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Let f(z) = z+ag2?-+... be & univalent funection analytic in |zj< 1. fe 5%,

if and only if, sz(_:zT) —1 i € 1—3in |z]< 1 and 0K 6§ 1. The main

- z
result of the paper is that if f& S%, then g(z) = (c-+1)z~¢ | te-e {f())® dt.
0

= 1 . . .
& S:u—&) where 0 € a i=s Similar results have also been investigated

for various subclasses of univalent analytic functions.

1. INTRODUCTION
Let S be the class of function f(z) regular, univalent in |z| < 1 and nor-

nalized by f(0) =0, f(0)=1. Let 8, C,, 0<p<1and 8, 0< &< 1
represent the subclass of S called respectively the class of starlike functions
of order p, class of convex functions of order p and class of starlike functions
of order & for which

f')_ _
1) 4<1&

the first two classes namely S} and C, are due to Robertson (1936) and the

last one namely g; is due to Wright (1969). The case § = 0 is due to Singh
(1968).

It is well known that a function f(z) € S
(i) belongs to S} if and only if

Re{z};’g)bpin l2l<1,0< p< 1

(ii) belongs to O, if and only if

Re {H"?(z(;)} >pin |2[<1,0<p< 1
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(iii) belongs to S} if and only if

1@ ! ,
z -1 1-din |z|<1, 00K 1.
The purpose of the present paper is to construct a many parameter class

of functions from the functions which are in 8}, C, and §;, into the same
classes. Our results incidently also generalize the results of Libera (1965),
Bernardi (1969) and Nunokawa (1969). This is mentioned at the end in
remarks.

2. PRELIMINARY RESULTS
We need the following lemma :

Lemma 1—Let f(z) and g(z) be regular in |z| < 1, g(z) maps |z| < 1 onto
a many sheeted starlike region,

B 4
e {eigf(g)} > afor |z| <1, a @ real and g(0) = f(0).

Then ,-Bf( )
e 2
Re {5

This lemma is due to Bernardi (1969) which is a slight generalization of
a lemma due to Libera (1965). Thus we omit the proof of this lemma.

}}afor [z] < 1.

Lemma 2—Let fz)€ ;. Then g¢z) = } te= {f(t)}* dt belongs to
0

(c-+1)-valent starlike functions for

c=20,1,2, .. and $°° LaK

_°
1—p 1—p°

Proof : First let

hz) = z2=*{f2)}*
then

zh'(2)
h(z)

Re { } = (c—a)+a« Re {zf’(z)} .. (2.1)

fe)
2 c—a-tap
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The c-valency follows from the argument principle (1958).
= (= ()

= (c—1) Afarg z)+A arg (2)+A arg ((f( ) ) )
= 2n(c—1)-+2m = 2mc.

The (c4-1)-valency of g(z) follows again by the argument principle. To show
that ¢(z) is starlike, we note that

Re (B } = Re {1457

Hence from Lemma 1 we have

Re [ZE} -0,

} > ct+l—a+toap > 0.

This completes the proof of the Lemma.
3. TeE MaiN THEOREMS
Theorem 1—If f(z) € 8%, then
c z
gy = LT T (g de € St

where 0 < a K ITIS

Proof : Let G(z) = (c+1)%2°9(z). Then by direct computation we have

#4196) = e+ D === {flel—o [ == {fi0) dt)

and
(21 (2)]' = (c+1)[(A—a)r{f)}*+aztt1~* {f(2)}*"'f ()]
whence
[z*g' @)Y ')
.W-_(H—l)[(l a)+a o ] . (31)
Since f(z) € 8} from (3.1) we have
g @)Y zf (z)
G~ | = et la R | < e la(i—8) . (32)
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Let us write

Fiz)= M'_(C_}_ 1).

@)
Then
| F)| < (c+1a(1—3).
Let 2 be any point such that |z| < r < 1 and let L denote the line segment
from 0 to w(z) which lies in one sheet of the starlike image of D = |z] < 1

by the mapping of G(z). Let L-! be the pre-mage of L under D and let
L = max |z|, where z € L1, then

(J)'ZF(z)G’(z)dz = j [{g' @)z —(e+1)G'(2)1d=
= ¢'()zctl—(c+1)G(z). .. {3.3)
From (3.3) by little manipulations we have .
|9’ @) —(c+1)G()| < (c+1)a(1~8)| IdG(z)l

= (c-+1)a(1—8) [ G(2)|. ... (3.4)
From (3.4) we ultimately get

"’9 (" 1E < a(1—8).

This proves Theorem 1.
Theorem 2—If f(z) € S, and g(z) is defined as in Theorem 1, then

1
9(2) € S}iap-1, Where 0 < a < -

Proof : As in the case of Theorem 1, we have

e () > o -srvee 5]

2 (c+1[A—a)t+ap].

Hence from Lemma 1, we have

Re {zz(g)} > 14a(p—1).

Thus g(z) € Sttao-1) if ‘l‘i—p Zzaz0.
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Theorem 3—If f(z) =2+ )75 a2 € C then 2g9'(z) € S;_,;, where g(z) is
n=2
defined as in theorem 1 and 2(c—1) < a < 2¢.

Proof : Proceeding as in theorem 1 and using a result of Strohhacker
(1933) and Marx (1932-33), we get

() el )

\Y

(o—a)+5

= —

o R

Since 2(c—1) < a < 2¢, from Lemma 2, we have

Re (51> (=)

This proves Theorem 3.

Theorem 4—1f fz) € C, and H(z) = #+1g"()+(c+)2%9'(2)—e(1— )+ g(e)
then H(z) is univalent and starlike function of order

o
pHie—3—
where

C+p_%<%<c+p~%’ 0229 3} 4!"';“} 1

and ¢(z) is defined as in Theorem 1.

Proof : The proof of the theorem can be obtained by computing H(z)
in terms of f(z) and f’(z) by making use of the definition of g(z) together with
the fact that f € C implies f € 8 atleast.

Remarks : Theorem 1 of Libera (1965) as well that of Bernardi (1969)
follows from our Theorem 2 by taking p =0, a=1=cand p=0, a=1
respectively. Parts of Theorem 3 and 4 of Nunokawa (1969) follows from
our Theorems 2 and 3 by taking p = 0=c¢. It is to be noticed that the
case when o = 1, ¢ = 0 is also included in our theorem which was left un-
proved by Bernardi (1969, referred as above).
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