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In this paper, che auther has obtained the necessary and sufficient conditions
for an odd dimensional real differentiable manifold V,, to have an almost
contact structure. Some properties of an almost contact manifold have
also been obtained.

1. INTRODUCTION

Let us consider an n-dimensional real differentiable manifold V,. Let
there exist a vector valued O real function F, a C= vector field T and a O~
1-form A satisfying

X-+X = A(X) T, for arbitrary vector field X, ... (Lla)

where _
X px). ... (1.1b)

Then the manifold is said to have ‘an almost contact structure’, and V,, is said
to be ‘an almost contact manifold’ (Sasaki and Hatakeyama 1962). Now

X=0=X=0=X = AX)T.

Hence X = 0 has only one solution 7. Consequently

rank of nXxn matrix ((F)) is n—1. .. (L2)

Also from the above
T = 0. v (1.3)

Barring this equation and using (1.1a), we get
AT) = 1. v (1.4)

Barring (1.1a), and using (1.3), we get

il

+X=0.
Barring X in (1.1a), we get
X+X — AX)T.
Comparing the last two equations, we get
AX) = 0. v (1.8)
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Agreement (1.1)—In the above and in what follows, the equations contain-
ing X, Y, Z, U, hold for arbitrary X, Y, Z, U.

Theorem (1.1)—A manifold V, with an almost contact structure (#, 7', 4)
is odd dimensional. If n = 2m-}-1, there is a single eigenvalue 0 correspond-
ing to the eigenvector T', m eigenvalues ¢ and m eigenvalues —: of #, the corres-
ponding pencils of eigenvectors being linear combinations of linearly inde-
P
o

pendent vectors © (x = 1, ..., m) and their complex conjugate vectors gsuch

that 4 (£) =4(2) =0

Proof : Let A be an eigenvalue of F, ‘ohe‘corresponding eigen vector
being L. Then

L = AL. ~. (L.6)
Barring this equation and using (1.1) and (1.6) again, we obtain
(A2-1)L = A(L)T. e (LT

There are two possibilities :

Case 1—L = T, f € & (field). Then using (1.4) in (1.7) we get A = 0
which gives the eigenvalue corresponding to the eigenvector 7.

Case 2—L and 7 are linearly independent. Then from (1.7), A(L) =0
and A = +<¢. Since the complex conjugate eigenvalues occur in pairs, the
dimension of ¥V, is odd, that is, n = 2m--1. Since rank (¥F)) = 2m, there
are m eigenvalues ¢ and m complex conjugate eigenvalues —i.

The remaining part of the theorem is obvious.

Let the almost contact manifold V, be endowed with the non-singular
metric tensor g. From (1.1), we have

X+X=o. . (L8)
Let us restrict g such that
9X, ¥) = gX, Y) . (1.9)
or
9X, ¥)= —¢X, ¥) = —g(X, ¥) . (1.90)
Where

9T, X) = A(X). e (1.10)
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We are justified in doing so, because barring X, Y in (1.9a) or (1.9b) and using
(1.8) we get the same equations without any restriction on ¥. By virtue of
(1.1), the equation (1.9a) or (1.9b) is equivalent to

9 X, 7) = gX, Y)—AX)A(Y). . (1.9¢)

An almost contact manifold V, endowed with the non-singular metric
tensor g satisfying (1.9) is called ‘an almost contact metric manifold or an
almost Grayan manifold’.

Let us put o o
'F(X, Y) = ¢X, 7). v (L11)

From (1.11) and (1.9b), we have
'FX,7)=g9X,7) = —9X,¥)= —"FZX, 7). . (112)
Putting 7 for X in (1.11) and using (1.3), we get
"F(T, Y)=0. .. (1.13)
Barring X in (1.12) and using (1.1), (1.13), (1.11) and (1.9), we get
'FX,Y)="FX,¥)=gZX, Y)=—g&X, 7). e (L14)

The equation (1.14) shows that 'F is hybrid in both the slots and that 'F is
skew-symmetric.

Lie derivative along any vector V in V, is a type preserving mapping L,
such that

Li=vffes ... (1.15a)
Lx=x, ... (1.15b)
L Bx) = v(BX)—B(V, X)), . (L.150)

where B is an arbitrary 1-form :

(LP) (,..8% ...,X)—_—V(P(f,...,f,{,...,x))

14 r’1? g

—p (LB X )-pP(E, . .[rx].) o (L16)
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Nijenhuis tensor in an almost contact metric (Grayan) manifold is a vector
valued bilinear function N, given by

N(X, Y) & [X, V]+[X, T]—(X, 71-[X, 7). e (117)

2, DISTRIBUTIONS IN 7,

Theorem (2.1)—The necessary and sufficient condition that a V,, n=2m--1
be an almost contact manifold is that it contains a distribution s, of complex
dimension m, a distribution %, conjugate to 7y, and a distribution 7, of real
dimension 1, such that mp, 7, and 7; have no common direction and span
together a linear manifold of dimension 2m--1.

