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The thermoelastic equilibrium in an infinitely long isotropic elastic cylinder
containing two strip cracks is investigated. By suitably representing the
complex potentials occurring in the equations of thermoelastic equilibrium,
the problem is reduced to the solution of a set of triple integral equations
with trigonometric kernels. The set is solved by the technique of finite
Hilbert Transform. Finally, the analytical expressions for quantities of

physical interest are also found.

1. INTRODUCTION

The study of the problem of determining the stress distribution in an
infinite two-dimensional elastic medium containing two coplanar Griffiith
cracks was first initiated by Tranter (1961). Later on Srivastava and Lowen-
grub (1970) developed the technique of finite Hilbert transform which has
come out to be very effective for studying three-part mixed boundary value
problems. They applied the technique for determining the stress distribution
in the neighbourhood of two coplanar Griffiith cracks in an infinite and semi-
infinite two-dimensional elastic medium and in an infinitely long elastic
strip (Lowengrub and Srivastava 1968 a,b and Srivastava 1970). More
recently, Srivastava and Kumar (1970, 1972) have studied the problems of
finding the stress distribution in an infinitely long isotropic elastic cylinder
containing two strip cracks and in an infinite solid containing a cylindrical
cavity and two-strip cracks.

Srivastava and Baij Nath (1972) have considered the thermoelastic aspect
of Tranter’s problem. The method of integral transform is used to solve the
problem. Expressions for the temperature, stress and displacement fields
are found in the closed form. Tt has been found that there is concentration
of stresses and temperature at the origin. The authors have suggested that
the difficulty can be overcome by creating a hole at the origin.

In the present paper, we intend to investigate the distribution of thermal
stresses in an infinitely long homogeneous and isotropic cylinder containing
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two strip cracks. The method of solution is a direct extension of the method
for the corresponding elastic problem (Srivastava and Kumar 1970). As
observed by Srivastava and Baij Nath (1972), the phenomena of concentration
of temperature and stresses at the origin is also observed by the authors in
the present study. Again, the difficulty can be overcome by creating a hole
at the origin. The problem of two coplanar Griffiith cracks and a hole at
the origin is equivalent to that of determining the thermal stresses distribu-
tion in an infinite elastic solid containing a cylindrical cavity and two strip
cracks. This problem has also been studied by the authors. These results
will be announced in another paper.

2. FORMULATION OF THE PROBLEM

We shall consider the temperature and displacement fields in a perfectly
elastic cylinder. With regard to both the thermal and mechanical properties
the cylinder will be assumed to be isotropic and homogeneous. The state of
stress in the cylinder is created by the normal constant temperature field
inside the cracks so that the stress field is the same in all the planes perpendi-
cular to the axis of the cylinder. Thus, the above-said problem is equivalent
to one, finding the distribution of thermal stresses in a circular disc containing
two Griffith cracks symmetrically situated on a diameter.

The eylindrical polar coordinates are used. The cylinder is supposed
to occupy the region r = p, the radius of the cylinder, 0< 6 < 27,
—00 < 2z < oo; with the axis of the cylinder being Z-axis. The two strip
cracks occupy the region ¢ <r <b, 0 =0, 7 and —o0 <<z << 0. The dis-
placement vector U, for a symmetrical deformation, may be taken to have
components (U, Ug, 0) and stress tensor (gyr, Tggs Ora)-

The boundary conditions to be satisfied on 0 = 0 are

(7, 0) =0, a<r<bd e (20)
Or(r,0) =0, b<r<p o (2.2)
Ug(r,0) =0, O0<r<a b<r<p .. (2.3)

Since the temperature on the surface of crack is prescribed, we have

T(r, 0) = T(r) a<<r<b .. (2.4)

1 .
7 = 0, 0<r<a, b<ri<p. .. (2.6)
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The two problems to be studied are as follows :

Problem 1

The surface of the cylinder is free from traction and is kept at zero tem-
perature. The boundary conditions are

