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The linear and non-linear (energy theory) stability of viscous incompressible
homogeneous conducting flow of a liquid in a porous medium is investigated
with an applied uniform magnetic field in the Z-direction. OQOur analysis
is restricted to Darcy’s law and arbitrary magnetic Reynolds number.

In the case of linear theory the stability of equilibriumn flows is discussed
and is shown that the motion is unconditionally stable, whereas in the case
of energy theory the motion is stable only if,

0N < <1+1—§;) (1—R,)

where N’ is the magnetic parameter, Ry the magnetic Reynolds number
and R, the Reynolds number,

It is shown that for small magnetic Reynolds number the stability region
increases whereas for large magnetic Reynolds number the stability region
decreases. It is also shown that, since stability conditions obtained from
linear and energy theories are quite different, the region of possible sub-
critical instability may be quite large.

1. INTRODUCTION

Reeenﬂy, Carmi and Lalas (1970) have investigated the non-linear stability
of hydromagnetic flows in a non-porous medium and the results established
by them are essentially the following.

(i) Universal stability estimate for bounded or periodic domains. This
estimate expresses the relation between R,, Rp, P, and & where R, is the
Reynolds number, R,, is the magnetic Reynolds number, P, is the magnetic
Prandfl number and § varies for various flow geometries. From this they
concluded that the stability limit is reduced by increasing either one of the
parameters, as opposed to linear theory results where the introduction of a
magnetic field inhibits the onset of instability.
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(i) The existence of an open region of certain stability near the region
of the (R,, R,,) cartesian plane for a fixed Pp,.

(iii) A uniqueness theorem for steady hydromagnetic flows.

(iv) The improved universal stability limit using variational techniques.

In what follows we apply the same methods to the corresponding problem
for viscous electrically conducting flow in a porous medium in the presence
of a magnetic field and obtain the corresponding results. The difference
mathematically between the two problems is that for the viscous conducting
case of Carmi and Lalas (1970), the motion of fluid is governed by the modified
Navier-Stokes equations together with magnetic induction equation while
in the porous medium case, considered here, the motion of fluid is governed
by Darcy’s law together with magnetic induction equation. The physical
picture is that when a conducting fluid permeates a porous medium, the
actual path of an individual particle of a conducting fluid cannot be followed
analytically. The gross effect, as the conducting fluid slowly percolates
through the pores of the medium must be represented by a macroscopic law,
applying to masses of conducting fluid large compared with the dimensions
of the porous structure of the medium which is the usual Darcy’s law (see
Muskat 1937).

In Hydrodynamics, the linear stability of viscous convective flow in a
porous medium has been investigated by Lapwood (1948) and the condition
for the possible convective flow is given. The corresponding problem in the
non-linear theory has been investigated by Westbrook (1969), using the energy
method developed by Serrin (1959) and Joseph (1966). The corresponding
problems in hydromagnetics have not been given much attention.

In this paper we consider both linear and non-linear stability of hydro-
magnetic lows in a porous medium with constant electrical conductivity
o and permeability k. The linear stability is investigated using the normal
mode technique and the non-linear stability is investigated wusing the
energy method. The normal mode technique is well known and has been
applied to many problems (see Lin 1955 and Chandrasekhar 1961). The
energy theory, which has its beginning with Reynolds (1895) and Orr (1907)
around the turn of this century, has in recent times been greatly expanded
by Serrin (1959) and Joseph (1966). This method consists of considering
the time rate of change of total energy (which is the algebraic sum of kinetic
and magnetic energies) of an arbitrary disturbance in the flow field. If the
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total energy decreases as a function of time, we say that the flow is
stable.

The linear theory of hydromagnetic stability considered only infinitesimal
disturbances and in general provides a critical magnetic parameter N (or
Reynolds number R,) such that the basic flow is definitely unstable for N > Np.
It can say nothing concerning the possibility of instabilities caused by finite
arbitrary disturbances. On the other hand, the energy method considers
arbitrary disturbances of any size and provides a critical number N, such
that the flow is definitely stable for all disturbances if No << N. It is of interest
to note that the linear theory (normal mode technique) predicts the condition
for instability and non-linear theory (energy technique) predicts the condition
for stability but not for instability. If these two conditions coincide we
have a necessary and sufficient condition for stability and in this since the
two techniques are complimentary to each other. In general, these two
conditions (linear and energy) do not coincide and the resulting gap between
the two being a region where possible sub-linear instabilities may present.
Therefore, in order to understand the detailed nature of stability we consider
here both linear and non-linear stability analysis.