Proof : Let V, be an almost contact manifold with the almost contact
structure (F, T, A). Then eqn. (1.1a) holds. Suppose that corresponding to
the eigenvalue ¢, there are m linearly independent eigen vectors, P (x =1, ..., m)

x
and corresponding to the eigen value —34, there are m linearly independent

complex conjugate eigenvectors ,;Q Of course, corresponding to the eigen-

value 0, the eigenvector is 7. Then

z ®
aP = 0=q =0 for all . (2.1a)
&

2z T
b = 0 =3b =0 for all x. w. (2.10)
z
Now,
x z
cP+dQ4-eT = 0 =
x z z z
cP =d@ = 0= cP+dQ = 0.
x z n x
These equations imply

x xZ x x
el =0, cP=0, d=0==¢=c=d =0 for all .
z z

Thus
{P: Q, TI l<x<m}
z z

is a linearly independent set.

Let L, M, G be vector valued linear functions defined by

LX) Y _X X, (2.2a)
2M(X) ¥ X 4iX, (2.2b)
GX)E 4(X)T. (2.2¢)
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Then it is easy to see that

L(P) =P, L@ =0, L(T) =0 (2.3a)
MP) =0, M@Q) =0, M(T)=0 (2.3b)
GP) =0 (@ =0 &T) =T. (2.3¢)

The equations (2.3) can be put in tabular form as follows:

) (@ (T)

L P 0 0 (2.3a)
M 0 @ 0 (2.3b)
G 0 o0 T (2.3¢)

Thus we prove that in an almost contact manifold ¥V, ,, there is & dis-
tribution 7, of complex dimension m, a distribution m conjugate to my, and

a distribution 7, of real dimension 1 such that 7, ;m and 7; have no common
direction and span a linear manifold of dimension 2m--1, projections on

Tms 7 and 71, being given by L, M and G respectively.

Conversely, assume that there is a distribution 7y, of complex dimension
m, & distribution 7, conjugate to 7, and a distribution 7; of real dimension 1,
such that m,y,, 77,,, and 7, have no common direction and span a linear manifold

of dimension 2m+1.

Let P be m L.I. vectors in 7y, and @ c.c. to P be L.I. vectors in ;m and
@ x z

T be a vector in ;. Let P, Q, T span a linear manifold of dimension 2m-1.
x x

Then {P, @, T |[z=1,........ ym} is LI. Let us define the inverse
set {;, ;, Al z=1,........ ;m} such that
Py @ I
v v
p & 0 O (2.4)
g 0 & 0 (2.5)
A 0 0 1 (2.6)
z 4
pX)P+g(X)Q+4A(X) T = X. (2.7)
z x

Let us put
XL pXP—aX)Q) (2.8)
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Then _ e e
X = i{p(X)l:—q(X)g}-

Substituting from (2.8) in this equation and using (2.4), (2.5) and (2.7) we
obtain

X = —pG(0P—(NIQP—gGX)P—1X)Q)Q

- ——(;<X>1:+2<X>g)
= —X+AX)T

which is eqn. (1.1¢). Thus we prove that ¥V, admits an almost contact struc-
ture (F, T, A). Hence the condition is sufficient also.

3. A PamrticurLAarR VECTOR FIELD

We know that a vector field V is said to be confravariant almost
analytic in an almost complex manifold if it satisfies

(L F)X) = 0. (3.1)

A vector field ¥ is said to be strictly almost analytic in an almost complex

manifold if both ¥ and ¥ are contravariant almost analytic, that is, if (3.1)

and
({; F)X) =0 (3.2)

are satisfied.

In this section we will consider a vector field V satisfying (3.1) or (3.2)
in an almost contact manifold.
Theorem (3.1)—If a vector field ¥V in an almost contact manifold satisfies

(3.1), we have

v, X]=[V, X}, o (A)
[V, XJ+[V, X] = AX)[V, T+ V(4X) T. .. (C)

Proof : In consequence of (1.15b), we have
(LF) X)= LX-LX=[V,X1-[V, X}
14 v v

In consequence of (3.1) this equation takes the form (A). Barring (A) and
using (1.1a), we get (B). Barring X in eqn. (A) and using (1.1a), we get (C).
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Corollary (3.1)—If a vector field ¥ in an almost contact manifold satisfies

(3.1), we have

[V, T1=0
(v, Tl = 4V, T)yr
AV, X)) =0

AV, X]) = AX)AQV, T+ V(AX))
AV, XDT = AX)[V, T14-V(AX)T

(3.2a)
(3.2b)
(3.2¢)
(3.2d)
(3.2¢)

Proof : Putting T for X in (4), (B) and using (1.3), we obtain (3.2a, b).

