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In the present paper an attempt has been made to establish a transformation
theorem involving the extended Fox’s H.funetion which generalizes a well-
known result, MacRobert’s ‘Multiplication Formula for the E-Function
Series.” It is further shown how such transformations are useful to sum
certain infinite series of H- and G-funetions.

1. INTRODUCTION
Ezxtended Fox’s H-function

Following Agarwal and Mathur (1969), we define the extended Fox’s
H-function in the form
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The integral (1.1) converges if
2(n+vytmy) > ptstidg, larg@)| < [ntvy+my—3(p-+s-+-i+g)lm,

J 2(n+-vot-my) > ps+t'q', |arg(y) | < [n+vatme—Hp4-5+1 +¢)m,
or
{ P+t < s4-q, p+t < s+q'

L

or else p-+t = s+q, p+t’ = s4¢' with |z] < 1, |[y| < 1.

(1.2)

The aim of this paper is to obtain the transformation theorem for Fox’s
H-function in two variables by using the known formula for the ,F,. The
theorem deduces an interesting result ‘‘Multiplication Formula for the E-
Function Series” due to MacRobert (1959). These transformations, for the
special values of parameters, are employed to sum various series of generalized
functions which, in turn, provide us with the unification of several important
existing results scattered throughout literature in the theory of special func-

tions. _
To abbreviate the contents of this paper, the following notations have
been used throughout :
(i) ap = ay, ay, ..., 3, ..., Gp;
(ii) {(ap; “p)} = (a1, o), (@, X)), ..., (a4, 0g), «ens (Ap, Ap);

n n-i1 n-+m—1

o R , where m is a positive integer;

(iii) Afm;n] =

(iv) Alm;a(b)] = Alm; a], Alm; b];
(v) IT  indicates that the product involving p is to be multiplied by a
p, 0

similar product with o in place of p;

[ &, = A[A; p(o)—ul, AI2A; p+o+a—2), {(7s e},
A[A; p(o)], ALA; a+-plo)—17;

ky = A[22; a-+p+0—2], {(Bg, bg)}, A[A; p(o)],
A[24; pt-o+a—u—2];

ky = A[24; a+p+o0—1], {(v:, &)}, A[A; plo)],
A[X; a+-plo)—11, A[2A; a+p+o—1-+ul;

L ky = A[A; ad-plo)—1+4ul, A[27; a+p+o—1],
{(Bas bg)}, AlA, p(a)].

(vi) 4
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The following formulae and relations are required in our investigations.

(a) Gauss’s multiplication theorem [Erdélyi ef al. 1953, p. 4, (11)] :

D(mz) = (2w 0-m)pymz~3 "ﬁl T (z_}.’,%), m=2,3,4,...) .. (L3)

i=0

(b) MacRobert’s formula [1959, p. 133, (3)]:

mﬁl r ( “—T:;_H ) = ”:I;i: r (“_H:) (—m)r/(l—a; 7) .. {1.4)

i=0 m
where 7, m are positive integers and

I'a-+7r)

;1) = (@), = aletD).(atr=—1) = —ppv

(@; 0) = 1.

(c) The transformation formula for the ,F, [Erdélyi et al. 1953,
p. 108, (1)] :

T'(¢) D(c—a—b) 7

Fa,b;c;2) = 10 oy Te—b)

(@, b; a+b—c+1; 1—2)

T'(c) P(@+b—rc)

TR T

(1—2)¢~%-bF(c—a, c—b; c—a—b+1; 1 —z)

(1.5)
where |arg (1—2)| <.

It is convenient to denote the analytic continuation of the ,F(z) series
and this means the principal branch of the analytic function generated by
the hypergeometric series. The relation ,F, in (1.5) may be reviewed as a
transformation of the ,F,(z) in the variable, actually a formula for special
values of the argument connecting three ,F,’s by a linear relation with constant
coefficients given in Erdélyi et al. [1953, eqn. (1), pp. 108-9].