The linear stability analysis shows that the system is unconditionally
stable whereas the non-linear stability analysis (energy) shows that the
motion is stable to any disturbances, only if a relation between N’, R,, Ry,
is satisfied.

This result will then be improved wusing the variational techniques.
These results tend to support that the linear and energy results of the present
problem are quite different and hence the region of possible sublinear instability
may be quite large.

The results of this paper are of interest in geophysics particularly in
the study of the earth core in the presence of geomagnetic field. Another
application of this problem is in petroleum industry.

2, Basic EQUaTIONS

The basic equations of motion for the flow of a conducting incompressible
homogeneous viscous fluid through a porous medium are

—

—
—— . T e — - — — H. H [ 1
5 TV =—5 P gt - (H) (1)

Vg=0 e (2)
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aﬁ - = - — —
2 T = (Hy)g+vmvH e (3)
—
vH=0 e (4
pH? - )
where P = p+- is the total pressure, ¢ = (u, v, w) the velocity vector,

2
__)
H=(H,, Hy, H,) the magnetic field vector, v is the kinematic viscosity,

Yy = 1(—]_— the magnetic viscosity, o the electrical conductivity, p, the density

of fluid and & the permeability of the porous medium.
v
+ 7in eqn. (1), calculated from
Darcy’s law has replaced the usual viscous resistance term. The physical
reason for this is that when a conducting fluid permeates a porous medium
in the presence of a magnetic field, the actual path of an individual particle
of fluid cannot be followed analytically. The gross effect as the fluid slowly
percolates through the pores of the rock must be represented by a macroscopic
law applying to masses of fluid large compared with the dimensions of the
porous structure of the medium. This is the usual Darcy’s law.

We note that the resistance term —

3. LINEAR STABILITY ANALYSIS

In this section we study stability of flow subject to infinitesimal dis-
turbances.

For this, we take the rectangular axes such that the planes z = 0 and
z = d represent the lower and upper impermeable boundaries of the porous
medium. We take all the physical quantities namely u,o,v, p, and k as
constants.

Tn this section we discuss the linear stability of equilibrium state in which

%:O,(u,v,w)zo,ﬂzzﬂyzo, szﬂozconsta,nt,p=po

such that

2
P, = p,+ # g" == constant.
Let small disturbances from this equilibrium state be given by velocities
(v, v’ "), magnetic field components (h,, hy, Hy-+hk,) and P = Py}-P'.
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Substituting these into eqns. (1) to (4) and applying the process of lineariza-

tion, we obtain

v _#H, 1
Dot 0 0 . D, © 0 5 D,
. uHy L
0 Dy+— 0 0 o D, o0 - D,
v __pH,
Lo 0 20 0 Dy — D
| ot Pe > Pe
—H,D, 0 0 Dy—vmy? O 0 0
0 —H,D, 0 0  Dy—vmy® O 0 *
0 0 —H,D, 0 0  Dy—vpy® O
D, D, D, 0 0 0 0 |
0 0 0 D, D, D, 0 }
{
where
i) 0 J )
Dy=5p  Di=gp D2=@’ Dy = 5

FER R
V=g Tart oz

Differentiating the first three equations of (5) we obtain

viP' = 0.
From the third and the sixth equations of (5), we obtain
d , v . 1 0P | uH, dh,
(r+7) v = e % T %

<6at —VmV* )hz_ 0(?;/

Eliminating w’ between eqns. (6b) and (7) we get

H, 62P’+/1,H%, 0%h,

(5?’*‘7";‘) (0t —'mV* >h’_— };e_ 022

g2 °

I
=

... (62)

. (6b)

e (D

ee (8)
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Eliminating P’ between (6a) and (8) we get

a v . 02 .
(5+7) <6t —vmy?) Vth, = 4° o (V) o (9)
2
where A% = +H; is the Alfven velocity.

Pe

We seek a solution of eqn. (9) under the boundary conditions

hy =0, %zo at z=0 and z=d. <. (10)
0%
We assume that
= Z(z) exp [i(lx+my)--at] .. (1D)

is a solution of eqn. (9).