T(p, 6) = orglp, 0) = orr(p, 6) = 0, 0< 6K % .. (2.6)
Problem 2
The curved surface of the cylinder is rigidly clamped. This fact implies
T(p, 6) = Urlp, ) = Uylp, 0) = 0, 0< 6< /2. 2n
In addition, both the problems satisfy on ¢ = 7/2
orelr, m|2) = Up(r, m[2) = 0. ... (2.8)

3. Basic FORMULAE

Transforming to polar coordinates the basic equations of two-dimensional
termoelasticity in Cartesian coordinates (see Nowcki 1962, p. 380), we obtain
after some simplifications

WU 4iU,) = (k) —F@—c—)F B — e+ Vot Vi) . (31)
Trr+0g = 4'(@)+ ') —2KT . (32)

Trrt-iory = 2[¢'(2)+ )] —2(e—2)¢" () + o' () Je~ 0+

+[(V’"—‘i‘ V,,—;i— Y oo0) —2i (;12- V,,,—% Vi) | (33)
Too—1i0re = 2[¢'2)+¢ )1+ 2[(c—2)¢"?)+ ' (2)Je 20— KT —
(Tt Virmz Vo) =2 (3 Vmr Vra) |0 39)

where p is the modulus of rigidity, k¥ = (3—4) for plain strain and k = (3—7)/
(14-5) for generalized plain stress; 5 being Poisson’s ratio. For plain strain
K = Eay/(1—9y) and for plain stress K = Ea;; B being Young’s modulus and
@; the coefficient of linear expansion of the solid. 7(r, #) is the prescribed
temperature field and V(r, §) is a potential function satisfying the equation

V2V = KT
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where
02 1 0 1 92
2 — Y
Vi= 0r2+r 0r+2 062

The temperature field in the cylinder is determined by the Laplace

equation
Vi =0 ... (3.5)

in the steady state and in the absence of heat sources. The appropriate
expression for T in the problem under consideration will be obtained by
superimposing the two solutions for (3.5); one for infinite medium and the

other for circular disc. Hence the expression is

T(r, 6) = T AE(F’ e=%r sin? cos(Er cos B)dE+ > agncosnf. ... (3.6)
0 n=0

Clearly, the expression for ¥ would take the following form

Vir, 6) = —Ig T %(EQ (1457 sin §)e—4rsind cos(Er cos O)dE -+
0 -

o n+2
a,r®t

+K %
n=

_04(n+2)><cosn¢9. .o (3.7)

The appropriate expressions for the complex potentials occurring in eqns.
(3.1) to (8.4) for the problems under consideration will take the form

o) = ] iBEedit T L . (38)

@=3 L 39)

w(z) = . o (3
n—0 71 (

The expressions for the components of displacement and stress can be

found by substituting the values of ¢(z), w(z), T'(r, 8), V(r, §) and their deriva-
tives in (3.1) to (3.4) and then separating the real and imaginary parts.

4. Tar TemPERATURE FIELD

The temperature field inside the cylinder is supposed to satisfy the boun-
dary conditions (2.4) and (2.5). These conditions give rise to a set of triple
integral equations to solve
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i A(E)
1]

-

z cos Erdé = %P(r), a<<r<b
;fA(a)cos B =0, O<r<a . (1)
[ A()cos £rdt = o, r>b J

where
P(r) = ;1 [ T6)— ni;o @, |-

Srivastava and Lowengrub (1970) have shown that the solution of above
set is given by

;— (1—cos Et)dt (4.2)
where A(#?) is an unknown function to be determined from the condition

C
2N ’
h(t ) - ﬂ[TP (T)]+ {(tg__a/z)(bz__tz)}i (4‘3)
Here C is an arbitrary constant which is determined from the condition
b h(t?) 2 b rP(r)
t{ dt = - {b a} ‘{ R dr. e (4.9)
o8 bia
Also A represents a Hilbert transform operator and
1
20 ((2—a?)(bP—2?) | xF(x)dx
AF@) = - ] g | . (45)

To complete the solution of the set (4.1), we satisfy the boundary condi-
tions (2.6) and (2.7) for T(p, 6)

