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Bellman (1943) gave a more generalized version of Gronwall’s inequality
(1919). In the present case, the inequality has been extended in two-
dimensions, in order to suit a class of non-self-adjoint hyperbolic differential
equations both linear and non-linear. It is well known that in one-dimen-
sional case, the final inequality involves an exponential function. In the
present treatment of deducing the partial differential inequality, a technique
based on Riemann’s function, in the place of the exponential function is
used.

The result obtained in the present paper, may in general, be applied to a
class of non-linear and non-self-adjoint partial differential equations of hy-
perbolic type, to study the uniqueness, continuous dependence theorems, sta-
bility and numerical computations. A particular case of the present form
of Gronwall’s inequalityis applicable to the study of self-adjoint partial
differential equations. There are a number of applications of the present
inequality which are indicated in the body of the paper.

INTRODUCTION
Gronwall’s inequality (1919) as given earlier may be stated in the form :
Theorem 1—Suppose K be a non-negative constant and let f(¢) and g(t)

be continuous non-negative functions on some interval a < t < B satisfying
the inequality

f6) < K+ | fo)gls)ds,  fora<t<p
then

f gle)ds
fO<L K, e fora <t << B v (D)
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This was subsequently generalized by Bellman (1943). A more modern version
of Gronwall’s inequality for one-dimension may be given as follows : - -

Theorem 1A—1Let f(t), g(t) and h(f) be continuous function on some
interval [a, 8] and h(f) > O there.

If
t
fo <90+ i H(s)f(s)ds, Tor t € (o, B],

then t
p I h(n)dy
&) < gt)+ £ g(s)h(s).e” ds. - (2)

on the interval

The result shows that f(f) is no more involved in the right-hand side of
inequalities (1) and (2). This inequality has impotant applications in the
theory of ordinary differential equations in connection with proof of unique-
ness of solutions, continuous dependence of the solution on the initial data,
stability of the solution and its comparison criteria. Tt has been further
extended by Walter (1964) and others to cover some more problems of ordinary
differential equations.

The present paper is a further generalization of Gronwall’s inequality in
two-dimensions covering a wider field of non-self-adjoint-hyperbolic partial
differential equations. Some special cases of our results are applicable to
the case of self-adjoint hyperbolic partial differential equations. Our result
is basically dependent on the knowledge of Riemann’s function which has
certain interesting features in solving linear partial differential equations of
the hyperbolic type.

First we intend to give the statement and proof of the generalized Gron-
wall’s inequality with some corollaries. Some applications will be presented
afterwards.

PART I
Main Theorem

Theorem 1—Let f(x, y), g(x, ), h(z, y), p(x,y) and g¢(z, y) be all continu
ous functions with %(z, y) > 0, on a domain D and X,(z,, y,) and X(z, y) be
two points such that (x—=x,).(y—y,) is non-negative on D. Let R denote
the rectangular region whose opposite corners are X, and X.
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Let (s, ¢; , y) be the solution of the characteristic initial value problem
M@y=20 . (3)
where M is the adjoint operator of the operator L defined by

L(u) = ugs+aus-4-but-cu

and @ = —h(z 9)q® y), b = —h(z,y).p@,y), c=—h(zy. .. (4

V(s, t; z,y) is called the well-known Riemann function for the partial
differential operator L and satisfies all the properties of a Riemann function
for an operator with continuous coefficients. Let G be a connected subdomain
of D which contains X and on which ¥V > 0. If R (C @ and f(x, y) satisfies

f, ) < g(z, y)+plx, y) I h(s, y)f(s, y)ds

+q@,9) | b, Of, 0dt+ | | bis, Ofts, tidsdt ... (5)
. Yo %o Yo
then f(x,y) also satisfies

@, y) < gl g) 4@, y) | b, n)fs, y)ds-+q(, y)y’f b, Of @, 1)t
o 0

+ 1§ gts ks, Vs, 1 2, y)ds.de. o (6)

To W
Further if ¢(z, y) = 0, we obtain

fay) < glog)+ T § gls ks, OV, b z, y)ds.de

Zg Yo

s v ?h(i, y)p(E, y)dE

L4 8

+2(x, y) [ h(s, gls, )+ [ [ 9(s, Oh(s, ) V(s, ¢; x, y)ds.dé}.e ds
o

o Yo

(7)
Also if p(z, y) = 0, then

fo, ) < gles )+ | | gls, Ohls, OV(s, & 2, y)ds.dt

Zo Yo

f h(z, n)g(z, p)dy
Fqlz, y)j h(z, t){g(x 0+ [ | gls, Dhis, Vs, 8; z, y)ds. dt} e ds.