(d) Relations with Fox’s H-function (1961), Meijer’s G-function and
MacRobert’s E-function (Erdélyi et al. 1953, p. 207, (1) and p. 215 (2)] :

(ap, 1) a
Hy [a: ta }] = QP <x ,,) ... (1.6)
{(bg, l)} bq
1, b,
G2 o ( z ) = E(ap; bq; x). e (LT)
o @n
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2. TaE Basic TRANSFORMATION THEOREM

Theorem : If A and r are positive integers > 0, |arg(l—z)| < #, then

1’— {(en, €p)}
| —r];
§ Azrr 7, (vy3 va), (Mg mg) d {(yt, Ct)}’ {A{/\, p{(((;)l :;' )}
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w=0 u ! '\/ﬁ AZ—U—%
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n, (42 +v53 vg), (rbomg; mg) | %27 l[ ky; {(ve, )} i
P, 1481 : 1], 5, [g+61 2 ¢] y ! {(ds, ds)}
_ D ke (B b))
o o @ (l_z)ugl—-a—p-a—u
+(1—Z) O+ zuEO % ! \/7‘;/\1—“—»1}
o 2 2 ; {(€p> ep)} -
g Br i va) (42 ma) x( i— | ks {(ve> €} (2.1)
B L8 o [gh 0 9] ] (85, ds)} ’
_ I R (7998 )0
provided that
!‘ 2(n+viFmy) > pts+t4g4-24, Jarg(x)| < [n+vi+m—3
) X(p-+s+t-4+-q-+2A)]m,
(i
| 2(ntvytmy) > pFs+t'+¢, |argly)| < [n+v,+my,—}
L X (p+s+t ¢\
or
P42 < s+q, pH+t’ < s+q,
(ii) or else
L P27 = s+q, p+t’ = s+q with |z| < 1, [y] < 1.

Proof : We start from (1.1) and (1.4) to obtain the left-hand side of
(2.1) as

= Zr 1 i §0

2 Ty TR L L SEEE )X

—~jo —iw

C(A—p A5 ) (= AE )

nli | 2 )

x*y"dE dy. .o (2.2)
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and, on interchanging the order of summation and integration, this becomes

L 1w SRy |
M@ Eme ot (il v (2 )} didy . (23)
o Vi=0

where [ = ,F,(1—p-+AE8, 1—o+AE; ; 2).
With the aid of (1.5), the above expression reduces to

_1 ifm e PE+MYE, 7 T(atp+o—2—2AF)
e —
Cm)P i —iw | {H r (P“”.? E)} MNa+p—1—AE)

p, 0 §=0 - A ’
&y
X Fato—i—xg D4+

a1 PELNYE, 1)
+(1—z)xtoto-2 _ 2 .
(27”)2 —ie0 —fco At p+]

o §=0 A

T@—p—o—at2AE)zéy" _
FI—pEAE) T(1—o 1 puf) (2 TdE dr. . (24)

I, =,F ( 31—z >, and
3—p—0o—a+2AE

X =

where

a+p—1—AL, a+o—1—A%
I, = ,F, ( ;1—z> larg(l—2) | < 7.
a-+p-+o—1-—-2AF ;

Now we express ,F, in series, employ (1.3) and then invert the order
of integration and summation (which is permissible) in (2.4) to arrive at
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L —_— 21—a—p—c—

X (@2 )y dE dy (1 —2)*+o+o2 qu _(‘{u .z):/ﬁ Aafu-—'}u X

| e e #EHIE ) T T (S
X ==z | L X

(27”)2 —io —iw0 05+P+0'—1“L’“+.7
E r( o )
22—-1 --p——0‘—a+j
X 5130{ ( Y U —I—E)
atpto—ltj )} g1y
2224 dy

)
{7 [0 2~ o e (L ) )