The condition T(p. §) =0, 0 0 m[2
yields
2n
® bR 12 (¢t cos 2nf
a, pA neosnf— [ —L | 21— dt = 0. ... (4.6
0+”=1anp " 5 ¢ [_1{p} 2n ] (4.6)

From the above equation it is clear that a, and all the odd coefficients
%,4+1 vanish and even coefficients a,, are given by

2
aanz,. = ! h(t )

= g Sl w> 1

(4.7)
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Hence the expression for P(r) occurring in (4.1) takes the following form

Pp) =2 [T( r)— _f h(:z){’%: + 50 +0(p—12)} dz | . (48)
and
b
P(r) = % | 70— I h(xz){ ,9:2 + +0(p—12)} dn]. .. ()

We now solve (4.3) by evaluating the arbitrary constant C by utilizing
the condition (4.4), thus

3
4ab b yP()d 202 o [ Br—p2\}
= i Zz(rb)j it j{;z—:gz—} P'(r)dr. (4.10)
7 log { e } o
Substituting the value of € in (4.3) we obtain
R() = )+ [ ah(a) M, 2)dt . (411)
where
Sab b yT(r)d:
40 = — gy | e+
7t log { =2 s b
4a? b (B2—r)T'(r) 2 ,
tEsm ) s T T KTl
and 1
M(a?, t?) = ~ ) ({20t —(a®+-b%)2+ B} p~2+
+{20—(a®--b%)t44- 012y }a%p B+ O(p1%)]
where

SE) = {(P—aB -, o = [3et—b—2a%7)

ab(a?+-b62)
log {b 7 }

{3(a4 -+b%)+4-2a%h%}ab

8 log (2+a)

0 = a—a?(a?—5b2).

f = —2(at—ab?),

—2a%
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The equation (4.11) is a Fredholm integral equation with weak singulari-
ties at the end points. Inspite of this, all fundamental theorems of Fredholm
theory are applicable to eqn. (4.11), if they are stated in a suitable manner.
This will be shown by reduction of (4.11) to a Fredholm integral equation
with bounded L%*a, b) kernel. Writing (4.11) as

R(x2, 12)

H(t?) = o(t?)S(3)+ ixﬂ(ﬁ) S

dx . (4.12)

where

H(?) = S()h(t2)
R(a2, 2) = SE)M(a?, 12).

It is easy to show that R(a?, ¢*) is bounded with respect to variable &.
The first term on the R.H.S. of (4.12) is also bounded. The variable x will
now be replaced by x? = a? sin? §+b%cos?d. With this transformation
(4.12) reduces to

HP) = p@)SE)+ | RHE)RE?, #)d6. . (413)
0

This is a Fredholm integral equation with a bounded L2(0, /2) kernel.
Thus the solution of (4.11) is equivalent to solution of (4.13) in ordinary sense.
Consequently we can conclude that the Fredholm theorems are valid for
(4.11).

Since p > b, | M(2?% t*)| < L, where L < 1, the solution of (4.11) can
be written as

h(t2) = hy(t?)+ Ry (82)p—2-+Ry(t2)p~B8+ ... v (4.14)

where

ho(t?) = (%),

14— (g2-1-b2)2 b
b= (1) HEED

ht) = — (&) [ 2Ll Bty jho(zz)xsdx—l—

5@
o8 — (21 B2)e2 b
g2 ,sj(utz) 4B i‘kl(xz)zdx].