%o Yo
(8)
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Proof : Let
z Y
w@,y) = [ [ B(s, t)f(s, t)ds.dt

Zo Yo

w(xy, y) = u(z, yo) = 0.

So, 7
(@, y) = Mz, y)f(x, y) < Mg+qu,+puy+u)
or
or
L(u) = uy+au,~+buy+cu < by
where

a= —hq, b= —hp, c=—h |

S (9)

(10)

(11)

Now for any two twice continuously differentiable functions % and v,

the operators L and M satisfy the identity

[vL(w)—uM(v)] = (auv+ Ezzﬂl,_ v;u )x

o,
2

UV, )

€ (buv—f— 5

v
where M is the adjoint operator of L.

soe

(12)

Let R be a rectangular region with corners X (z,, ), Yol®, o), X(x, y)

and Y(z,, y) so that X, X is the diagonal, as shown in fig. 1.

<

Fra. 1.

Y
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u and v are twice continuously differentiable functions. By Green’s
theorem, we obtain from (12)

JI [vL(u)—uM(v)ds.dt
R

Vug

RN (L St S Ll —5+)ds}:

Since w is zero on C, and C, and also ds does not vary on C, and d¢ does not
vary on (,, we get

I § [vL(u)—uwM(v)]ds.d
R

vu uv
= { (auv—}— - ——t—
C2

)dt—cjs(b uvt W" — )ds.

Integrating r.hs. by parts along the characteristic segments C, and C,
eliminate partial derivations of u, we obtain

{! { [vL(u)—uM(v)\ds.dt

[ (@v—vpyudi— [ (bo—vs)uds-+u(X)o(¥)— X Y;”‘ Y)_ w(¥ 0)2"( ¥o)
02 Ccg3

I (av—vudt— [ (bv—uvs)uds+u(X)v(X). (13)
Cg €3

Now since v(s, t; z, y) is the solution of the characteristic initial value problem
Mio) = 0 it i

(v) = 0 it is by definition the Riemann function (s, ¢; z, y) = v(s, ) asso-
ciated with the partial differential equation L(u) = 0 such that

o2, s 2, y) =v(x, y) = o(X) = 1

¢ ,
| a(z, p)ds

y
v = av on C, v(x,f) =¢€

and o & -
I ble, y)dp
vs == by on C, v(s, y) = °

So we get, from the identity (13)

w(X) = o(¥, X)a(T)+o( ¥ o XYl Fo)— (X X)u(X,)+ I oL(u)ds d
or . T

(x y).._ j jv(s t; x, y)Lu)dsdt
Z, Yo
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or y

u(x, y) < jx v(s, t;, 2, yHg(s, t)h(s, t)}ds.dt.

Ty Yo

Thus

@, y) < 4@, y) +p(@ y) | s, n)fs, Y)ds+q, v) j hia, Of(@, 1t
) Zg o

+ f fy g(s, th(s, tyv(s, t; x, y)ds.di

% Yo
which is the required inequality (6).

Now let
Q(x> ?/) =0
and z y
@, y) =g@ y)+ [ J g(s Oh(s, (s, i; z, y)ds.dt

Ty Yo

then inequality (6) reduces to
e 9) < ol 1)+2(69) § bis, Yfts, )i e (14)

The inequality (14) may be treated as an one-dimensional (Gronwall’s)
inequality for any fixed y between y, to .

