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Heisenberg’s (1948) equation for the decay of eddy turbulence possesses a
more general type of self-preserving solution as given by Sen (1951). In the
presont work it is found that such types of self-preserving solutions also satisfy
Chandrasekhar’s equation for the decay of hydromagnetic turbulence in the
limiting situations of zero viscosity and infinite electrical conductivity. The
asymptotic behaviours of these solutions have also been obtained as F(k, t)
2-3¢ 2-3

~k ° (c=2[7giving F(k, t) ~ k%), Gk, t) ~%k ° (c = 2/9 giving KF, ¢t)
~ k°) for k— 0 and F(k,t) ~ k=513, G(k.t) ~ k=53 when k- co.

1. INTRODUCTION
Heisenberg (1948) showed that the decay of turbulence (hydrodynamic)

is governed by the integro-differential equation

Dk 'k
——-aLt- { Fkt)dk' = 2(v+e) (j; F(E, OE2dE o (1

where F(k, t) is the spectrum function of turbulence, v the kinematic viscosity
and g the turbulent viscosity given by

© [F(K, ) ..,
m=& [ VIEDar,

K being a numerical constant.

Heisenberg obtained a self-preserving solution of (1) in the form
i —
Flk, t) = —— fV't).
(k, 2) Vi flevt)

A more general type of self-preserving solution of (1) was given by Sen (1951)
which is valid when the low frequency eddies are predominant (i.e. v is small
compared to #,) as

o= gy (470 () (2 - @
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where K, k, and 1/, are constants and ¢ is an arbitrary constant limited to
values not exceeding 2/3. When ¢ = 1, the self-preservation extends to the
range of viscous dissipation too. In fact, this gives the self-preserving solution
due to Heisenberg.

Chandrasekhar (1955) developed an elemenatary theory of hyvdromag-
netic turbulence which is similar in its scope and content to Heisenberg's
(1948) theory of eddy turbulence. The basic equations of Chandrasekhar’s
elementary theory of hydromagnetic turbulence are given by

k v k
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i , k

—CF(k, k2 [ d&" G,f,,3 F(k, )k - (3)
k
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where F(k, t) and G(k, t) are the spectrum functions of the turbulent fluid field

and the turbulent magnetic field respectively. Here » is the kinematic visco-
. 1

sity, A has the character of magnetic diffusivity given by A = s (¢ and

o are respectively the magnetic permeability and the electrical conduectivity)
and C is constant.

Considering (3) and {4) Chandrasekhar obtained the equation

k
— f[F(k’ VG, 0dK = [ AR, O)--AGE, O]k
0 0
+0 ] k‘ff/z W, )+ Gk, 1)] J AR Rk, )Gk, )]k’ . (5)

The aim of this paper is to deal with the self-preserving solutions of eqn. (5)
in the limiting case of v = 0 and infinite electrical conductivity o ie. A = 0.
We propose to obtain the asymptotic behaviours of F(k, t) and G(k, t) under
the assumption of self-preservation for the cases k—0 and k— 0.
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2. SELF-PRESERVING SOLUTION OF CHANDRASEKHAR'S EQUATION
or Drcay or HyproMAGNETIC TURBULENCE

We assume the self-preserving solutions for eqn. (5) in the forms

1 &P k
1 s k

where s = s(7), 7 = (t/{y); and k,, t, and C are constants.

Substituting (6) and (7) in eqn. (5) and writing

1 9 1 ko .

B Ak, = o and (E) § == ... (8)

where R stands for the Reynolds number of the fluid field for eddy turbulence

and Ry, stands for the Reynolds number of the turbulent magnetic field, we
obtain after some calculation

vkgto =

sp-1

— e o+

T
8

}f(x dx’ —5—1' xf(x ]
— 5 [ Tt e=1 L. } g7 % gt

sP-1 sp’-t 21 %
- 22 ’2
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»=3
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sp—1 o f(xr) , e ,
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T
p'—8
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2
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P P . T AL g :
+7-q+l ’ : -{)x f('T )d.’l? J x/g d{l} . 7~z ver (9)



SOME CRITERIA OF DECAY PROCESS - 857

Let us consider that both R and R, are very large for the stage of motion
when the transfer of energy from smaller &’s to bigger ones are predominant
phenomenon in fluid which is highly conducting, so that we may put A = v
= 0. Under the above assumptions eqn. (9) reduces to

_872'_;_; [35 {(_q)+(p—1) % s,}f(w')d$'+7 %' yﬁf(%')]

-1z , , T , , s,
— o | {0+ = T s} g@)da % ag)]
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8 ' I ’ ’
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T
-3
sp’—l by 3(;,) ! § z 7 7 ¥
;q,—Jr-l.2.£f \/ o dx .A-q?'oszg(x)dx
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p—3

D11 w 1 z
+§"—IT4TI .2, _(‘; ‘\/f(l ) dx' . 6[ x'2g(x’)dx’ i ,_8,_*,

x'3 =2
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=3
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sP-1 T gt @),, s

+ﬁﬁm2.gxwxmx.idiﬁ R — .. (10)

2

.

