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In the present paper, a generalized asymptotic equivalence is established
between the solutions of an unperturbed linear difference system and its
non linear perturbed difference system. These results extend and improve
known results from ordinary difference equations.

1. INTRODUCTION

The idea of studying a system of ordinary differential equations by
comparing it with a single first order equation derived naturally from an
estimate on the system has been successfully employed to study a variety
of problems, in a unified way, of ordinary differential equations. It has been
used as early as by Kamke in (1930) to establish a general uniqueness theorem.
The recent development of the comparison method depends directly on a
simple but very general comparison theorem obtained by Conti (1956). Since
then, the method has been used in considerable details to solve a number of
problems in the analysis of systems and the most comprehensive text for such
a literature is a book by Lakshmikantham and Leela (1969). Recently,
comparison method has been used by Pachpatte (1971) and Sugiyama (1971)
to study the stability behaviour of solutions of ordinary difference equations.
In this paper, we first establish a basic comparison theorem for ordinary
difference equations. Then we wuse this comparison theorem to establish
the generalized asymptotic equivalence between the solutions of linear
difference system and its nonlinear perturbed difference system. The results
of this paper, which are another contribution to this area, are motivated by
recent studies of Brauer and Wong (1969), Hallam and Heidel (1970), Hallam
et al. (1972), and Ladas ef al. (1971).

2. Basic CoMPARISON THEOREM

We begin by stating some notations which will be used in our subsequent
discussion. Let N denote the set of points n,+k (k= 0,1,2,...), where
ny > 0 is an integer, and R’, the r-dimensional vector space. For any
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x € R, |lo|| denote any convenient vector norm in B. Let F be a family
of functions defined on N, in the r-dimensional vector space. Then we define
an operator E satisfying the following conditions :

(i) for any x in F, Ex is also contained in F;

(ii) for any sequence {rn} (xm € F) uniformly convergent in N, {Exn,}
is also uniformly convergent in N;

(iii) for any scalar functions % and v defined on N, if » < v is satisfied
for n € N, then the inequality Eu < Ev remains valid for n & N.

We consider the difference system
Az(n) = f(n,z(n), Bz(n)),z(n,) = 2z, ... (D)
where z and f are the elements of Rr, f(n,z, z) is defined on N x Rrx R'— Rr
and Az(n) =z(n-+1)—=z(rn). We suppose that the system (D) has a solution
z(n) = z(n; ny, 2,) for n > n, existing to the right of n,.
We now establish the following comparison theorem which relates the
solutions of a system (D) to the solutions of a scalar difference system
Ar(n) = W(n, r(n), Er(n)), r(nyg) = 1, .. (D%
where W(n,r,7) is defined for n & N, 0 r < o0, 0 7 < 0.
Theorem 1—Let W(n,r,7) be monotone non-decreasing in r,7 for each

fixed n € N; and
If(n, 2, B2)|| < W(n, [2], Bllzl}).

Suppose that the solution r(n, ny, r,) of (D*) exists and is bounded on [n,, c0).
Then any solution z(n; n,, z,) of (D) satisfying ||z,f| < #, satisfies the inequality
Hz('n, n()s ZO)H ‘<\ 7'(71«, no’ TO), n > no-

Furthermore, there exists a constant vector £ such that

lim z(n; ngy,24) = E;
nN—>

and if
l1zoll > 7Tw—"4 .. (2.1)

where 7, = lim r(n; ny, 7,), then £ is non-zero.
N~—Pp oo

Proof: Define the function w(n) by wu(n) = |2(n; 7y, 2)ll, # 2> n, then
we have from the hypothesis that

Auln) < W(n, u(n), Bu(n)).
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The first conclusion of the theorem now follows by a suitable application of
Theéorern 1 given by Pachpatte (1971).
The solution of (D) leads directly to
£ =2+ Zn S(s,2(8; Mg, 79), Bz(s; my, 2g))- .. (2.2)
8=
0
To see that £ is non-zero provided (2.1) is satisfied, we obtain, from (2.2), that
el 2 lroll— = (s, 2(85 mg, 2), E2(8; mg, 20))

§=n
0

2 lzgll— X W(s, r(s; no, 7o), Hr(s; 1o, 7o)

8=TI0
2 |l —rot7ro> 0.
This completes the proof.