Then eqn. (9) becomes
o) Lrmom (s )] [t 2] 2

d2 - d2
— 2 7 J2__m2
=4 0 (—pomt 25 ) 2 .. (12)

The boundary conditions are satisfied by

. MR
2z =Bsin (")
where B is an arbitrary constant and » is an integer. Substituting eqn. (13)
into eqn. (12), we obtain

APn2m?

o+ 2 [ o+ 2m (@2 nemt) |+ 2T o . (14)
AN d

where

a? = d¥([2+m?). ... (18)
Then if

h, = Bsin ( n;rz ) exp{(i(lx+my)+ot]

is to be a solution of eqn. (9), o must satisfy the equation

2
A’“’ =0 ... (16)

02+[~—+ (@-+n2m)] o I (-t
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and the character of disturbances will depend on the nature of the roots of eqn.
(16). If the real part of o(= o,+1i0;) is positive, the physical system is said
to be unstable and if ¢y << 0 the system is stable with respect to infinitesimal
disturbances. If oy = 0 the system is said to be marginally stable. More
structure is given to these stability classifications by considering o;. Oscilla-
tory or overstable disturbances are associated with states of the system
for which o; ## 0 and stationary disturbances are associated with states for
which o; # 0.

The roots of eqn. (16) are
2

o=t eipem (4]

A2 222
—4{ I':i’;‘ (a2 nn?) - :;2" }] . .. (17)

The roots of eqn. (17) are complex if

d Vo Vmoa, s s . v k
= t =Y > a2z
A>2mr[k dz(a+nw)]w1hPm Vm>d2(a,—1—n7r)
in that case the real part of ¢ is negative and hence the motion is always
stable, where oscillatory or overstable disturbances are associated with the

system. On the other hand the roots of (16) are real and negative if

< -2—3—77 {7’%—3’; (a2+n2n2)] with P, > dﬁz (a24-n2n2),
In that case, the motion is stable where the stationary disturbances are asso-
ciated with the system. It is of interest to note that in the case of hydro-
dynamic flow one of the roots of characteristic equation (16) is zero and hence
the marginal stability is possible. However, in the case of magnetohydro-
dynamics discussed here, the roots of eqn. (16) will never be zero and hence
the principle of exchange of stability is not possible. Thus we can conclude
that in the case of magnetohydrodynamics, the motion is unconditionally
stable.

4, NON-LINEAR STABILITY ANALYSIS

The linear stability analysis discussed in section 3 considers only infinitee
simal disturbances and provides a critical Reynolds number Ry, such that
the equilibrium flow is definitely unstable for R; > Ry, and it can say nothing
concerning the possibility of instabilities caused by the disturbances of finite
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size. Also it is well known that the linear theory can predict a sufficient
condition for instability and is silent about predicting a condition for stability.
On the other hand, the non-linear stability analysis considers any size dis-
turbance and provides a sufficient condition for stability. In general these
two limits (linear and non-linear) do not coincide and the resulting gap between
the two being a region where possible sublinear instabilities may be present.
If these two limits coincide we have a necessary and sufficient condition for
stability. Therefore, to find the condition for stability we discuss in this
section the linear stability analysis using the energy method developed by
Joseph (1966).

The basic equation of the problem are given by eqns. (1) to (4). The
boundary conditions we use, when the basic flow occupies a bounded region
V{t) with the boundary X, are

o | > oH |
q = — ==
—an—+0'1q = 0, on +0-2H 0 es (18)
where 7 is the outward unit normal vector, o, and o, are the piece-wise conti-
nuous functions of position. These are the general radiation type of boundary
conditions.

At an instant ¢ — 0 the basic motion and the magnetic field distributions
are altered. Our aim is to determine whether the subsequent flow, consistant
with the same boundary conditions (18), approaches the basic flow asympto-
tically as t— co.

Let (¢, H, P) be the basic velocity, magnetic field and pressure distribu-

tion and let

I T T =
¢ =q+uw, H*=H+h, P*=P+n . (19)

be the corresponding quantities in the altered flow. Since both the basic
and altered flows must satisfy the same basic eqns. (1) to (4) and the same
boundary conditions (18), we find on subtraction that

- = =3 3 5 -

0_1: =S o o o 1 v un
g TVt luylg = — = vr— - ut- T ()b (H.9)h+ (h.y)H
e (20)
v =0 . (21)

ﬁ
V,h =0 .o (22)
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h T D> 2D > 5 —>
5 T Vh+y)H = (h.y)ut+(H.V)u+(V)g+vmv*h .. (23)

with the boundary conditions

—

- -
au—{—crlu =0, %%—i—o-zh = 0. ... (29)

