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Boundary layer equations for the flow of a second-order fluid past a semi-
infinite flat plate have been integrated using the method of series expansion
in terms of a suitable parameter assumed to be small. The resulting equa-
tions are integrated by the method of steepest descent. Displacement
thickness. and tangential and normal stresses at the plate have been deter-

mined.

1. IxXTRODUCTION

The present paper is devoted to the study of flow of non-Newtonian fluids
past a semi-infinite flat plate, the constitutive equation for which has been
given by Coleman and Noll (1960) as

4] 2) (N )
Tij = — PO+ 2B+ 2B+ 4ps By, B e (L)

where 7;; is the stress tensor, ju, jio, 3 the material constants and p an in-

(1) (2)
determinate hydrostatic pressure. B; and B

; are known as first and
second order Rivlin-Erickson tensors defined as,

m
Bij =} (v;;;-+v; ) e (12)

]EL?:,- = }(a;,;+a;. i+2v, 7, ;). ... (1.3)
where v; and a; are velocity and acc. vectors respectivelv. Coleman and
Markovitz (1964) have proved that p, is negative and p, is positive. Certain
colloidal suspensions and high polymer solutions behave as second-order
fluids; and these material constants have been determined experimentally
by Markovitz and Brown (see Truesdell 1964) for a solution of poly-isobutvlene

in centane.

The boundary-layer equations for these fluids, have been derived by
Rajeshwari and Rathna (1962). Recently Maiti and Srivastava (1966) have
integrated the equations for flow past a symmetrical cylinder. They have
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used the method of series expansion of the stream function in terms of uni-
versal functions.

In the present paper we discuss the boundary layer flow of second-order
fluids past a semi-infinite flat plate. For Newtonian fluid this problem was
first considered by Blasius (1908) who reduced the boundary-layer equations
to an ordinary non-linear differential equation by a suitable similarity trans-
formation. Unfortunately, similarity solutions are not possible in the present
case. We have, therefore, used the method of series expansion in terms of
a suitable parameter assumed to be small using Blasius solution as the forcing
term. The resulting equations are integrated using the method of steepest
descent as developed by Meksyn (1961). It is found that the shear-stress
at the plate is less than its value in the Newtonian case, while the displace
ment thickness increases due to second-order effects,

2. Basic EQUaTioxNs

Consider the steady flow of an incompressible second-order fluid past a
semi-infinite flat plate. The co-ordinates £ and § are measured along and
normal to the plate respectively. Let u gnd » be the velocity components
in the directions of z and § respectively. Boundary layer equations for
steady two-dimensional flow with uniform free stream velocity U, are

2 au_‘h@a;’ o “ajii+ ’@ 0% Yy, Pu v 0% _z_a;u’ _fafgﬂ (2.1)
“ox %y T Vo %25z ot " om0 TV 0 o > -
Jd i p o L du 2 5 s
ag[;‘(Jg*ﬂg)(@ ) }~0(8) e (2.2)
Ju | ov
plaf A 2.;
izt a7 0 o (2.3)
H Ha Hs . . .
where v = s vy = re p being the density of the fluid.

If we set v, = 0, these equations reduce to the classical boundary-layer
equations for a semi-infinite flat plate. Blasius introduced the similarity
transformation

Yy =

[ ,_I{L)ég, U = lff’(?]), v :< V;:; >% Wfl‘f)

[
\ 2vE

in the classical boundary layer equations and obtained the following equation
for the flow function f.

S =0
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with the boundary conditions,

f=f=0 at 9 =0, ff=1 at -0

Similarity solutions of eqn. (2.1) in terms of # are not possible. However,
useful solutions in terms of % can be determined by a method of series expan-
sion in terms of a suitable parameter.

Equations (2.1) and (2.3) are made dimensionless by introducing the

following dimensionless variables :

Uz Uy oy u
.T~—V, y———;—, 77—\/—276, u“—U’

ou 2 ou 0%u PBu 03w  Ou O

ou
ou  dv .
et5y =0 . (2.5)
2
where ¢ = Vivg—

Equation (2.4) suggests that we may expand the dependent variables
in terms of ¢. We write

U = Uyt+eu;+... ... (2.6)
v = vytev+... e (27)

Substituting these expressions in (2.4) and (2.5), and equating the coefficients
of like powers of ¢, we have :

Zeroth-order equations,

Ou, Ouy 0%,

Uy E +1)0 —ag = 7‘7/_2‘ ves (2.8)
ouy | Ovy
Tt G =0 . (2.9)

with the boundary conditions,

Uy =2y =0 at y = 0; Uy =1 at y— oo,
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First-order equations,

Ouy |, Ouy Ou,
P T Oy T

ou,
0 gr T By

0%y | Ou, azuo_l_ PBuy PBuy | duy 0%,
T T e o M may T T oy e o 1O
aul vy
+ 5 = 0 e (2.11)
with the boundary conditions,
Uy =v;, =0 at y=0; #, =1 at y— 0.

