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Four caszes of mixed houndary value problems in the theory of elasticity
concerning a strip are presented. Two are on line crack and on line punch.
The other two are on infinite row of similar cracks and on infinite row of
punches. The solutions in all cases have been obtained by the use of com-
plex variable methods.

1. INTRODUCTION

Mixed boundary value problems in a strip or layered media were studied
by Paria (1960) and others. Detailed references of mixed boundary value
problems of elasticity are to be found in Sneddon (1961, 1966). In this paper
we consider some two-dimensional punch and crack problems in an infinite
elastic strip. The method presented here involves a different approach which
reduces these problems to the solution of simple integral equations. This
method may be taken as a variation of those used by England and Green
(1963), Collins (1962) and Lowengrub (1966). Muskhelishvili’'s method has
found wide application in various mixed bundary value problems. For ex-
ample, we may cite Cherpanov (1963) and Markuzon (1961). It is believed
that the method has not been applied usefully in mixed boundary value prob-
lems of infinite strip by them. In section 2, the basic formulae are quoted
and also one of the two complex potentials appearing there has been suitably
chosen in terms of the other on the boundaries. In section 3, the case of a
centrally situated crack is considered. This problem was solved by Lowen-
grub (1966) by integral transform technique. In section 4, a solution is derived
in closed form with the use of Weierstrass’s p-function to the problem of an
infinite rows of line cracks. The corresponding punch problems are discussed
in sections 5 and 6. Finally, in section 7, details of the calculations in a parti-
cular case of the problem discussed in section 3 are presented.

2. Basic FORMULAE

We quote the basic equations for two dimensional isotropic elasticity in
the form used by Green and Zerna (1964). If (z, y) are rectangular Cartesian
coordinates and z = x-+iy, Z = x— iy, then
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pD = plu,+iuy) = k Q(2)—2Q' ) — wlz) . (21

Opat0Oyy = 4[Q'(2)+ Q)]

Taetivy =AY+ XG0 —oe) |
e (2.2)
oy —io,y = A O+ Q)+ 06+’ ()] )
where u,, 4y are components of displacement, o, oyy, 02y the components of
stress and g the rigidity modulus. Also k = 3—4y for plane strain and k =
(3—n)/(1+7) for generalized plane stress, y being Poisson’s ratio. Of these
above two potential functions Q(z) and w(z) appearing in (2.1) and (2.2) one can
be chosen arbitrarily and therefore we set one of them, say w(z) in terms of the
other in the following manner :

w(z) = —20'(2)+Qf), - on z=xz+¢0 )
be .. (2.3)
= (—2+4)Q(2)+Qk) on z=a+2. )
These assumptions remain valid for the analytic function w(z) inside our elastic
region as z, —z-47 and €Q(z) are analytic there. Now from (2.3) we obtain

w'(z) = —20" ), on z=x+i.0 O
(2.4)
= (—24-4)Q"z), on z=ax+2i. J
We also assume at this stage that
lim [(Z—2)Q"@)] =0 1
Z=~»T+5.0 |
and > e (2.5)
lim [(Z—2z+40)Q"()] = 0. J‘
z~z+2

3. A CENTRAL ('RACK WITHIN AN INFINITE ELasric STrip
We consider the material to be an infinite elastic strip bounded by the
lines y = —1 and y = 4+ 1. Let a crack be situated on y = 0, —a < x < a.
The boundary conditions for this medium are stated as
Uy =0gy =0, on y= 41, for all
and on y=0 for |z|>a;
T =0 and oy, = —fld) on y=0 for || <a.

To solve this problem, we imagine the following boundary conditions for a
strip 0y << 2

oyy = —f(@), x| <a 3
Oy =0, all « l

L (3.1)
Uy = 0, je] <a }

and y =0, 2. J
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The solution of this problem, if obtained by functions having symmetry
about x-axis ensures the solution of the problem discussed by Lowengrub
(1966). Another interpretation of this problem is that it refers to an infinite
row of cracks described by |z| <a, y = 2n, (n =0, 41, +2, +3,...). We
assume that f(x) is sectionally continuous function of z in —a < 2 < a. The
last equation in (2.2) with the help of (2.4) and (2.5) gives rise to

Tyy— 0y = 2[Q'(2)4+Q'(2)], on y =0 and y = 2;

and hence the second boundary condition in (3.1) is identically satisfied. Also
the first boundary condition reduces to

Q) +FQ R = —flx), ony=10,2 for |z| <a. .. (3.2)