Let y be fixed and

Vix, y) = [ hls, )f(s, y)ds
%y
) Yl(xg, y) = 0.
Again
Us(s, y) = h(s, y)f(s, y) < h(s, yHools, y)+0(s, y)¥ (s, y)}

< Ps(s, y)—h(s, )p(s, Y)Y (x, y) < hls, y)w(s, y)

[ A(s, y) > 0]

or
8 &
d — J2h(E, 9)p(&, y)dE —J (&, y)p(E, y)dz
v pe = ] < Mo pats, e
Integrating between the limits x, to x, we get

- fh(i. YIP(E, y)dE
Vi@ y) < Jhis ylols ye ds
’ . Th(E, YIPE, ¥)dE
o f@ ) < ol y)+p@ y) | | e, yts, 1)é ds |
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S Sl y) < g(x N+ _[ j g(s, Dh(s, Ho(s, t; x, y)ds.di

Zy Yo
1 R, 9)pE, yMIE
) z zr ¥y 8
+p(x, y) [ his, y){ gs, )+ [ [ g(s, Dh(s, th(s, t; =, y)ds.dt}.e ds.
Zy Ty Yo

Similarly if p(z, y) = 0, then we get,
flx, y) < gl y)+ I I g(s, t)h(s, tyo(s, t; x, y)ds.dt
Ty Yo

y
[ Wz, t)g(x, t)dt
t

}Ik {g(x )+ J’ f g(s, Oh(s, tv(s, t; x, y)ds.dt} dt.

Ty Yo
which are the required inequalities (7) and (8).

Corollies

(i) Putting p(z, y) = ¢(z, y) = 0 in (5), we get from (6), a very good result

z Y

fle,y) < g, y)+ § T gls, Dhis, (s, t; x, y)ds.dt ... (15)

Ty Yo

which of course, is the two dimensional Gronwall’s inequality. This result
may be applied to prove a uniqueness theorem for a class of non-linear self-
adjoint hyperbolic differential equations, a comparison theorem for a linear
partial differential equation, and a continuous dependence theorem for a
class of non-linear self-adjoint hyperbolic differential equations.

(i) If g(z, y) = 0 in (7) or (8) then f(x,y) < 0

Proof : From (7) or (8) we get, putting g(z,y) = 0; flz,y) < 0

(iii) If the given inequality (5) is reversed, so is the inequality (6) and
(7) and (8).

PART IIA

Application of Inequalities (7) and (8)
Example 1

Let us consider the uniqueness theorem of the following class of a non-
self-adjoint hyperbolic partial differential equation : '

uzy(®, y) = {a(x, y)ulz, y)}yt+ale, y)plx, yulz, y)) -
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where a(x, y) and ¢(z, y, u) are continuous functions of their arguments and
@(x, y, u) satisfies Lipschitz condition in u such that |¢(z, y, y)—d(x, y, u*)]
< K. |u—u*| for any two solutions u and #* of the given equation. Let
the boundary conditions be such that the given partial differential equation
is equivalent to the Volterra type integral equation given by

u(z, y) = glz, y)+ j a(s, yyu(s, y)ds+ f J’ a(s, t)p(s. t, u)ds.dt

Ty Yo

where ¢(z, ) is continuous. Now if « and u* be two solutions of the given
boundary value problems, then

u—u* = :f a(s, yXu(s, y)—u*(s, y)jds+ j j a(s, t{P(s, t, u)—e(s, t, u*)}ds. di.

Now if (x—xy).(y—y,) > 0, we have
| —u* | <aj’ |a|-|u—u*| ds+ j' f la| . K.|u—u*| dsdt.
Zo Zo Ya
Now applying inequality (7) and Cor. (ii), we get
|e—u*| < 0

Hence,
*
u = u”.

So there is atmost one solution of the differential equation.