12
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When 7T(r) = T, a constant, the solution of the integral eqn. (4.11) is
given by

k= oy (o { [ 552) 08} e

— (@224 B} —(aP - b2){ 265 — (a2 +- B2+ 82y} pS+

+0(p~1%)] e (4.15)

where

The expression for the temperature field can now be found. It is given
by
_ T 4@
o &

cos ErdE - § @y, 720
n=1

2
b log’ 1'—;2‘,
— 4 f —— T MY

b h(t2 @ £)2n
f (z) [511 %%%]dt. .. (4.16)
Hence
([ Pn (e, ay/F—P) +b/[@—19
8 ab J r(a—+b) -
_ B2—r2)p~* i
@+ V=g TO ) J+
+Q(r), 0<r<a
T(r,0)=0 < T, a<<r<b
Pr | 2—pY ., VvV (P—b)+by/(rP—a?)
& |G o Py +

(b*—a?)p—* ~
2{‘\/(’)‘2 02)"‘\/(7'2 DI +0(p 3)]"(‘

L +Qr), r<b v (417)
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where

o) = S0,

5. TaE THERMOELASTIC FIELD
We divide the solution of the problem into two parts.

(i) Condstions on Cracks Face

The boundary condition (2.2) is identically satisfied. The boundary
conditions (2.1) and (2.3) lead to the triple integral equations

-

T BEosErde=0, o0<r<a
0

f EB(E)cos (Er)dE = %G(r), a<r<b } . (51)

T BEjeos @) =0,  r>b
0

where

G(r) =

3w

[ 1:210 {2n+2)(2n+1)(Cy, o+ dg, )r20}—

A(E)

— 5 (vt Dagrte—K T 2 costr 2t |

= %2’ [ § {(2n4-2(2n+1)(Cypyotdy, )22 —

n=0

—K { T(r)+3 ”5;‘0 (n— 1), 12 }] .. (5.2)

In (5.1) and (5.2) we have used the following definitions

BE)=2B(E), A@)=24(¢),

_ One _ (n—2)p.,
nC, = 1 povits and

- Px
dy = nil
The set of triple integral eqns. (5.1) is solved by the method of Srivastava
and Lowengrub (1970). They have shown that the solution B(E) is given by
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B() =é— ? g(t?) sin &t d¢ ... {5.3)

2|

where ¢(t?) is determined from the condition
9(82) = — K[G(r)]+C"[S(t?) .o (5.4)

('’ is an arbitrary constant and is determined from the condition
b
[ g(t®)dt = 0.
a

(i) Conditions on the Surface of the Cylinder

If we substitute (5.3) in the second equation of (5.1), we get a relation
connecting the unknown function g(f2), the coefficients and the known funec-
tions T'(r) and A(#?). The remaining two relations are given by the conditions
on the curved surface of the cylinder. We shall deal the two problems
separately.

Problem 1—Here the conditions to be satisfied are orr(p, 8) = o45(p, ) = 0,
for 0 < 0 < 7/2. The equation (3.11) will give us g.(p, 8) and ory(p, 6) on
separating the real and imaginary parts. Thus the above condition gives us

b ©
— [ 9@ | e~%#stn0 gin E{(1—Ep sin 6 cos 260) x
a 0
X cos(Ep cos 0)4-Ep sin 6 sin 20 sin(%p cos G)}dE]di—

t2) T ® o—gpsin
l J £ (1 cos Ef){(1—Ep sin 6 cos 26) x

K |
% ¢0s (Ep ¢os §)--Ep sin 0 sin 20 sin(Ep cos 0)}dg] di—

—”g [ ntn—1)C, ”‘2+{(n+1)(n-—-2)dn—§ (n—2)a,} pm Jeosnd = 0
- fg(tz) [ Ie—fﬂsm sin £¢.2p sin 6.sin(20--Ep cos O)dE ] dt—

—K I h(t2) [ J e~%rsind(1—cos Et).p sin 0.sin(20-+Ep cos 6)dE } dt+

+ 3 [n(n—l)onpn~2+{ n(n4-1)— % a, } o ] sin 76 = 0,

n=0
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Substituting the values of inner integrals from the Appendix, we get the
following two equations to determine the coefficients C,, and d,,

b
g[—~+ Z (nt1)

a2n-1  a2n41
{ p2n+2

} cos 2n0 ] gl{a2)dx—

b o x2n-1 a2n+l
Jz [ n—g——n+1) —s ] sin 2nfg(x®)dz+
a P P

b
+K ‘_‘[ [ Hx/p)y® (1—;;) sin 2n0] h(%z—) dx-+-

+ E [ n(n—-l)O’,,p"‘H—{ " a, } pr ] sin nfl = 0.