From (2.1) we have

0 . e
s [ a?;”” +1 %?fxg ] = k' (z)—Q'(2)—2Q"(z)— '(2)

and hence using (2.4) and (2.5) it becomes

0um . auy . ' O P o %
[—a—g—c—«-}-z —ax—] = kQ'(2)—Q'(z), on y =0 and on y = 2.
As uy = 0, 0on y = 0 and on y = 2 for [z| > a, we must have %?:—cy: 0 there
and therefore the third boundary condition in (3.1) leads to
[Q'()—Q'(z)] =0, on y =0 and on y =2 for 2| > a. . (8.8)

In order to solve the problem specified by (3.2) and (3.3) we consider

7 sinh 7t dt
cosh #wt—cosh 7z

Q) = (3.4)

Do, &

[F(t)4G(t) . tanh 7z]

where F(t) and G(f) are real continuous function of { in the interval —a < t < a.
The above chosen form of Q'(z) in (3.4) is analytic inside S+ (that is within the
strip) and also it satisfies the condition that it vanishes for large |z|. There-
fore by uniqueness theorem of harmonic functions (3.4) is the unique repre-
sentation of Q'(z) if functions F(t) and G(t) can be determined under the boun-
dary conditions (3.2) and (3.3). It is seen from (3.4) that

Q'(z+2) = Q'(z)
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and hence Q’(2) must satisfy same kinds of boundary conditions both on the
lines ¥ = 0 and y = 2 and this is our intention. Then it is only necessary to
determine () and G(f) and hence Q'(z) from (3.4), satisfying the following
boundary conditions :

Q@) +Q' )] = ———f(2—x)—, on y=0 for |z| <a ... (3.5)
[Q@)—Q'()]=0, ony=0 for |x|>a. ... (3.6)

Now it will be observed from (3.4) that, for ]@] < a, y = 0 the integral for
Q’(z) is non-singular and hence

Q'(@+1.0) = Q' (x—1.0).
Thus the boundary condition (3.6) is again identically satisfied. Also for
|z| < a we have by formulae similar to Sokhotski’s (cf. Gakhov 1966),

7 sinh 7t dt
cosh 7rf—cosh 7rx

Q' (x+1.0) = #i[F(z)+tanh 7x.G(x )+J [F(t)tanh mx.G(t)].

Q'(x—1.0) = —mi[F(2)+tanh me.G{x)]+ f [F(t)+tanh mx.G(t)]

7 sinh 7t di
cosh 7rt—cosh mx’

(3.7)

Using (3.7) in (3.5), following singular integral equations for 0  « << a are
obtained

a asinhatdt  fi(x) .
SO b m—coshme — 4 (e 38)

and }t . sinhmtdt fol@) (3.9)
o cosh mt—cosh 7z~ 4 tanh mx )

where f,(x) and fy(z) are even and odd parts of f(z). At this stage we have
assumed that f,(x)/tanh 7z satisfies H-conditions in 0 < x < @ and this assump-
tion is justified from the odd behaviour of fy(x). If we make the following
change of variables

t = mtcosh™ u, & = 7~ cosh-' w, F(n'cosh-1u) = ﬂ‘lﬁ(u) 3
Gt cosh™! u) = n“lé(u), —Ti Sy(m=t cosh—lw) = ﬁ(w}'

|
[
] {/wz Sa(m~1t cosh—1 w) fz(w), J\
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the integral equations in (3.8) and (3.9) reduce to

Le B 4. ¢
= 1w — fyw) e (311)
%f S(_“Zv du = fyw) . (3.12)

where o = cosh ma. The solutions of the integral equation in (3.11) is known
to be

o= ()" (520 ) A

+C{(u—1)(c—u)}~*. <. (8.13)
The C,, denotes an arbitrary constant. Changing to original variables we
get
]

cosh 77t —1 f cosh ma-—cosh 7y\* fi(y) sinh my dy
cosh 77a—cosh 7t ) ( cosh 7ry—1 ) cosh 7ry— cosh 7%

=&

0
C, -
—}--7; {(cosh mt—1)(cosh ma—cosh t)}-1. . (3.14)
Similarly from (3.12) we get

Qty =

1 ( cosh mt—1 )*

cosh 77a— cosh ﬂy) o f,(y)coshmydy
477 \ Cosh na—cosh 7t

/
\ " cosh my—1 cosh 7ry—cosh 7t

Ot R

-}--(7;7'—2 {(cosh 7t—1)(cosh ma— cosh 7t)}—* ... {(3.15)

where C, is also an arbitrary constant. Hence the equation (3.4) under (3.14)
and (3.15) determines the analytic function Q'(z) inside the strip completely
save for the two unknown arbitrary constants. As the rotation vanishes at
infinity these arbitrary constants must be real. Also they can be deter-
mined by employing the fact that the stresses vanish at infinity and the
displacement is bounded on the boundary (y = 0) at z = 0 and hence Q'(z)
is completely known.