The zeroth-order equations are the well-known boundary layar equation
for Newtonian flow past a semi-infinite flat plate. Blasius has given a
numerical solution of these equations by expanding the flow function ‘f° as
a power series near the plate and joining it with the asymptotic solution
holding away from it. Recently, Meksyn (1961) has obtained the solution
by the method of steepest descent. He obtained the function f as,

a , a° , 11a® 375a4 27897a5 :
T s T T T T e 1 e (212)

where
a = 0-4696, ... (2.13)

We shall integrate the first-order equations by the same method. In
the first place we notice that these equations may be reduced to

G +fG = ff" 3o —f )+ G—2f' G ... (2.14)

where a prime denotes differentiation with respect to #, by the similarity
transformation

=), —-? af =f). 1=
e =1 e
ul - ? (77)7 ?)1 - ‘2‘\/2:1: (77 + )

The boundary conditions in terms of ¢ take the from

G=G =0 at =0 1
. . (2.15)
@ =0 at 5y — 0. J
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3. IXTEGRATION OF Bouxpary Laver EQUuaTions

To solve eqn. (2.14), we assume
Glp) = Z = 97, .. (8.1)
7=

where G(y) satisfies the boundary conditions (2.15) at y = 0 and b, are
constants.

Substituting the expansions (2.12), (3.1) and their derivatives with res-
pect to # in eqn. (2.14) and equating coefficients of like powers of 9 on both
sides, we find the coefficients b, in terms of @ and b, as

by = — }a?, b, = 0, by = —4ab,, by = a3, )
b, — 0, b= TIhy by yoal, by =0

3 . (3.2)
by — — 3750a%,, by = — 22937 4
bys = 0, bys = 362661adb,. J

To obtain the solution of (2.14), we substitute (2.12), (3.1) and their derivatives,
considered as known, in all terms in (2.14), with the exception of G'’() and
G"(n), and integrate it as a non-homogeneous linear differential equation to
get

G"(y) = e B(y) . (3.3)
where Fy) = jﬂ fdn = ® § d,pP
0 n=0

o) = A+ [ U F MG F )+ G2 6 e 2y

and A is the constant of integration. The constants d, can be easily evaluated
from (2.12) and (2.13). The unknown constant b, is determined from the
boundary condition at ifinity, viz.

(' (o0) = Ofwe‘p("’ d(p)dy = 0. .. (3.4)
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This integral is evaluated by the method of steepest descent. Following
Meksyn (1961) we assume

() = nEO L .. (3.5)

Combining (8.1), (3.3), (2.12) and (3.5) we obtain the constants ¢, in terms
of @ and b, by comparing like powers of # on both sides of the equation as

o = by, ¢ = — 102 ¢, = 0, 03:——%)2]
. a —~0 __a%, _ 221a%
4T T1e BT %= T30 T axTd
L (3.6)
o _ 1la%, _ 5937a5
=5 %= TTRT 0 ‘T Tao)!
4500a%b
¢ == 0, Cyp = ——157'1
J
Tet,
Fo)=n* Z dg =1 (3.7)
n:
which on inversion™ gives
A Ym+1)
= X LRy & .
T e D) 7 58
where A4, is the coefficient of y™ in the expression
2 3 4 —4(m+1)
(do+dyy-+donp*+dayPHd ) .
It can now be easily shown that (3.4) reduces to
a0 ; ! l
¢ (00) = Zokml’(m?’i—) =0 .. (3.9
m=

where I'" denotes gamma function, and the coefficients k,, are equal to one-
third of the coefficient of 7 in the expression

~4(m+1)

(do-+dip+dop®+dapP+dynt-+...)

(CoFC+Cap®=CanP+cgni+...).

