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Inspired by a connection that exists between Laguerre polynomials, L;“) (x),
with different parameters, Brown (1967) has established a similar connection

for a more general polynomial f(,‘:)(x). In this paper an attempt is made to

enlarge this connection for a polynomial f(:)(xl,mz, ...y Tp) involving n

variables.

§1. In his paper Al-Salam (1957) observed that the Bessel polynomials,
originally introduced by Krall and Frink (1949) are essentially Laguerre
polynomials with the parameter of the latter varying with the index, that is

@, a, 1 —a—

211(-;“_) = (—1)PLG~2 g (L)
where it is understood that p.(z) denotes the reverse a%p (l/z) of a given
polynomial p,(z).

From the generating function for Laguerre polynomials

2 1@ = (—tytexp (), (1)
Brown (1967) recently derived
T (— 1) La-=-20(g)m —
#=0
a—2
1 2 2at
Vi—&) [ T~/ (1—4f) ] exP( T v/(1—4) ) - (13)

which, by (1.1), is the equivalent form of Burchnall’s formula (1951),

o tn
T "o
. y..(x,a,l)n!—

a--2

1 2 2t
VI —dat) [1+1+\/(1—4xt)] eXp(T-TV(l——.ut))' .. (1.4)
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Prompted by the nature of connection as exists between (1.2) and (1.3),
Brown (1967) ade an attempt to establish a similar connection for a more
general polynomial f‘“) In this context, he proved an interesting theorem
which states :

If there is a generating relation of the form

3 1Oy = (1—8)~*1F(x, 1), .. (1)

n=0
F(z, t) being independent of «, for given polynomials f{*(x), then

S (— 1 tg)m =
n=0

a2

v(ll—m [ 1+x/?1—4t)] 7 ( [1%@2) o (16)

Now, observing that (1.6) offers scope for further generalization, we
propose to make another presentation aimed at enlarging the connection as
depicted in the above theorem.

§2. Let
1
S@(zy, Ty -, Tp) = ( +a)”F pl—n; By ooy By Vs 2y, oy 2] ... (2.1)
where
Fpla; By, -5 Bms V3 2y ..y Tm)
_ E (“)k1+...+km(ﬂ1)k1.-~(ﬂm)km xklxkz Ep
Ky Ky oo Fopy= kil k! (’}')k1+...+km 172 0 m e
is one of the four well-known Lauricella functions.
Consider the series
E SNy, @y, ..., Ty )t
n=0
= E (1—{-0&)" Fpl—n; By, oo By La; xq, ..., T it
n=0
Eyte-+k
— Z % (““1) m(l“'*"“)n(ﬂl)kl e (v/?m)km t"xkl. xk”‘
n=0 k,+- +k‘m$n(n kl —"k‘M) 1kl' . km (1+“)k1+--+km rTm
o Bk, b o (B, k
= 3 —zt) L B (—agh) .. X
Fym0 k ! ( Zy ) kym0 k2 ! ( Ly )
o (Bmi
X h *'___"3( a:mt) 2 (1+a+k1+k '+' +km)n .

k=0 F!
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Thus we arrive at
-8, —B,,

“iﬂﬁf)(xl,xz,...,xm)tﬂ=(1-t)'1"“(1+1x_1ft) <1+_”—_’ff) o (2.2)

Next, we consider

[ -]
T 83 Mz, 2y, ..., T )P

70
kit tky,
— § ¥ o (—1) - (2—'“—'7‘”)1:(51)7‘1 (ﬂmlkjj‘>_
8=0 Byteeothpy & n(M—Fy—.—kp) Viy YRy U k! (2—a—10)ky 4. +Hom
k k
xll... x”:"t”
oo (ﬂl)kl ( tkl E (ﬂZ)kg ( ,)kz © (ﬂm)km Ene
= —Z — Xl —X, X
o BT T TR e By

neo B [a—1+(r—Dk+(r—Dky+ ...+ (r—Dkplg-1n

L (lgl)kl kK = (ﬂz)kz k © (ﬂm)k k
= X —agt) B e (—xgf) ©... X P —zmb) X
¥, =0 kl 1 ( 1 ) kg0 kg 1 ( 2 ) Ko km' ( m )
vyl ydr=1 ]
r y r 3 M 7' b4 [
rf
XrFr_y ==
oyl ytr—2 |
r—1" r—1"7"" -1 °
where

v = a—14+@—Dk;+...4(r—1)kn.
We put § = z(1+42z)"! and use the formula (Bailey 1928)

o a1 a+tr, —-i
r+17 17 7717 {
(r4-1)yr+t x ‘
'+1F r - r (1—z)r+
a a1 a+r—1
r b r y v r v ‘
= (l-ra)-1(1—2)". .. {2.3)
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It follows that

T S g )t = (142212 Y1 a2 . (L) ™,
n=0

(2.4)
where
z2(14-2y-1 = ¢
For » = 2, (2.4) becomes
b5 Sz, x,, ..., )P
n=0
2t s
= (L /(1 atr=(14-40)+ (14 S Em T ) x
2t B 2Lt P
N m!
x(1+ Ewy ) > (1 T /(1 4) ) a9

(2.2) and (2.4) suggest the following theorem which generalizes that of Brown.

Theorem—If there is a generating function of the form

T [y, xg, ..., TP = (1=t} 12F (2}, %y, ..., Tm, L), .. (2.6)
n=0
Pz, z,, ..., Tm, t) being independent of «, for given polynomials

f& (xy, %, ..., 2m), then

I fe ™y, x,, .., )i = (142)2%(14r2) 2 F (xl, Tgs -oer Tms ——)
n=0

where { = z(14-2z)™1.
Proof : From the identity
(1—=2)"*"1F (2, Zgy ..., Tin, 8) = (1 —8)" 21—t} 1F (2, 2, ..., T, E),

it i1s immediate that

z (:‘z‘ fos(@s Ty ..., Tm), .. (2.8)

fi(lu)(xl, Lgy <y xm) =

where f,(z;, %,, ..., Zm) denotes f®(z,, x,, ..., xm) for a = 0.
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If we replace o by (1—a—rn), (2.8) yields

o (1—a—rn)s
fr(ll * rn)(xb Lyy -.vs xm) =X ~_-._..__‘f" xl’ Lys ooes x’n)
$=0

_ 3 (=) (@

s=0 S ! (C‘)rn—s fn—s(xly Loy ooy xm)

To perform the desired summation, we start with

ac
Zo fE ™ @y, @, ..., Ty )EP
=

== sy, To, ..., Tm )"
n=0s=0 8! (X)rn—s Frmsl@rs @ m)
=__§ Xy, Loy ooy & tﬂ§ _.ix__‘__/’_'n_)"i¥, —t)
n=of"( v m) g=0 & !(“—*‘m)(r—l)s( )
N e N et R
r ? r 3 ey T ) '
o Pr .
- nz-of'n(xl’ Ty oo Zm)t pFy_1 ; (r—1)r-1 b }

: r—1" r—1 77 pr—1 t
where ¢, = a+rn. -
Let
= z(14-2)r-1,
Then, by (2.83), it follows that
E fl-a=m (g, z,, ..., Ty)t"
n=0
pod 2 "7 z a
= nZ_of,,(a:l, Ly ooy Ty )P [1—{—(7—1) s ‘ (l—m)
= 1-a -1
= (42p 4 3 fola @y oo m) [

= W= (1= ] F o o om gy

= (142)*%(14-r2)-1F ( T1 Zgs er T 1_:_3)
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where { = z(142)-1,
This completes the proof of the theorem.
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