n=0

From these two equations we derive that

b
2d, = K g%[g(x2)+§ k(xz)]dx, . (5.5)

and for » > 1,

b
2(2n+1)d2,,p2"=f{2(n+1) e (2n+1> o
a

K %/ 2n41 \am-1 2241 K
—?&f {( = ) g pinit }h(xz)dx—}-E a3,0%", ... (5.6)

-1

22 4 Yl
2n(2n—1)Cy,ptn~2 = | font"gg

2041
—(2n—1)(n<-1) gmg} X

K
2

b 28—
X g(a?)dac+- £{ ra ' (2n—1) wz} h(a?)d e (57)
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Problem 2—When the curved surface of the cylinder is rigidly clamped
the boundary conditions to be satisfied are

Usp.0) = Uylp, ) =0, 0<0< T

In contrast to the first problem in this case the coefficients C,, and d,, are
dependent on . Hence the elastic properties of the cylinder have to be
accounted for. Just for the sake of simplicity, we have put y = % A pro-

cedure similar to the first problem leads to the relations

K

b
dy=— 3 (5.8)

and for » > 1, we have

b
4onp*ttt = | {(9c/p)2"‘1 2(311)( /p)2”+1} g(a?)dz+

)

4 1 /)Zn—l 20+ B (22, K 2n+1 5.9
+ [ {aalomie 2 o) o SEaiT) el e (59)

b
400, ot = | {(nt D(elp)rt— g2 alpya) gtdot

4n?

{(:19/,0)2"+1 2n(le)(x/p)““l} h(x2)dx—}—- Ka,, p>*+1. ... (5.10)

K
T

R ey oy

From these values of a,,, C,, and d,,, we derive that
2 K? b
G(r) = ;[—KT(r)+—2— [ T, Nh2zdz+ [ S, r)g(xz)xdx] ... (5.11)
a [

where for the first problem

3 22 1 = x2 x!
Mo r) = So—ti—ga 5 rlptin] @n+3)—sn1) S +n k17 |,
3 2 1 =
o, 1) = 5— o TR Z (W/Pz)z”[(2n+3)(n+1)

2 zt
—4n+ 1P S5+ n )+ 2) g |
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and for the second problem

Pen=— 15+ iz + z (xr/pz)zn[ 247;1 —
— (w5 )@+ 2 @]
8z, 1) = — 1%2- +E§—+£2- El(xr/pz)z"[(n-}-l)(n—I- % )—
SIS oyttt 2)nt el -

When p > b, I'(x, r) and &(x, r) can be approximated to
L(w, r) = Byp~2+(Byx?*+Byr?)p~t+ Byr?x?p=+0(p~F) e (6.12)
3@, 7) = Agp=2+ (A @+ Ayr?)p=+ Arp=o4-0(p™5), e (5.13)

where the values of the constants for two problems are

Prob.1 Prob. 2 Prob.1 Prob. 2
4, 3 —7/4 B, 3 —3/4
4, -2 1 B, —1 1/4
4, —6 3 B, —5 1
A, 16 —35/4 B, 8 —5/4

We now consider eqn. (5.4). To evaluate the arbitrary constant C’, we
integrate the whole equation with respect to ¢t from a to b. Thus

b0
O =g | MG

and
]
g2 = — .Ae[G(r)]Jr_ﬁ”(t_a) f ALo0

Substituting the value of G{(r) from (5.11) with I'(z, r) and &z, r) given by
(5.12) and (5.13) we obtain

g(t®) = x(&®)+ f xh(x?)N(2, *)dx+ f xg(x®) M(22, 12)dz. ... (5.14)

where

x®) = 2K [ H @Oy | T
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N, ) = — oo (P~ 8B /) Bup-*+ B4+

o — (@B 'Y Byp=t+ Byatp=5) -+ 0(p~9)],
2
wS(t?)