* The details of inversion of variables are available in Meksyn (1961).
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Thus we have

k=5 ot e, h=d e, by = 0 |
ky = %dog [——;—Z—: co—{—caj, ky, = %do—g {-—%Z cl+c4]
o [T (]
m [ gt e $ e
kg = 0
T
1303 c+65 (%)2 5 13?3 Gte ] F ... (3.10)

e [T 2 )

_1_; g_: c4+:72 <%)2c4—1—31 g—z c7+cm]
foyy = 0
kyp = %d;? {——1—33 ‘;—fco—k 134 Qsz co+—1—g4— <§—2)2c0

s g

N 1(;4 23;1‘ 63_12;76 (%)303_%33_: N

< (@ ey o] J

Now substituting the values of ¢, from (3.6) in (3.10) we obtain the coefficients
km in terms of @ and b, as
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1,6,} 106y, ‘I
ko=-3-('é‘> by, ky = 8 (;) @ k=0
16,8
ky = __<7;) (0-48888ab,)
1,6,°
I . 3 =
by = 3(@) (0-069444443), | ks =0,
%
by = — (E) (0-0015432002b,)
3\a
. (3.01)
r
1,65
k=5 (o ) (0-02060846a%), kg =0,
1/ 6\3
3
— e —— . p 3
ko= ( -~ ) (0-00001221a3b,)
1,645
5\ 3
b= — () (000014380a%), Iy, = o0,
1,6y
kg = — | _> *(0-00000003a%,)
3\la J

where ¢ = 0-4696,

It may be remarked here that the expressions (3.3) and (3.9) are valid only
for a finite radius of convergence; but we extend these to infinity to satisfy
the expressions (3.4) in order to find out the unknown constant b,. Conse-
quently the series (3.9) becomes divergent. To overcome this difficulty we
sum the series (3.9) by employing Euler’s tansformation to the expression

Lt % kT

z—>»1 m=0

(m+l

s ) Xm+l — 0,

instead of considering the expression given in (3.9).

On substituting the values of ky from (3.11), eqn. (3.9) gives

0-779[2:67894b,— 0-348874-0—2-61941b,— 0-19383 -+ 0—0-06615b,
+0-57532-- 04+ 0-00733b,— 0-06424 4+ 0—0-00036b, ... = 0. ... (3.12)
To sum this series, we apply Euler’s transformation to all the terms of the

above series and obtain b, from the resulting equation. By inserting that
value of b, in the equation, from which it was obtained, we check the con-

6
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vergence of the series. The process is repeated only on divergent terms to
find the new value of b, until the expansion becomes convergent. It is advi-
sable to use the least number of transformations as a large number of trans-
formations slows down the convergence rather than to increase it. A com-
prehensive and detailed account of Euler’s transformation is found in Hardy
(1949). The details of the procedure are given below. Applying Euler’s
transformation to all the terms of the series (3.12) we get

0-779[1-33947b,-1- (0-66974b,— 0-08722) 4 (0-33487b,— 0-08722)
+-(0-00372b,— 0-06541)+ (—0-24371b,— 0-04967)
+(—0-36742b,— 0-04240) + (— 0-38887b,— 0-03907)
—+(—0-34947b,—0-03380) - (-— 0-28488b,— 0-02296)
+(—0-21768b,— 0-00670) 4 (— 0-15892b,-+ 0-01210)

- (—0-11223b,-+ 0-02963) -+ (— 0-07728b,+ 0-04288)
+ 1=0. ... (3.13)
which gives b, = 2-37437.
With this value of b,, the expression (3.13) becomes
0-779[3-18040-1-50299 -+ 0-70789— 0-05658 — 0-62833 — 0-91480
—0-96240—0-86357—0-69937—0-52355—0-36523
—0-23685—0-14061...].
Since the sequence formed from the above series tends to zero with the
increase in number of terms we can conclude that the above series converge
to zero in the limit. If more terms are included in (3.12), there is only a slight

change in the value of b,. The exact value of b,, therefore, differs only slightly
from 2-37437.

4. VErociTY IN THE BOUNDARY LAYER

The non-dimension velocity » in the boundary-layer is given by
r v U2 ’
w=f +;2?;G+.... .. (4.1)

To determine G'(y) we proceed as follows :

From (3.3) we easily find that

@ () = I PG (n)dy.
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Inverting the variables we get

0
( e—tr—2/3 3 km,,l/sm) dr
m=0

@) =

[STIN

=k, I‘( 1,7)+k I‘( ,7)+k2 I(L, 7)4ks I‘(3’7)

")

8
+k71‘<»§,1)+k8 (3, 7). . . (4.2)

09’\1

kT (2, 7) 4k D@ )k T

1 2 . .
where T° (""3" T), r (3, 7') ete. denote incomplete gamma functions.