Here the condition of similarity needs

p=p = ‘}
g=q =
(11)
§ = a7’ [
g = 2+c(p—3) J

. . . s
where «, is the constant of integration of 7 —;- = ¢,

¢ being another constant.
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On substituting (11) in (10) we obtain

of 21 —o)f(x Y’ — caf () + :f 2(1 —e)g(a' o' — cag(x)
=2 Jetfora | TVI a4 TVIG o]
T2 fartgle)is [I\/g(,3 @+ TN 4 ] . (12)

Now F(k,t) and G(k,t) have the forms
1 o \23¢ k[t \©

o= -clgg 14 (2

Here we have dropped the homology constant ¢, independent of time and
limit ¢ to the values not exceeding 2/3. It may be shown that eqn. (12) admits
of similar solutions of the form A3f(hx), A3g(hx) if f(x) and g(x) are solutions of
equation (12), where % is any constant.

)) .. (1a)

N.JN

3. Asymproric BeEHAVIOURS OF F(k,t) aAND G(k,t) FOR
k— 0 aND k— o0.

Let us now discuss the behaviour of f(x) and g(x), satisfying eqn. (12),
when z— 0 and also when x— 0.
(a) Asymptotic Behaviour of f(x) and g(x) at x— 0

We note that as

f@') ~ f@)+ @ —a)f (2)+.... (> 0),

50 [ a2()da? ~ wf (2> 0) . (13)
0

and as

g@') ~ g(z)-H'—z)g'(@)+...; (2> 0),

80 ‘ Ix’zg(x')dx' ~ ’i,: g(x), (x> 0). o (14)
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Differentiating (12) with respect to x and using (13) and (14) we have
(2—=30)[f(z)+g(x)]—cz[f (x)-+g'(x)]
3 3
— of—flate—gie 7] [ 5 fla) |+ 2—glov—pasn] [T g |
+2 | ] Pt gl -ona | 2 fla) gl (15)

Now dividing both sides of (15) by #*[f(x)<4-g(x)], and then differentiating the

resulting equation with respect to x, we obtain after some simplification, the
equation

—2(2=3e)r~Y(f+g) 2 Hcalf +g' P +clf 9 Wf+g)—ca(f +9" W f+g)
+% et 3fH — 4 fla—3/22%(f4-g)?

2 1 14 1
+glet . 47l —dgte et (f4-g)

= —2[fla g I )
Now let
f@) ~ 41, A +#£ 0, (x— 0)
glx) ~ BxY', B =£0, (x> 0),
then eqn. (16) reduces to

A1 — 4+ 6c -+ 2em} -+ B ~1{— 446+ 2em/)

FAByn 1 {— 84 12c—cn'?>—cen?+-2en-+20n’ + 2enn’}

Sn+1

5n’+1

4 A5 2 {:]3 (n—1)+2}+B5/2x : {%(n'——l)+2}

n’+n+l

2
+ AtB% {‘; (R 1)2 }+A2B%x

dnd+n’ +1

1
. ' )
{ 3 (n l)-}—..}
3n +2n+1

4+ A%2By {—‘;- (n— 1)+4} +ABY%

3n42n' 41
z 2

{v (n'—1)+4} —0

w

17
We now consider the following cases :

(i) Ifn << w', then the first term is significant provided n43 > 0, and
thereby equating the coefficient of 4281 to zero, we get
23 . .
n = -——Cj—c— (c being restricted to be less than 2/3).
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Hence we obtain the asymptotic bebaviour of f(x), when

230

x>0 as fx) ~ Az °
2—-3¢

This would make F(k, t) ~ constant. & ° for k— 0.

(i) If » < m, the second term is predominant provided n'-+3 > 0,
and so equating the coefficient of x2n'~! to zero, we get

, 2—3c

n —

(¢ is limited to values less than 2/3).

Hence the asymptotic behaviour of g(x), when x> 0 is given by g(x) is of the
2-3¢ 2—3¢

order Bx ° . This would make G(k,t) ~ constant. lciT for k— 0.