+H2U (@254 BYB,p~+ Bt} +0(p)],

where
. 2 (a2-b)E
pr=tr{g e}

and F and E are complete elliptic integrals of the first and second kind.

M(?, ) = [(2—b2E[F)(Aop~>+ A2%p~")+

In deriving (5.14), we have used results given in Appendix. It is obvious
that eqn. (5.14) is a Fredholm integral equation of the second kind. If we
observe the kernel M(x2 %), we find that it is a Fredholm integral equation
with weak singularities. If we recall whatever we have said for such integral
equations in section 4 and apply the same reasoning to write the solution of
(5.14), we find that

9(8) = go(B®)+g1(P)p~ 1 +-ga(PP)p~2 - ... «. (8.15)
where
FoB?) = x(3), gi(t?) = gs(t®) = ... = 0,
2__H2 b b
go(l%) = Ltms{)-Tf;/ﬁz‘ [ 24, ;z[ xgo(x?)— KB, ‘Lwho(mz)d{lt],

2__p2 b
0ty = CogRD | 1 (2 wigy(an) 24 g5(aado—

£964 — (a2 - b2)2 1 B')
78 X

b
K [ Bathy(a?)de ]+
a

KB,
2

T b b
x| 4, J apletle—=5" f aho(a)dz ),

2_b2E|F b
gelt?) = (t_v?}w—z)/“) [ 2 [ aldogala®)+ Asigyla)de—

b — ’
~KB, | sheyia |+ LE=CIILEY

b b :
x| § slawtonet)+ dgyapda—EPe | athoans .
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6. CrAckS OPENED BY CONSTANT TEMPERATURE : (QUANTITIES
or PrysicarL INTEREST

In particular, when the prescribed temperature on the surface of cracks
is constant we have

Tiry=T
and
_ 2KT
go(t?) = S(tz) {*—bE[F);
2KT(Cy+d,)
galt?) = 77(8'—((;:_ {(?—b2E[F)}
12) = 2KT 2 4 2.1 p2)2
2) = 2KT 2 4 (o2 Bh2)i2
0o) =~y LCxHd)(E—b BIF)+(Cotd) (2t — (@ b4 41)
where
_ [ B*E  a*b? _ ab B,
Co=17~— "3 ]A"’ do_‘l {b_"a}
i b+a
2
2__p2
Cph4 __Byd
Oy = =, dy = — 50
24, 2 2B,
Cy = Cudy—Coly -y Catdy) { (Z522) 48,
4,0, A,C _ (a*4-b%)Byd,
C, = 2;'5411__ 2200 (Co+-dy), dy = — 1B, 3%
—B.Jd d at—b2\2
=55 =5 {(==)+#)

Hence the unknown function is given by

g(6) = 2 (=82 B[P}~ 1+ (Cort dolo~>+

+(01+d1)P-4‘l‘(oa+ds)P4}+{2t4“(a2+b2)t2+

B H(Cort-d)p™+(C-d)p=3-+0(p~%)]. e (B1)
13



216 SRIVASTAVA, KUMAR & BALJ NATH

Stress Intensity Factors

The stress intensity factors at the two ends of the crack are given by

N,= Lt (@a—7)toge(r, 0)], O<r<a (6.2)
r—>a-

Ny = Lt  (r—=b)oulr, 0)], r>b. .. (6.3)
r— bt

The real part of eqn. (3.12) gives us

Canlr 0) = —2 | EB(E)cos trdi—2K | L&) os trgz
0 1]
+2 = [ 2n(2n—1)0ypt-tdren { (204 1)(20 4 2)d,,

—% (n+1)a2n}].