Comparison Test
Example 2
We consider the characteristic initial value problem

uzy—-—{a(x, y)u(m’ y)}y‘"“(xs y)u(x’ :’/) = f(xa ?/)

where all the functions involved are continuous.
This problem under the given boundary conditions (prescribed on z = =,
and y = y,) is equivalent to the Volterra integral equation

z z Y
u(z,y) = k@, y)+ | als, yyuls, yds+ [ [ a(s, tyuls, Hds.dt
£ Zo Yo
where h(x, y) is computed from f(z, y) and the boundary conditions.
Let w, (zy) and u*(x, y) satisfy
iz, y) < bz, y)+ f als, yyto, s+ | [ audedt

Zg Vo
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and @ z ¥
w*(z, y) > bz, y)+ [ du*ds+ | [ auds.dt
Zo

Zo Yo

then by the theorem

e, y) < bz, 9)+ | | als, DA, ols, 1; @, y)ds.dt

Ty Yo
&z
fa(g, y)dg
] z Y 8
+ [ afs, y){ his,y)+ [ | a.h.v.ds.dt} e ds.
Ty Zy Yo
and z
§ (&, y)dg
r Y & zr y 8
w*(z, y) > hlz, )+ | | ahodsdit ja{h+ [ jalw.ds.dt}.e ds
Zy Yo Zo Ty Yo

where v(s, ¢; z, y) is the Riemann function associated with the given partial
differential equation.

Therefore,
u(z, y) < ulz, y) < u'(z, y).

Hence we get a comparison criteria for the solution of the characteristic
initial value problem.

Example 3

Continuous Dependence  Test—Consider the pair of boundary value
problems

Ugy = {a(2, y)u(, y)jyt+alx, Y@, y, w); Uy= (@U)y+ay(z, y, U)
w(xo,y) = g(y) Ulzy, y)= G(y)
u(@,yo) = h(x) U(z, yo)= H(z)
9(yo) = h(xy), P, Yo, W=, Yo)) = f(&)  G(yo)=H(zo), Y(, Yo, u(, yo))=F()

where all functions are continuous and ¢(z, ¥, «) satisfies a Lipschitz condition
in 4 with constant K. The equivalent integral equations are

uw(z, y) = g(y)+h(@)—g(yo)+ j a(s, y)u(s, y)ds—j a(s, yo)uls, yo)ds

+ ? ? a(s, )@is, t, uls, t)ids.dt

To Yo

11
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and
x

Ul, y) = Gly)+H(x)—C(yo)+ j als, y)U(s, y)ds— | als, yo)Uls, Yolds

o

-+ ]v zjl a(s, tyis, t, Us, t)}ds.dt

then Zy Yo

=T = (§—G)+ (o H)—[glyo)— Glyo)]— j a.(h—H)ds

+ fau—UMs+ | [ alplu)—y(U)}ds.d.

Zy Ty Yo

Now for (x—2o).(y—y,) 2 0,
-] < lg—G;+|h—H|+lg<y0>—a<y0>|+j ol | H—hjds

+ Jlal ju—vast [ a1 g —p(0)|ds.de

Ty Yo

+ | Iylal-lqb(U)-w(U)us.dt.

Ty Yo
If
lg—G| <e |h—H| <e and |$(O)—y(U)| <e
then
jlu—U| < Be+ed.(x—xy)+e.d.(x—xy)(y—y,)
+ jA[u U|ds—}—f j’AK[u U |dsdt
or Ty Yo

lu—U| < e {g(x, )+ fA lu—U|ds+ | | A.K.|u—U |dsds.

Zo Yo

where

g, y) = {3+A.(x—w)) -+ AE—o)(y—yo)}
4 = Max|a|.

and
Then applying inequality (7), we get

x Y
lu—U| < e [q(ac, Y+ | | A Kqgodsdt
z0

Yo

Iadi
+A. {q+£ fAvadsdt} ds].

[} 0

The expression under third bracket is bounded.
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Hence w— U if ¢-» 0 in the domain. This means that the solution
of the characteristic initial value problem depends continuously on the initial
data.

Note : Similar results hold good in the case of the non-self adjoint linear
and non-linear, hyperbolic partial differential equations of the form

uzy(x’ ?/) = {b(x’ y)u(xs y)}z+b(xs y)¢(x’ Y, u(x: .?/))
Uzy(@, y) = {B(x, y) p(, ¥, We+b(x, y) $(x, Y, u).

