*)sinl}— 3T DHL(L*—G®)~sin []
A2
61D} E{L(1+cos? I)— (L2—G2)tcos? [— LA(L?*—G2)-icos? [}
AS
DHL(L*—G2)¥sin |
- ( 715 ) sin ] . (11)

dg _ 9K, _ ZE +I[3D{ oh-+ HE(LA— ) sin 1)

dr~ 9G
' + E2{— B+ EG[—cos? I L(L2— G2)—+cos? I]+
+ D[—2h-+ HG(L*—G2)~tsin -
— GIDz[.-—B—{-E'G-{W—-cosz I+ L(L2—G?)*cos? I}
+ D{—2h+ HQ(L2—G2)-tsin [}]4-3, ... (12)
dh 0K, _  2IEH | [E*{HB+ D[2hH—(L*—G)isin I]}
=~ —a H 4E

oH
3D{2hH — (L*— G2)isin I}]
_ _

__ 61D[HB-+ D{2hH—(L*—G*)isin [}]
As

... (13)
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dL 9K,

= 5 = TA-B¥E[(L*—G?)sin [ cos |—2L(L2—G?)isin | cos I]

-+DH(L2—G®)cos I}— 3DH(L2— G2)t cos []
+61A-3DYE{(L?—G?)sin | cos [—2L(12—G2)¥sin [ cos I}

+-DH(I*—G?)cos ] e (14)
a¢ 0K,
& == 0 ... (15)

0H 0K,  IDE(E>4+3) L ID°E
dr — o = A® B

.. (16)

Solution corresponding to K, gives ,, &,. £, 7, 75, 3 in terms of the canonical
elements [, L, g, G, h, H (Bhatnagar 1972).

Equations (11), (12), (13), (14), (15), (16) define 1, g, k, L, G, H as fune-
tion of time, which on substitution in the solution corresponding to K, give
us the value of £, £,, &;, 7y, m,, 7, as function of time. This will give us the
solution corresponding to the Hamiltonian (K,+K,).

Now the complete Hamiltonian is
K = Ko+ K,+pK,,

Hamilton’s equations of motion for the Hamiltonian K are

dl oK _ aK,, 0K, = 0K, )
dr = oL ~ oL T*aL
dg 0K _ aKo aKl aK2
a; - ’Wa—d —_— + +

oh 0K K,

dr ~ PH + + oH

& . (17)

oL _ 0K _ 0K, 0K, 0K,
ar Al T T e Pa

d¢ 9K 0K, 0K, 9K,

dr = " 9 99 9 "9

dH 9K _ 0K, 0K, JK,

& = TR T " oh ok Mo J
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Ky = {—dmtatmiy) 1= 4200 1) . (19)

Equations (17) form the basis of general perturbation for the problem under
consideration.

3. ExisTENCE oF PERIODIC ORBITS WHEN 4 £ 0

We shall follow the same method as used by Bhatnagar (1972) to prove
the existence of periodic orbits when u =£ 0.

The Hamiltonian K can be written as

= (Ko Ky)+uKy = Ry+-pR,.

where
ner 1 i
Ry, = 8 E} + i+ dr(mEe—ml —20)—1— 55 22 + aff ,
— L 2Gto)li—1— o+
0 I s I
and
2

R = = [ 3 mttmior 22 on

where

(m&e+7o%;) = 2eL sin I sin 2¢+ 26 cos 2¢,
= g8, rd = 148208 —ED) -8,

H(I*—@*isin 1

2o W T

& = h—

The orbits will be periodic for x4 # 0, if the following conditions (Duboshin
1964) are satisfied :

O[R,] _ ;
by =0 (i=1,23) ... (19)
O[R,] .
=0, (i=1,2,3) e (20)
and day
6(22, E»sa 1 Tar 7?3) # 0, When,u = ﬂi =Y = 0. (21)

(Y1 Vas B> Bas Ba)
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The general solution in the neighbourhood of the generating solution is

given by
x; = a;+PFi+5i(L),

. (22)
i = nP04 wi-yibn(), (1=1,2,3),
where
vy=L 2,=G, xm==H;, yy=1, yo=9¢, y,—h
(21) can be written as (Bhatnagar 1972)
PR] R |
dwi Dwgdw, 0 0 0
PR PR, 0 |
0 0
dwy0wsy dwk ;
0 o R, R, OB,
dat da,da, dazda, i #0 ... (23)
o 0 R, R, PR, |
da,0a, da% dada,
0 0 O°R, O*R, O°R,
da,0a, da,da, dal
Taking zero order terms, we have
rn=a, 13=1+a?+2acos2p, %;=0(u)=0
R, = L{H2*—2(G+c)f—1— L (24)
(i B k 0 2q2 s

_ L
[—2G+e

a =

Putting the value of @ in terms of the canonical elements in the expression

for Ry, we have

= L —2(G+ep—1+A 5

(‘Lz‘}‘co)

1

(ag+eg)]
a3 ’

= 2y (2§ —2xytco) f—1+ 2

= ay[0f—2(a,+co) i —1+
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Therefore,
R,  —6ad PR, _ 0°R, _ 1 2I
da? —  a} ’ da,0a,  da,0a, At af
PR, _ Ofe _a PR, __ay
da,0a, — Oada, — A¥ dai — A3
PR, R,  aay PR,  2a4a,
da0a; — Oagda, A3’ dag A%

where [a§—2(ay-+c,)] = A, [—(ax+cg)] = a, > 0.

Thus,

- R, 2R, 2R,

| 0af da,0a, da,00,
2R, R, *R,
Oa,0a, da dagda,
%R, R, 2R,
da,0a, da,0a, da
roay 2(2a8+a,) = 8a,l?

= “l_ A3/2 A3 + aZs2 ]

#0, [since I >0, A>0, a,>0, a,>0, a,>0].

It can easily be shown that

2[R, 0¥ R,]
dwé dwglw,
£ 0
P*[R,] 0*[Ry]
Owglw, dw}

]
and so the determinant (23) is not equal to zero. Also,

o[Ry] .
S =0 G=1,2,3)
IR] .

e =0 G=1,23).

Hence all the conditions for the existence of periodic orbits for u = 0, viz.
(19), (20) and (21) are satisfied,
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The existence of symmetric or doubly symmetric orbits can be shown
exactly as in Sharma (1973).

Proceeding exactly as in Sharma (1973), it can be shown that Levi-
Civita’s (1904) condition for collision when g £ 0 is also satisfied.
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