Substituting the values of A(£), B(£) and using the results given in the
Appendix we obtain

oulr, 0= —2 [ 2 4 g flogll—i2/r2lht2

dt+
a PP—7°

+2 5 | 2n(2n—1)Cy, =247 | (2n-1)(2n+ 2)dy, —

n=0

£ w1 izn} | (6.4)

For 0 < r < a, we have

~2 [ 408

e = 287 [{ “EET 1} (14 Ot oot

904 (2 1 B2Vp2L B’
HOu+d)ptH(Cytdg)ot)—{ 2+ @ ;b it bx

% {(eatdy) pt+(Cut-dy)o440(079)]
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®log|1—3/r?|h(t?) ,,  KPm| (Bp~t—2)
—k f t dt = 2 [ ab X
loo aV/ (b2 —r2)+-by/ (@ —1r?) (b* —az)/)_4 g
B NS e =l

where R = {(a®—?)(b2—r%)}}, and for r > b, we have

b 4

G r*—b2 BJF
—2 [ SO0 ar= ok [

R,

—1} (—14

(Ot d)p=+(Cy +dy)pt 4 (Cy +-dy)p=)+

Opd__ (g2 p2)p2
+{ ri—(a?-+b2)r4-

1

=22} +{(Cot-dpdpt+ (Cortd o~} + 0o~ |

b _$2/n2 2 o
g R g Pt
a ¢ 2 ab
— _ b2 —a?)p—
%lo aV/ (r2—b2) b/ (r*—a?) ( o).
s r(a-+b) 2V (P —ad) -V (r— b2)}2 (b )]
where R, = {(r®*—a?)(r2—b%)}}. The series ocecurring in (6.4) is given by

2 £ [20(2n—1)C,, 1224 (204 2)(2n+ )y, — K T (n-1)ay,r
n=0

n=0

— 2 £ (2n4-2)(20+1)(Capyotd, PN —K 3 (nf1)ag,rn
n=0 n=0
b
= 2 [ ag(a®)[Agp~ 2+ (4, 22-+ 4,r?)p~t+ A 2% %~ 8]dr+-
a

b
+5 ] Bt (Bt (By— B+ Bttty tlde = fir).

Hence the stress intensity factors as estimated from (6.2) and (6.3) are

2
Ve = masays (PEIF—a)(= 1+ Cotdop~+

+(Cy+dy)pt+ (Cot-do)p—}— faX(@?—b%) +
+ B3 {(Cot-dy)p=2+(C y+-d)p~8 4 0(p~8)] e (6.5)
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and

2KT
Mo = oy PA—BIP—1+(Cot-do)o>+

+(Cy+dy)p 2+ (Cs+ds)p~8} +{b*(b%—a?) 4
+BH(CoFdy)p~+(Cy+-dy) p~8}4-0(p78)]. ... (6.6)

Shape of Deformed Cracks

The displacement along the erack is given by
b
puUy(r, 0) = 2(1—9) [ B(E)cos &rdt, a <r <b. ... (6.7)
a

Substituting the value of B(£) and changing the order of integration, we
obtain
b
#Uyg(r, 0) = 7(1—7y) [ g(t*)dt
r

or

Uytr,0) = ZELC=D [ {14 Gpdpt+ [ (O )+
g @B Cytdy) [t [ oy (@B(C+
+d)o | }{ B 90— F F$, 0} +{(Cortdpdptt

+O A —at) B . 1+0(p) ] e (68)

where F(¢4, q) and E(¢, ¢) are incomplete elliptic integrals of the first and
second kind and

sin ¢ = {(b®*—r?)/(b®—a?)}.

Here, it is interesting to note that there is concentration of temperature
and stresses at the origin. The damage of the elastic material due to this
effect can be avoided by creating a hole at the origin.
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Appendix

It is simple to derive the following results :