PART 1I(B)

Corollory (i) can be stated as a theorem below :

Theorem—Suppose f(x,y), g(x,y) and hk(z,y) > 0, are all continuous
functions on a domain D. Let X(zy, y,) and X(z,y) be two points such
that (x—x,).(y—y,) is non-negative on D and let B be the rectangular region
whose opposite corners are X, and X. Let (s, ¢; «, y) be the solution of the
characteristics initial value problem

M(v) = vg—h(s, (s, t) = 0, w(s,y) = v(x, t) = 1.

Let G be the connected sub-domain of D containing X and on which v is non-
negative, then if R ( G and f(z, y) satisfies

fa ) < gle )+ [ [ his, Ofs, t)ds de

Zo Yo

then f(x, y) also satisfies

fay) < g p+ | { b gle, tots, t: , y)ds de.

Zy Yo
As the operator M is self-adjoint, the last inequality has special advantages.

The result has important applications to a class of self-adjoint partial
differential equations to investigate uniqueness, comparison, and continuous
dependence of the solution. Furthermore, this gives a method of solving
Volterra Integral Equations. A few examples are illustrated below.

Example 4

We consider the non-linear hyperbolic P.D.E. wu;y = h(x, y, ) where
k(z,y, w) is continuous and satisfies Lipschitz condition in w.

le., |h(z, y, w—h(z, y, u*)| < K.|u—u®|
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for any two solutions # and «* The equivalent integral equation is

u(w,9) = ale,9)+ ] T (bl t, wids dt

o Y
Corresponding to the given boundary conditions, the solutions » and »* are
equal.
Proof : Clearly

x

w—u* = | f [A(s, t, u)—h(s, ¢, w*)]ds dt

Zo Yo
or . ¥
|lu—u*| < [ f K.|u—u*|dsdt.
Zo Yo
But by Cor (ii), ju—u*| < 0, if (x—x,).(y—y,) > 0.
Hence
w = u*,
Example 5

We consider the characteristic initial problem
Ugy = Wz, yyulz, )+, y), h>0
where % and p are continuous functions of their arguments.
% is prescribed on « = x, and y = y,. The equivalent integral equation is
z Y
u(w,y) = Plx,y)+ | | Bls, thuls, )ds dt
Zy Yo
where P(z, y) is computed from p(x, ¥) and the boundary conditions.

Let % and % satisfy
e ¥
< P@,y)+ [ [ hlu)dsdt.

Ty Y4

|y

z ¥
u> P,y)+ [ [ hadsdt.

Zo Yo
Then the theorem and corollory (ii) assets that u < w < %, which gives a

comparison theorem.

Example 6
We consider the boundary value problems

uzy(x, 3/) et a(xy Y, %), ’U,(.’Eo, ?/) = g(y)’
u(®; yo) = h(=), 9¥o) = h(z,)
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and
U:c.?/(x’ 7/) = b(x) Y, U), U(xo’ .7/) = G(y)s

Ulz, yo) = H(x), G(y,) = H(z,),
where all functions are continuous and satisfies a Lipschitz condition with

K. So the equivalent integral equations are

(e, y) = gly)+h) gl + | g als, t, u)ds dt

and z ¥
Then

u—U = (g—@)+(h—H)+{C(yo)—9(yo)}
+ T ? {a(s, t, u)—b(s, t, U)ids dt.
Ty Yy

Now for (z—z,).(y—y,) > 0, we have by adding and subtracting a(s, ¢, U)
in the integrand

z Yy
lu—U| < |g—G|+ |h—H|+ |9(3/0)_G(yo)|+zf 1{ {als, t, w)—a(s, t, U)}ds dt

4 F ¥ jats, b, U)—bis, ¢, U)|ds de.

If
lg—G| <€ |h—H| e |a(U)—=bU)] e
then

z y
[u—U| < Bete(x—xy). (y—yo)+ i i K.|u—U|ds dt.

Then by the theorem,

w0 < e{3e—rg—yot | J 13-He—rolt—yol Ko, 2, s dt .

o

In the domain under consideration, the expression inside the 2nd bracket
is bounded say less than M. (v being the Reimann’s function).

lu—U| < eM.

If € —» 0 then |u—U | — 0in the domain. This implies that the solution
depends continuously on initial data.
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