This

00 j=0

which yields the right-hand side of (2.1) on interpreting with (1.1)

completes the proof of the Theorem
To justify, the change of the order of summation and integration involved

during the process in the proof, we must have

(i) the series
g O—ptdn—otdiinz o0 o

r=0 rl(a;7)
z < p, p being arbitrary and |argz| < o which

—2, ...,

converges uniformly in 0
can easily be admissible by the principle of analytic continuation [Erdélyi

et al. 1953, p. 68, §2.1.6, p. 108, §2.10]
(ii) The double contour-integral is convergent for the conditions imposed

in the theorem (2.1).
(iii) Fox’s H-function of two variables is a continuous funection of

and y for all valuesof > 2y > 0and y > y, > 0
Hence the change of the order of summation and integration is justified

by Bromwich (1959, p. 500).
3. APPLICATIONS

We illustrate below a number of new, known and interesting results as
particular cases of the transformation investigated in the present work.

(a) In (2.1), when all ¢’s, ¢’s etc., are equal to unity, we obtain a result
involving Meijer’s G-function of two variables (Agarwal, 1965) which itself is &

generalization of many special functions
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(b) If we take z = 1in (2.1), we sum up an infinite series for a generalized
Fox’s H-function

B {(61” ep)} -
© A?r Ry (vys ¥2), (s mg) x {('}’t, Ct)},A[/\, P(O‘)-—r];
YEO ;TW P> [t+ 2N : t,], 8, [q . q’] {(,yt', Ct')}
Y (6%, do)}
— {Bo> bal}s (B B}y
» -2 {(ep, ep)} w'
— w 7, (4h+vy 2 va), (2A4my; ma) I x2 kl, {(7;,, c;,)} | .
= A/ TAEV2 ", [648 1 '], 5, [g46A : ¢'] ﬁ {(8s, de)} u ,
KB b

which holds under the same conditions as for (2.1) with k] =k, k, = k,
for 4 = 0 and Re(a+p+0) > 2.

(c¢) If we substitute p = n = s =0 in (2.1) and delete H;'%."*[y] from
both the sides, we obtain a new transformation for H-function

® Aer my, v {: Hlve e} AL, p(a')-r]:]

T et Tttt z|
ro T ! L(aF7) | (B b2}
k
® (1 _2)uQe+o+I=U=3 _ oaim . gigy ) :
=u§o w! /7 A%u-3 t+8/1]1q+s;, 1 x2-24 L +
2

1—a—p—6— .
(1 —g)erpro-2 § (1 —z)u2l—e—p—0—u H4x+m1, 2A+v,
2=0 w!ly/m AUt ++84 g+62

[z( 12_2 )22‘ ::3 :' o (3.2)
- 4

where the conditions of validity for this situation are described by (2.1) with
appropriate changes.

Again, if in (3.2) we put 2 =1, r=m, vy =39, m =7, t =p, A =m,
by=c;=1(1<j<¢q; 1< i< p) ete., and then by virtue of (1.6), we get
a summation formula for Meijer’s G-function :

Yo; A[m’ P(U')"‘n])
Ba

- m3n r 8
wo nTT(@tm) Com,o <x

Yo, Alm; p(o)], Alm; OH-P(O')—I])

Al2m; a-+pt-o—2), b

9a+po+6-3
— sz+r, s x2_2m
ﬁma~i p+im g+2m

(3.3)
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where, for convergence of the series, m, n are positive integers,
Re(o+-p+0) > 2 and 2(r+s) > pHg+2m, |arg@)| < [r-+s—Hp+q-+2m)]r.

Special case of (3.3) :

Ifwesetr =p=g¢q,s =1,p = qg+1,y, = Lreplacey; , by y; (1 < j < 9)
in (3.3) and apply (1.7), it reduces to a well-known interesting result by Mac-
Robert [1959, p. 135, (15)] :
m2n [ Ao )}

P

2 1 T

M3

L A(m; p—n), A(m; o0—n), ¥4
oatoip—s | A@m;atpt+o—2), By ; 2-2my; l

- T(G)me—+ L A(m; p), A(m; o), A(m; a+p—1), A(m; a+0—1), yq J
(3.4)

which is valid if m and n are positive integers, |arg(x)| <7 and Re(ax-+p+0)

> 2.
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