Substituting the values of kg, k,, etc. in (4.2), we obtain

() = 0779 [2-37437 F(% T)-—O'25765 r(é T)+0—6-96483 F(%, T>
021476 F(—g 1)+0—0-13164 F(% 7)
40-38246 r( > 1) 404000626 p(};’, r)

—001603r( ,7)+0 000009F< )] o (43)

To obtain ¢ in terms of 5_we need the

Equation (4.3) gives G’ in terms of 7.
These can_be obtained

values of 7 corresponding to different values of 7.

from relation (3.8), viz.

o
= X Am F1/3(m+1),

3
_.|_

m

In the present case

1/3
6 1 6
AO:(?[) , A, =A, =0, A,— _5(;) ,  A,=A,=0
1/8 1/3
1 6 (6
A= g5 (g) » 4r=4e=0, dy= 00002 ()

1/3
Ay = A, = 0, 4y = —0-00047 (-?)
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where a = 0-4696.
Thus,

7 = 2-337713[1 40+ 0-+0-016677+ 0+ 0— 0-0007972 10404 0-00002673
+04-0—0-000036744-...7. o (4.4)
The relation (4.4) gives values of 9 corresponding to different values of 7;
and values of G are determined from eqn. (4.3) corresponding to same values

of 7. The series (4.3) and (4.4) are generally divergent. Therefore, use is
made of Euler’s transformation to sum these series.

To illustrate the procedure we give below the details of the calculations
for 7 = 4. With this value of 7, equation (4.4) gives

7 = 2:337 % V4 {14040 0-06668+0-+0-(—0-01264 0+ 040-00166
+040—0-00922)}...
Applying Euler’'s transformation on the terms within the small bracket we
obtain the series as

7 = 2337 X /& {1-+0-06668—0-00632— 0-00316— 000158 +(— 0-00069
—0-00019-4-0-00006+0-00009 ...)} = 3-91338. ... (4.5)

Again applying Euler’s transformation on the terms within parantheses in
(4.5), we get
7 = 2:337/4 {11 0-06668 —0-00632—0-00316— 0-00158—0-00035
—0-00022—0-00013—0-00006 ...}.

The above series converges rapidly. The value of 7 is obtained as

7 = 3-91327.
For 7 = 4, eqn. (4.3) gives

G = 0-779{6-34574— 034614+ 0— 6-00229 —0-18242 - 0— 0-13594
4-(0-47081--04-0-01217—0-0407940— 0-00042) ...}. ... (4.6)

Applying Euler’s transformation on the terms within parantheses in (4.6),

we get

G = 0-779{6-34574—0-34614— 6-00229 — 0-18242—0-13594 - 0-23541
+0-117704-0-060374-0-02916--0-01190-0-00288 ...}.

The above series is convergent, and the value of @' is 0-10623.
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In Table T are given values of y and () for various values of 7.

TABLE 1
T 0-1 0-2 0-4 1 1-6 2 3 4
7 108654 1-37119 1-73316 2-37409 2:80092 3:03365 3:51641 3-91327

aG(n  2:27004 2-56486 2-60837 1-86134 1-13833 0-79302 0-30027 0-10623

5. DisPLACEMENT THICKNESS

Displacement thickness 4, is given by

8, = :)i(]_l?) dij = J(}/é; Z{ ( fJ,_ G' )} dg. ... (5.1)

Integrating by parts and assuming that

1, i o)) o

n—
we get
V\/Tw _p - - V2672 -
8, = —— {1720 598582 2} . (5.2)

Since v, is negative, the displacement thickness increases due to second-order
effects.

6. SHEARING STRESS

To calculate the shearing stress at the plate § = 0 we find T at =0

from the constitutive equation (1.1)

Ou . 0% Ju v . 0%
- - e 9 .
(TE;/)}I-Q - /l ( ay- )1_/:0 +ll'2 { u azag +"’ ()(E 0— + a +v aiag

% o
, 2 e
S~ Bt = = ],,,0

— (5.

pU? j0u e o
- <ay>y_0 = e (04696¢2 -37437 2,,?)‘

(6.1)

1
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Again, since v, is negative, it is evident that the shearing stress at the plate
decreases due to second-order effects.

7. NORMAL STRESSES

The normal stresses 7__ and 7__ are given by
rz vy

(733)i-0 = ‘”P+[2'“ g%+2'“2 {2 ( ) +u g:: +g_;73_;+- ;;gy (%) }

_ 2
v ({39 4 (2000}
o2
= —p+p | (%f) ]27—0
— —p+"l§gf (0110264111500 ”i?)

[Tﬁ];%o =—p+ [ (Zpo+ps) (%) 2]_

y=0

2

. (2ﬂ2+ﬂ3)04( . s v, U
— —p+ T (0110264111500 (2 ).

It is interesting to note that for Newtonian fluids
[755]17=0 - [755];‘—‘0 = —P-

Thus, extra normal stresses are set up to maintain the flow of second order
fluids past a semi-infinite flat plate. These extra effects depend on both s,
and u,, although the velocity field does not depend on u,.
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