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The necessary and sufficient conditions for an infinite matrix defined over
a field K with nontrivial non-archimedian valuation to transform (i) UK)
into (K), (ii) {(K) into I'(K) and (iii) {(K) into I'*(K) are investigated. The
sequence spaces [(K), I'(K) and I'*(K) are all defined over such a field K.

1. INTRODUCTION

This paper is a further extension of author’s (Somasundaram 1970) work
on inclusion theorems of certain sequence spaces over non-archimedian fields
by considering matrices having entries in a field K provided with nontrivial
non-archimedian valuation. In § 2, we shall describe the required sequence
spaces; whereas in § 3, we shall prove the main theorems of this paper.

2. DEFINITION OF SOME SEQUENCE SPACES

Let (z,) be a sequence defined over K. The notion of convergence and
boundedness will be in relation to the metric of valuation defined on K. This
valuation will be denoted by | |. We shall assume that K is complete under
the metric of valuation. This assumption ensures not only the completion
of different spaces which we consider but also that the absolute convergence
of a series in K implies convergence in K.

I'(K): The set of all sequence (,) defined over K with |z,|¥?— 0 as
n—> 0.

I'*(K): The set of all sequences (z,) defined over K with |z,]1/# is
bounded.

%It has been noted by the author LSoma,sundara,m 1970) that T(K) is a
complete linear metric space and I'™(K) is a conjugate*space of I(K). The
F-norm defining the distanés in I'(K) is non-archimedian in the sense that it
satisfies the stronger form of triangle inequality.
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IK):

The set of all sequences (z,) such that X |z,| is convergent

By using a method similar to Knopp and Lorentz (1949) in the classical
case and a theorem of Monna (1963) on uniform boundedness principle in the

non-archimedian case, one can easily establish the following theorem in the
case of /(K) to I(K) matrix transformations

Theorem 1—A necessary and sufficient condition that for a matrix
= (a,p) to transform I!(K) into I(K) itself is that there exists a constant M
such that

S lap| <M, p
n=1

1,2,..

3. Matrix TRANSFORMATION oF [(K) 1o I'(K)
Let us consider the matrix transformation given by

D=
Y, =2 a,prp, n=12,...,0,EK. (3.1)
p=1

Theorem 2—A necessary and sufficient condition that (Y, )&T'(K) when-
ever (xp)El(K) is that

sup |@,p|Y"— 0 as n— co.
1gp<ee

(3.2)
Proof : The condition is sufficient

From (3.1) we have |Y,|< sup |a,p|]|ap|
1€p<Low

£

< sup ‘anpl 2 lxpl
1€p<o

Since (xp)Cl(K), Z |#p| < ¢ where ¢ is a constant.

Therefore, we have |Y,|Vs < ¢V sup |a,p|V»

<o sup |a,p|vm,
1sp<o

where ¢’ = max{l, c}.
By hypothesis . Sgug [a,p|Y"— 0 as n— o
: p<>

Hence |Y,|¥#—0 as n—> co. This means that (¥,)E'(K)
So the condition is sufficient
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The condition is necessary.

Since the matrix A4 transforms I(K) into I'(K), it transforms I(K) into
[(K) also. So by Theorem 1, we have

sup o a0 < M.
p n=1
This implies that 4, = sup |a,p| is bounded for all n so that we have

4, <M ... (3.38)

Since (0, 0, ... 0, 1, 0...) where 1, the identity of the field, is in the n-th
place belongs to I(K), Y, = a,p belongs to I'(K). This implies that

@, p|Y*—> 0 as n— 0

for every fixed p. So we can find a n, such that

|@,p|® < eforalln > np . (3.4)
for each fixed p.

