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In this note the convergence of an infinite continued fraction arising from
Chebyshev’s differential equation is shown numerically. The convergence
of & continued fraction arising from a second order linear differential equation
can in general be proved by a theorem of Perron. The continued fraction
mentioned here is an exception.

1. INXTRODUCTION
Consider the linear differential equation of second order as discussed
in Ince (1956)
y = Quy'+Pyy" e (1)
where @, and P, are differentiable functions of 2.

The solution of (1) can be expressed as a continued fraction in the form
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where Y Qo+ @+ Qo Q.- (A)
T P )
= -L——,——— and Pﬂ = ",.___._ > n = 1? 2, 39
Qn 1— Qn-l +1 1 "—'Qn_.l

If (A) terminates the right-hand side represents the logarithmic derivative of a
solution of eqn. (1); if it does not, the question of its convergence arises. Ince
(1956) quotes the following theorem by Perron (1929) for the convergence of
the continued fraction (4).

’
Theorem—The continued fraction (A) converges and has the value ‘%

ify +# 0 and (i) P,— P, @,— @ as n— o0, (ii) the roots p, and p, of the equzim
tion p2=@p-+ P are of unequal modulus and (iii) if | p,| < | p,| then lim |y |V/2
< |py] 1 provided that |p,| = 0. When |[p,| = 0 the condition (iii) 1s re-
placed by the condition lim |y® |¥/n is finite.

The purpose of this note is to give an example of an infinite continued
fraction of the form (A) whose convergence is not ensured by the above
theorem.
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2. CHEBYSHEV DIFFERENTIAL EQUATION

Consider the Chebyshev differential equation

(1—a?)y" —ay +A% = 0 vee (4)

The continued fraction (A) for this equation takes the form

x{—j z2—1 x2—1
1 A* A% 12 ) A2—(m— 1) (5)
3z 5 CCm -

A2+ BT pes g+ X m2+

When A is a positive integer the continued fraction (5) terminates. If A is
not a positive integer then (5) is an infinite continued fraction and the ques-
tion of its convergence is to be looked into.

It is easy to see that for (5)

2__
P, = z2—1 (2m+i@)

Az_(m_l)z > Qm =
and as m—rc0, Pp—> 0, @n— 0.

Thus the convergence of this continued fraction cannot be tested by the above
theorem. However, one ean show the convergence by numerical computations
of the successive eonvergents. The accuracy of the computed values are
checked by comparing with the values of (3'/y) derived analytically as follows.

Tt is known from Szego (1959) that for real but arbitrary A
= }[z*+2"*] where 2z = x}+Va?-1

is a solution of (4).

: ! A [2t—2?
Hence %} = Tt i,z"—{—z""];
We computed the values of the successive convergents of (5) for a set of values
ofx > land A. Theresults are reproduced in Table I which is self-explanatory.
The convergence of (5) to the theoretical value (6) is evident from the results.
In the last column the value of the continued fraction denotes the value of that
convergent (whose number is indicated in the paranthesis) of the continued

. (6)

fraction which differs from the preceding convergent by a prescribed toler-
ance ¢ = 10—, Similar convergence has been observed for || < 1 as well.
The computations were carriedout on an IBM 1130 computer using extended
precision arithmetic.
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TasLE 1
Value of A Value of 2 Theoretical Value of the
value y'/y continued
fraction
0.33333333 1.01 1.10660392 1.10660374 (3)
0.33333333 1.02 1.10213553 1.10213552 (4)
0.33333333 1.03 1.09770545 1.09770538 (4)
0.66666667 1.01 0.441663168 0.441663133 (3)
0.66666667 1.02 0.438915673  0.438915671 (4)
0.66666667 1.03 0.436201342  0.436201330 (4)
1.50 1.01 2.20954052 2.20954053 (2)
1.50 1.02 2.217060167 2.17060168 (2)
1.50 1.03 2.13309787 2.13309792 (2)
2.50 1.01 5.98244161 5.98244162 (2)
2.50 1.02 5.73967883 5.73967879 (2)
2.50 1.03 5.51835679 5.51835679 (3)
3.50 1.01 11.3025098 11.3025098 (3)
3.50 1.02 10.5111010 10.5111010  (3)
3.50 1.03 9.83957674 9.83957676 (3)
5.50 1.01 25.2579948 25.2579949  (5)
5.50 1.02 21.8865079 21.8865079  (6)
5.50 1.03 19.4477353 19.4477353  (6)
6.50 1.01 33.2474329 33.2474332  (6)
6.50 1.02 27.8490241 27.8490242  (6)
6.50 1.03 24.2288939 24.2288939 (7)
CoNCLUSION

The example shows that the conditions for convergence of a continued
fraction of the form (A) stated in the theorem mentioned are sufficient ones
but are not necessary.
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