® cos(Ep cos &) o niz | SIN(2n+-3)0
[ e~testnb(1 —cos Ex)} dE=— X o } (1)
0 sin(Ep cos 0) n=0 P cos(2n--3)0
o C(1— cos(£p cos 6) @ 2n  + COS 2n0
[ e~¢tesind ( Cgos Ex)} . de =TF % —2;2%} . e {(2)
0 sin(£p cos 6) n=1 “MP"" 3 qin 2n@
T eosing (1—Cc08 Ex) } cos(£p cos ) = § 2o } sin{2rn—1)0
eepsing A =
0 : sin(£p cos 0) -1 2n(2n—l)pin cos(2n—1)¢
(3)
w . cos(Ep cos ) o L s§in(2n--1)6
[ e-tosing S E‘?} =3 ! - z (4)
0 sin(£p cos 6) n=o (2n+1) \ p cos(2n--1)0
- . cos(£p cos 0) o g2n+ly €OS(2n-2)0
J e~tosint gin Ex di =T X% {m} ... (5)
0 sin(£p cos 6) n=0 \p sin(2n+2)0
© _ cos(Ep cos ) - g2n+1 y Sin(2n+3)0
[ Ee-tosind gin £y dE=— % (2n+2) Tm—} (6)
0 sin(€p cosf) n=0 P cos{2n--3)0 '
With the help of these integrals we can show that
T e~$rsind[(2 2y Ep sin ) sin 0 cos(Ep cos §)—(1—29+
0
sin £z © [ ptl Bk
. . n z
—+E&p sin O)cos 0 sin(Ep cos 6)] z df = 1 n2=1 { 1 (~p ) —
nfle2y (a0
R v (—) } cos 2nf. o {7
f e=40stnb[(2 2y Ep sin G)cos 6 cos(Ep cos 6)+(1 —2p—
~Ep sin 6)sin 6 sinp cos 6)] 2 & g
2+l an~1
-1 nt+l /2 n4-29—2 | x .
_,,},:_0[27&-{—1 (7) T Ton—1 (}7) ]Sm 2n6 e (8)
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— f Epe~trsind gin @ sin (204-£p cos O)sin ExdE
[

© 2n—1 x2n+1 .
=X [”’xpzn —(”l+1)pzT+2 ] sin 2n6. . (9)

n=0

— f e=%esind [(1—%p sin 6 cos 26)cos(Ep cos 0)+-Ep sin20 sin 0 sin(Ep cos)] x
0

i T © x2n—1 x2n+1
sin ExdE = —/-)—2—|-n2=1(n—{—1) [ Pz — P ] cos 2nd. . (10)

L

[ e—tpsind[(1_Zp sin 6 cos 26)cos(Zp cos O)-+Ep sin 20 sin 6 sin(Ep cos 0)] X
0

2n
(l—cos&x) .. _ P © [l—mn/x x2"+2]
Xy BT gt B <’,?) gpm | 00820 o (1)

— }o e=¢psind 5 sin 6 sin (20-+-%p cos O)(1—cos Ex)dE
)

2n 2n42

-1 21(5) -

[ e~¢r8inf[cos 6 sin(Ep cos 6)--Ep sin O sin(@-+Ep cos 6))dE

] sin 2n0. .. (12)

|8

. - 1 . 2n+1 n—1 » 2n—-1
—5t+ 2 [ T 7)_) s (;) ]cos omh ... (13)

and

}o e—%rsind [sin @ sin(Ep cos 6)—Ep sin 6 cos(f+Ep cos 0)]1dE

0
2n+1

2n-1
_ %il[%!__l_ (%) ._%_1@_ (%) ] sin2nf ... (14)

We now list some important results which have been used in previous
sections. Some of these results can be found in Gradshteyn and Ryzhik
(1965).

()b tdr = o F (7.,q) = Fp .. (15)

R emy,

b b
§ (2 —a?)(bP— )t dt — bE (?, q> — bE ... (16)
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where ¢ = 4/(1—a?/b?) and F and E are complete elliptic integrals of the
first and second kind.

b tdt
R G

b tlog|1—e2/r?|

(G T

b Blog|1—2/r2]
{(t2—a?)(b2—2)}

R oy

r2)

7 log

!
|
dt = | mlog

mlog -

V(@2 —72) 4 /(b2 —72) ,.2

2r
V(b*—a?)
R T
Vit

g“(az—i—bz) log AGH b?—r?) +
(b2 —a?)?
4 V@A) A/ <7<
u S
3 (a*+b?) log Y
dt =
+% (@®+b2—2r%), aLrb

m

—a)+ V(b

7 (@452 log Y

(b2_a2)2
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