(3.2¢, d, e) follow from (B) and (C).

Before establishing some more properties of a vector field V satisfying
{3.1), in an almost contact manifold, we shall prove the following lemma

Lemma (3.1). We have in an almost contact manifold

(LFYX) = (LEXX)+-N(V, X).

Proof : Using (1.15b), we have

(LF)X) = [V, X[V, X]

(%F)(X) =[V, X}-[V, X].

Subtracting these two equations and using (1.17), we obtain (3.3).
Corollary (3.2)—The equation (3.3) implies

(%F)(X)HI;;F)(X) = A((I;F)(X)) T+N(V, X)

({;F)(X) = (gF)(XHN( 7, X)

(;‘I;F)(XH-(QF)(X) = A(J‘LIF)(X))T—}-N(V, X).

Proof : Barring (3.3) and using (1.la), we obtain (3.4a).

X in (3.3), we obtain (3.4h). Barring X in (3.4a), we obtain (3.4c).

Corollary (3.3)~—We also have in an almost contact manifold

A((II;F)(X)) = A(N(V, X))

A(L F) X)) = AN(V, X)).

(3.3)

(3.4a)

(3.4b)

(3.4¢)

Barring

(3.5)

(3.8)
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Proof : (3.3) and (3.4b) yield (3.5) and (3.6) with the help of (1.5).

Theorem (3.2)—A necessary and sufficient condition that a vector field
V satisfying (3.1) in an almost contact manifold also satisfies (3.2) is

NWV,X)=0 . (3.7)
Proof : (3.7) follows from (3.1), (3.2) and (3.3).
Theorem (3.8)— A necessary and sufficient condition that a vector field
V satisfying (3.2) in an almost contact manifold also satisfies (3.1) is

AL F)X)T+NTV, X) = 0. .. (3.8)
14

Proof. The statement follows from (3.4a).

Theorem (3.4)—If V satisfies (3.2) in an almost contact manifold V,,
we must have

ANV, X)) = 0. ... (3.9)

Proof : The statement follows from (3.5).

4. NDENHUIS TENSOR

In this section, we shall obtain certain properties of Nijenhuis tensor
in an almost contact manifold.
Theorem (4.1)—We have in an almost contact manifold

A_'(X—Y):N(X Y)—AX)N(T, V)—A[X, V)T, e (41)
N, Y)-~AXNT, Y1—[T, PR—A(X, YT - T(AX)T

— N(X, T)+A(Y}[X, T)—(X, T]}——A (X, PNT—XAX)NT ... (4.2)
NX. V)— ( (T, Y)+{AX) AT, Y)—A(X, TIT
—N(X, Y)+A(Y)N(X, T) —{A A([X, T))—A(X, TDHT. ... (4.3)

Proof : Barring X and N in (1.17) and using (1.1), we obtain

NX, Y) = —[X, T]+AX)[T, 711X, Y1+(X, 7]-A(X, T)T
~[X, Y]+ AX)T, Y]1+A(X, YT —AX)A(T, YNT. ... (+4)

Also from (1.17)

N, Y) = —[T, Y]—-[T, Y1+-A(T, Y)T. e (4.5)
From (4.4) and (4.5), we obtain (4¢.1). Barring X and then Y in (1.17) and
using (1.1), we obtain (4.2). Barring Y in (4.2) and using (1.1), (1.3) and
(4.5) we obtain (4.3).
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Corollary (4.1)—We have in an almost contact manifold

ANX, Y)) = AX)AN(T, YH+4A(X, T .. (4.8)

AN(X, Y)A(X, ¥]) = AXA(T, Y)—-TY(A(X)) S (47)
N&X, T) = N(X, T) . (4.8)
ANKX,T)) = AWNZX, 1)) = 0. .. (4.9)

Proof: (4.6) follows from (4.1). Barring X in (4.6) and using (1.5)
and (1.1a), we obtain (4.7). Putting 7' for Y in (4.1) and using (1.3),(we ob-
tain (4.8). (4.9) follows from (4.8).

Corollary (4.2—We also have in an almost contact manifold

NX, T)=A(X, T)VT+[X, T1—[X, T) .. (4.10)
AN(X, V)—AX)A(T, TD—A(X. ¥)+T)4(X))
= ABX, V)—A(Y)A(X, T)—A(X, T])—XA(Y)). .. (411)

Proof: Putting 7 for Y in (4.2) and using (1.3), we obtain (4.10),
(4.11) follows from (4.2).
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