- -
Multiplying eqn. (20) scalarly by u, eqn. (28) by k and integrating over the
volume V() we obtain

dK, - o, >0 oo

@i = —<uD. u—{—z u— [H vh. u+h.yH. u] > ... (25)
dK, S>> 9 D
—— = < h.D. h+H.yh. u+h.yH. u—vmvh Vh>—vm < oh? > ... (26)

where D is the rate of strain tensor for the basic flow, K, = <<}iu? > the
kinetic energy, K, = <<}k*> the magnetic energy, << > denotes the volume
integration and < >’ denotes the surface integration. Equations (25) and
(26) are made dimensionless using the quantities

where U,, H, and d are the characteristic velocity, magnetic field and distance
respectively. Then eqgns. (25) and (26) using these non-dimensional quantities,
become

dK - o — - 2 5
= —<RB,v.E.v}+v*—2N,v,G.b > - (27)
dL - - 5 - - -
P —< —R,b. b—2R,v.G.b+Ppryb:yb> .. (28)
mk Ud
where R, = v is the Reynolds number, R, = -———the magnetic Reynolds

number, N = £ h%?% is the interaction parameter m, Py, the magnetic Prandtl
eV o

—
number and G the antisymmetric part of y H.
14
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Using (27) and (28), a universal stability estimate, namely a stability limit
for motions subject to arbitrary non-linear disturbances, is obtained through
the following theorem :

- > '
Theorem—Let V(t) be a bounded region of space and » and b be the velocity
and magnetic fields respectively satisfying the boundary conditions (24).

Then K and L must satisfy the inequality

,H—p*l,,, (c-+ Bm) K44 22MPp L} < (A p— (e+Rm) K+ 22 M Pl

m

exp (A7)

where M2 = NR,, K, and L, are the initial values of K and L due to initial

disturbances and
2 . %
A= —3 (1+e.§;_)+% [(1+ ;_% ) 4R, | (1+7§;)(1~R,,)—42a?1v}] :
... (29)
We see that
¥

2
A+ -g—; (e+Rm) = } (2Ret %% —1)+3 [ (2R _6_1:_’: —1) —s@m?] > o.

From this it is clear that if A is negative, K and L tend asymptotically to
zero and hence a criterion for universal stability is

0K N' < (1+-R£~)(1—Re) ... (30)

where
N' = 422N.

Proof : If —m is the least eigenvalue of D we note that

<v.BE.v>2—<vP>=-2K .. (31)
- = >
<b.E.b>2> — <b?>= 2L ... (32)

Let € be the largest number such that
<yb:yb> < e<b® > = 2. ... (33)

Further, using Schwartz inequalities we have

-5 - = — = - _
(<20.G.0>| <2< |v| |G| |b]| > <€ 42(KL)} .. (34)
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where
_ -
o = Max |G].
Equations (27) and (28) using equations (31) and (34) become
dK

- < 2AR,—1)K+AZNKL) ... (35)
dL R,
o _ 3
o< [2 7 (e+Em)L—4aR (KL)] ... (36)
Let
K* =K, =1

Then eqns. (35) and (36) become

1 (1—R,) 5 5
S Ti? + =y E—L <o .. (37)
By (e+Ry) “ >
Sk, d~r 55 —K L 0. ... (38)
Let
= [A+Pmp(e+Bm)lexp(—AT) - (39)
Y = 2aR, exp(—Ar) ... (40)

where ‘A is given by eqn. (29). X(> 0) and Y(> 0) satisfy the equations

1 dX (1—-R,)

~ %N @t ey XY =0 e (41)

1 (e+Em)
T 2Py, dT - 2a r—X= - (42)

Multiplying eqn. (37) by X and eqn. (41) by K and then subtracting, we get

1 d 5o s s
= 7o KX—LX+KY < 0. ... (420)

Similarly, multiplyimg eqn. (38) by Y and eqn. (42) by L and then subtracting,
we get

. ene 1

P & (KX) _iX+EkY < .. (43)
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Adding (42) and (43) we get
%HLH%WH%W+ﬁNﬂﬂwm—Mﬂ<0 ... (44)

which on integration from 7,= 0 to the current value of 7 gives the theorem.
The number ¢ will depend upon the geometry of the flow {see Shir and Joseph
1968).

5. ImproVED UNIVERSAL STABILITY ESTIMATE

Although the universal stability estimate discussed in section 4 is rigorous
but quite conservative because of rather crude estimate of integrals in eqns.
(31) and (32). In this section an improved stability estimate is obtained,
following the analysis of Joseph (1965) applying the calculus of variation
techniques and using eqns. (27) and (28). We wish to find the greatest values
of the Reynolds number R, magnetic Reynolds number R, magnetic para-
meter N and the best value of the positive number A for which the inequality

d
J;(K+/1L) <0

holds for all 7.