We shall suppose that the condition (3.2) is not satisfied. Then for some
€ > 0, there exists a subsequence of values of n such that

sup |a,p|in > € (3.5)

1<

Therefore we can choose n; such that
1/n
sup la/nlpl 1> ¢ (36)
1sp<w
So there exists a p, in (3.6) such that
i/n
[a,,lpll 1> ¢ .. (3.7)

Choose n, > n, sufficiently large and a p, > p, such that

Mn" < (em|2)™ .. (3.8)
and by (3.4) and (3.5),

v v
{8 p | " < er and [ag p | "2 > ¢ where m < 1 ... (3.9)
21 272
Next choose ny > n, sufficiently large and p, > p, such that

Ma'e < (em2) 2 . (3.10)
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and by (3.4) and (3.5)

LY n
1oy p | "s < er and lanspll S <em o (3.11)
32

and la”a”sl i>e¢

Then choose n, > n, sufficiently large and p, > p, such that

Ma"™ < (en[2)"s . (312)
and by (3.4) and (3.5),
Un Vn
[an4p3l t < em, ]an4p2 [ < em 11
(3.13)
i/n 1/n
la, | *<emand |a, | *>¢€ f
n4p1 4p4

we can choose successively the »’s and p’s as above.

Now with the help of the above, we shall construct a sequence (xp)El(K)
with the supplementary condition that |xp| << 1 for every p and such that

ly,|¥m =| E a,p|Y" has a subsequence which does not tend to zero so that
r=1
(y,) does not belong to I'(K).

Let us choose

n n ”

1—_—z1, xﬂzzzz, xp3=z3,.... ... (3.14)

Tp
and x, = 0 for p # p,, Py, Ps, ... where |z] =7 < 1. Such a 2€K exists,
since the valuation of the field K is non-trivial. The sequence (x,) defined
above belongs to I(K). Now we have

«©

e A YXa,,
ynl Py p1+ j=2 "5 Py

Ia"xplx”ll < max { ]ynlf . / 1.32 U p T, } ... {3.15)
But Z, Onp, %) < SUP [an p |12 |
With the help of (3.8) we have
% a, p 7, | < Mr'? < (em/2)™. .. (3.16)
jo2 %P ,
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By using (3.9), (3.14) and (3.16) in (3.15), we have
e'1n"t < max {|y, |, (en/2)'1.
1
Therefore, from the above, we have
n yn
]ynll > (em) ! so that |y, | !> em
1
Now we shall calculate y,
2
=0p , & a, » & Za,,x
ynz ) p1+ "yPy p2+ =3 RPi Py

r’

}°:° !
a x .
I any, ol

a < max { a
! "z”zxpzl = [y,,zl,! "szx"ll’ [ R

But with the help of (3.10) in the above, we have
n n
| Za, Z’-xﬂ”j] < Mn 3 < (em2) 2
2¥
By using (3.9), (3.14) and (3.18) in (3.17) we get
¢t < max {[y, |, (em) "™, (en]2)"3)
2
Hence we have from the above
/
| | > (em)" 5o that [y, |2 > e

Now we shall calculate

o0
=a T, Ay X, FAy o X, + B, , X
y"a R T P I e P
}eo
a x, <max{ A, , T dy o 2 a x }
| n.D, p3| A l?/nal,f D, pIH n,D, p?‘l“=4 "2, v,

But by (3.12),

5
Ay , T
jma PP

Lsup |a, p2, | < Mnr't < (e1r/2)n3.
J L2 B
By using (3.11), (3.14) and (3.20) in (3.19), we have

an"s < max {ly, |, (en)"*n"™, (o) 2, (en/2)"3).
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(3.19)

(3.20)
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From the above we have

1/
|Um,| > (em)"3 50 that |y, | 3> e.
3 3

yn
Proceeding in this manner, we can find a n; such that [y, | ¥ > em. That
k

is |y,|Y" does not tend to zero as n— oo through a subsequence of values of
n. This shows that (y,) does not belong to I'(k), while the sequence x =
= (2p)& I(K). This contradiction proves that the condition is necessary.

By using a method similar to the proof of the above theorem, we can estab-
lish the following result.

Theorem 3—A necessary and sufficient condition that (y,) € I'™*(k), when-
ever (xp) € (k) is that sup |a, |Y» < M where M is a constant.
»

The theorems corresponding to the above transformations given in § 3
in the case of sequences in the complex field have been studied by Chandra-
sekhara Rao (1970).
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