For the existence of a finite limit of any solution of (D) the reader is
referred to Theorem 1.1 given by Sugiyama (1971).

3. AsymMPTOTIC EQUIVALENCE
In this section, we wish to establish the asymptotic relationship between
the non linear perturbed difference system
Azx(n) = A(n)x(n)-+f(n, x(n), Ex(n)), x(ny) = x, ... (3.1)

and the linear difference system

Ay(n) = A(n)y(n), yny) = Y, . (3.2)
In equations (3.1) and (3.2), x, ¥ and f are r-vectors; A(n) is a r Xr matrix for
n € N and the function f(n, x,z) is defined on N x Rr X Rr — Rr. Supposoc
that Y(n) is the fundamental solutlon matrix of (3.2) with Y(n;) = I (the
unit matrix).

We shall use the comparison Theorem 1 to obtain an asymptotic corres-
pondence between the solutions of (3.1) and (3.2). The following two hypo-
theses will be assumed in our subsequent discussion. We assume that there
exists a rXr maftrix, y = y(n), defined for n € N, such that

WY@ < 1, 7> n, . (33)
Let the scalar function Wi(n, r, ) defined for nEN, 0K r < 0, 0 K r < ©
and monotone nondecreasing in r, 7, for each fixed ni N, and

1Y n+1)f(n, £, Bx)|| £ W(n, V)], Elly(n)zl). e (3.4)



ON THE ASYMPTOTIC BEHAVIOUR OF SOLUTIONS 281

The asymptotic equivalence between the difference systems (3.1) and (3.2)
can be defined by following those of Hallam and Heidel (1970) or Ladas et al.
(1971).

We are now prepared to prove our main result.

Theorem 2—Let the conditions (3.3) and (3.4) be satisfied. Furthermore,
suppose that the solution r(n; n,, r,) of (D*) exists and is bounded on [n,, o).
Then corresponding to each solution x(n; ng, z,) of (3.1) satisfying |jz,|| < 7,
there exists a constant vector £ such that

V() [x(n; ng, 25)— Y(n)E]]] = 0(1), n— c0. . (3.5)
Furthermore, if (2.1) is satisfied, then £ is non-zero,
Proof : Let x(n) = x(n; ny, x,) be any solution of (3.1). The substitu-
tion z(n) = Y(n)z(n) transforms (3.1) to the system
Az(n) = YYn+-1) f(n, Y(n)z(n), EY(n)z(n)),2(ny) = - ... (3.6)
From (3.3) and (3.4) we obtain
1Y~ n+1)f(n, Y(n)z(n), EY(n)z(n))]| < Wn, [z(n)], Elz(n)]))-

An application of the Theorem 1 to (3.6) yields the existence of a constant
vector £ such that

Lm z(n; ny, 2,) = E.
n—p o

To verify that (3.5) holds we observe the inequality
Iv(m)[2(n; ng, 29) — Y ()ETN < lv(n) Y(n)[2(n; my, 20)—E]]| = O(1), m — co.

The fact that £ is non-zero provided (2.1) is satisfied follows immediately
from the last conclusion of the Theorem 1.

Remarks : A number of remarks are now in order. If F is defined by
Ex = x, then the system (3.1) reduces to the perturbed difference system
considered by Coffman (1964) and Sugiyama (1971). Theorem 2 of the present
paper generalizes a similar result of Sugiyama (1971). On the other hand,
if the function f(n, z, ) defined in (3.1) is of the form

fln, z,y) = g(n, 2)+y
and if the operator ¥ is defined by

Ex = "il K(s, 1, z(s))

8=n
0
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where K(n,7,x) is defined for n,7 € N and x € R", then the system (3.1)
reduces to

Ax(n) = A@m)a(n)-+g(n, zm)+ S Ks, 7, x(s)).

s=n
0

The discrete analogues of Theorem 1 and 3 of Brauer and Wong (1969), and
Theorem 1 of Ladas et al. (1971), with slicht modifications in the light of our
hypotheses are included in our Theorem 2.
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