For this to be true, it is necessary from eqns. (27) and (28), for fixed v,
Pp, By and 7 > 0, that

N'(Dy—ADy)+(Dg+ADy) = 0 oo (45)
where
N 1 = >
Dl=<yv.E.v—2&2 v.G.b>
- >
Dy=<vyb.E.b+2v.G.b) >
D3: <'02 > cae (46)

- -
Dy=P,p <yb:yb>
R
Y=
The corresponding boundary conditions are
ov ob
%—f—a'lv = 5—1;+0'2b = 0. oy (47)

The problem is now the following :
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Assuming A > 0 as given, we look for the smallest value of N’ for which
the eqns. (45) and (47) hold. We call this N,(y) which is a function of 1.
We seek the value of A for which N a(7) is greatest and we call this N (y). We
see that for fixed v, if N’ << N(y) we will have a stability. Suitably changing

v we can establish an open set of points in the first quadrant of the (N, R,)
plane for fixed R, and P, in which the flow is stable.

We now formulate the problem in terms of calculus of variation. For
fixed ¥ and A, we require that

—[D,—AD,) = Max ... (48)

for a class of functions v and b which satisfy the conditions (47) and the nor-
malising condition

Dy+ADy = L. e (49)

- >
Solving the maximum problem (48) for all admissible values of v and b satisfy-
ing (47) we obtain stability criteria. Using the Lagrange multipliers 1/N,
and yr(r, f) we can formulate the problem as

s[(D,—ADy——2 ) L p.apyl=o 50
[( 1™ 2)‘—TA<§/’(V-’U)>+TJ-( 3+ 4)]— . ... (50)

The extremum problem (48) with condition (47) leads to the following Euler-
Lagrange’s equations :

=y - —
N, (v.E-T G .b42@ b)+ ——" we (51)
N - - - — -
2/{ (y+2X)(v.G)+N,b.E)=y*b. v (52)

It may be seen, following Joseph (1965) that the variational problem (48)

has a solution and that
1

Max (—Dy+AD;) = - v (53)
A

where X, is also the greatest lower bound of N: and Ni are eigen-values
of the eigen problem (50) and that the motion is stable if

N' < N,. e (54)



334 N. RUDRAIAH AND B. V. MARIVYAPPA

6. DirrusioNn IN MoTioNLESS CrIiTicAL LAYER

The non-linear stability analysis discussed in section 5 is true when
there is a basic flow. Therefore to compare the results of the non-linear theory
with those of the linear theory discussed in section 3 we take &' = 0, E, = 0.
In this case the Euler-Lagrange eqns. (51) and (52) with suitable simplifications
take the form

_)
—V¢—0+N/\ gzb 0 ... (55)

B'v

—
v 5 +N,B =0. ... (56)

Eqns. (55) and (56) with N, = N/A, A= N/R,
take the form

6b

v* b +Em gz” — 0. ... (58)

Equations (57) and (58) are the scaled equations equivalent to the linear
equations given by the system (5).

Therefore, in the case of non-linear theory of motionless fluid the system
is stable only if

0 < N' < (14€/Ru)

which is contrary to the linear results of section 3 where the system is un-
conditionally stable. In other words the linear and non-linear stability limits
do not coincide and the resulting gap between the two being a region where
possible sublinear instabilities may be present.

7. DiscUSSION

" The stability of viscous conducting fluid subjected to a strong uniform
magnetic field in a porous medium is examined for both linear and non-linear
theories.

The linear theory is examined using the normal mode technique and is
shown that the system is unconditionally stable. The effect of magnetic
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field is to make the flow more stable. The non-linear theory is examined
using the energy method and using the boundary conditions of the third kind
and has shown that the universal stability estimate, namely a stability limit
for motions subject to arbitrary non-linear disturbances is

0< N < (1+ ) (1—R,).

€
B

This non-linear stability limit is drawn in Fig. 1 for N’ against R,
for different values of R, with fixed value of e. We note that ¢ varies for
various flow geometries (see Shir and Joseph 1968). For spherical region
¢ =~ 80 and for channel flow ¢ = 37. This shows that the stability region

Re
Fie. 1. Universal Stability Regien-A.

increases by decreasing Ry, and decreases by increasing R,. In other words,
for low magnetic Reynolds number the stability region is increased in agree-
ment with the linear theory but for large values of R,, the stability region
is decreased as opposed to the linear theory. Also, since linear and energy
stability conditions are quite different, the region of possible sublinear insta-
bility may be quite large.
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