It may be remarked that
2-3¢

F(k, t) ~ constant. £k (k— 0) with ¢ = 2/7
2~-3¢c

and Gk, t) ~ constant. k& ° (k— 0) with ¢ = 2/9

would lead to the behaviours
F(k,t) ~ constant. k4, k— 0
and Gk, t) ~ constant. k5, k— 0

respectively, when no transfer of enrgy takes place from the mechanical
motions to the magnetic field (cf. Chandrasekhar 1951). As the spectrum
of | k]2 behaves like that of |w |2, the asymptotic behaviour of G(k, ¢) in com-
parison to F(k, t) for k— 0 is as above (cf. Batchelor 1950).

(b) Asymptotic Behaviour of f(z) and g(x) for x— o

—wo{x’)

)

Putting f(z') = ¢ e and g(x') = e T in eqn. (12) and then following

Heisenberg’'s method of approximation, we get the equation governing the
behaviour of f(z) and g(z) for x— oo as

2—-3 — ‘g z z
(—2[:6%«(1;;532_;%{%9)— ({ x'2f (2 )da'+- Of 22 )da'

2gta 2t 2*(f+g)
+ 7 + T i giga .o (18)
— —

f
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provided we assume that w;+1 > 0 and wy+1 > 0, (w; and w, meaning
differentiation of w, and w, with respect to log x).

We now seek solutions in the form
J@) ~ dex—> 0), A #O0
and g(x) ~ Br—'(x— 0), B £ 0
where n and »n’ are positive numbers.

Substituting these in eqn. (18) we get the following equation

Ax—n{2—3c+en}+Bx—n'{2—3c-+cn'}

i —(3n—3)
2 2 1 2 2 1
— 9 43/2 2 = L __opane, { — }
24%% {1+n 3—-n} Bt V4w~ 3—w
~2m-n’ 43 _-2n-nt3
oA Bt 2 { 2 1 9B 2 2 1
B - 14+a"  3—n }—“ o {1_4,——7[— 31‘{"}
=0. .. (19)

(i) It is usually supposed that when a fluid of sufficiently high conducti-
vity is in motion, the lines of magnetic force are frozen in the fluid and move
with it. As a result, the magnetic lines of force are stretched and the mag-
netic field is strengthened. In this manner an initial stray magnetic field is
amplified. When the magnetic field becomes sufficiently strong it prevents
its further increase by suppressing the turbulent motions and thereby an equi-
librium state is reached. So one may expect that an equipartition between
two forms of energy will result. Under such circumstances, we set n = »’
in eqn. (19) which leads to the result

—(3n—3)

2
(A+B)xn{2—3c-+-cn}—2(A4%2+ B¥2-+ AB*- A*B)x {1—_%—3—_1_71}

=0. . (20)

3n—3

If the first term of eqn. (20) be significant i.e. n < , Viz. n > 3, equa-
2 . .oy
ting the coefficient of x— to zero, we get n = 3-—;—. Since ¢ is limited to

the values less than —g—, SO n = 3— E\ is a violation of the condition n > 3.
c

Hence we do not consider this case for our required asymptotic solution,
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If the second term be significant i.e. n > n—3 , viz. n < 3, equating
—(3n—3)
th flicient. of = to zero have 2 ! 0,ie. n 5
he ¢ 1ent of x 0 7ero, we have —— ———— = 0,1e. 0 =
e coefficient of a 7ero, w R 3

(iiy If» << #', we find that the third term in (19) is the most predominant
~@n-~3)
term, provided n < 3. So equating the coefficient of * ~  to zero, we
5

ohtain n = —.
3

(iiiy If»’ < m, we find that the most significant term in (19) is the fourth
—~(3n’-8)
term provided »n’ < 3. Then equating the coefficient of x o Zero, we

. 5
obtain »' = —-.
3
Thus we find that in the stage of decay of the hydromagnetic turbulence

so considered, the spectrum of both eddy turbulence and magnetic turbulence
energy have Kolmogoroff behaviour, viz.

F(k, t) ~ constant. k-5/3; G(k, t) ~ constant. k53 for k— oo,

irrespective of the considerations whether this is a case for equipartition of
energy or not.

Although for k— 0,

F(k, 1) ~ constant. k!, G(k,t) ~ constant. kS

are obtainable from self-preserving solutions (6a) and (7a) with ¢ = «3 and

c= % respectively, yet both of these two self-preserving solutions lead to

Kolmogoroff spectrum F(k, t) ~ constant. k=53, G(k, 1) ~ constant . k573,
k—> o0, because these asymptotic behaviours are obtained irrespective of the
choice of values of ¢ (indeed with restricrion ¢ << 2/3).
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