Our next task is to determine the other analytic function w(z) in S+. From
(2.3) and from the form of Q'(z) it is clear that w(z) vanishes for large x, 0 < ¥
< 2 and that 2Q'(z), (:—4¢)Q'(z) and Q(z) are analytic functions inside the
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strip except at points z = a-+1.0, a-+24, —a-+1.0, —a-+2i. Hence by Cauchy’s
formulae

= w(z), for zin 8+
= 0, for =z outside S+ ... (3.16)

where L is the contour consisting of the real axis (indented at the points x
= —a) from left to right and the line z = x-}- 27 (indented at the points where
¥ = <a) from right to left and w(f) is the boundary value of w(z) on L. The
above result follows from the fact that w(z) is analytic in S+ and is continuous
in St4 L.

Hence from (2.3) and (3.16) we get,
1 {LT — Q' (t4+14.0)+Q(t-+1.0)

2m L, t—z

w(z) = dt

LT (200 20) £ Qe 21) dt], (3.17)

te t+2i—z

as the integrals over the indented semicircular parts vanish in the limit. As
Q'(z) and hence Q(z) is known previously the integrands inside the integrals of
(3.17) are known functions and therefore the determination of w(z) is reduced
to quadrature.

4. A Row or Equarry IpeEN1icAL CRACKS

We consider an infinite elastic layer —1 < y < 1 in which ‘there is an
infinite row of equal and equally spaced cracks described by |z—nd| < a,
y=0,(n=0, &1, +2,...;d > 2a). The boundaries y = 4-1 are subjected
to the conditions uy = 0, o5y = 0. We assume that each crack is opened by
equal and opposite normal pressure on each side of the crack which are same
for each cracks . This problem is solved by considering the following mixed
boundary value problem in an infinite elastic strip 0  y < 2. The boundary
conditions on y = 0 and on y = 2 are

oyy = —f(@), |z—nd| < a 3
Oy = 0 , all z ’ .. {41
uy = 0 a< |z—nd] < d—a )

where n =0, +1, +2, ..., and d > 2a,
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Another interpretation of this problem is that it refers to a ‘grid’ of cracks
described by |o—nd| < a, y =2m (m,n =0, +1, +2..).

We assume that the function f(x) is sectionally continuous in —a { = < a.
Proceeding as in section 3, it will be noticed that the second boundary condi-
tion in (4.1) is identically satisfied, whereas the first and third boundary condi-
tions on y = 0 and on y = 2 reduce to

[Q'(2)+Q'2)] = ,ﬂ;_), for |x—nd| < a .. (4.2)
and [QE)—Q()] =0 , for a < |r—nd| < d—a o (4.3)
where n = 0, -- 1, 4 2, .... From the last two equations it may be noticed

that Q'(z) satisfies same types of conditions both on the lines y = 0 and y = 2
and also it satisfies same conditions on the real axis y = 0 at distances d apart.
This fact signifies that the potential function Q'(z) must be doubly-periodic
function with periods d and 2{. Therefore, to solve the problem specified
under (4.2) and (4,3) we assume

/ “ ' pl(t)dt
Q'z) = of [F(t)+p ()G()] ) —pl) o (4.4)
where F(t) and G(t) are real continuous functions of ¢ in the interval —a <t < a
and p(z) is the Weierstrass’s p-function (Elliptic function) (¢f. Whittaker and
Watson, 1962) and p'(z) is its derivative with respect to z. Here p(z) and hence
p'(z) are doubly periodic functions with periods d and 2{ and clearly they are
real for z real. Also p(z) is an even function of z and p’(z) is an odd function of
z. At this stage it is only necessary to determine F(f) and G(t) and hence
Q'(z) in (4.4) satisfying the boundary conditons

[Q@)+QR)] = —I(—;l, ony=0, for |z|] <a e (4.5)
[Q()—Q )] = 0, on y =0, for ——Ozl— <z <a,
a<x<%. ... (4.6)

Now on the real axis, for —(d/2) < 2 < a and for a < x < (d/2), the integral
on the right hand side of (4.4) is no longer a singular integral and hence

Q' (z+i.0) = Q' (x—4.0) and therefore the boundary condition (4.6) is identi-
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cally satisfied by the above choice of Q'(z) in (4.4). For |x| < a, on the real
axis, Q'(z) behaves as a singular integral of the Cauchy’s type with its only
singularity at z = 21 ¢.0 and therefore by formulae similar to Sokhotaki’s
(cf. Gakhov 1966) we get

L _ ) e o ()t
Q(2+1.0) = mi[F@)+p @GN+ | PO+ @0 [7(%)—_7({—) 1}

and , Lo (47)
— a pl(t)dt {

Q'(x—i.0) = —mi[F(x)+p'(x)G(z)]+ {)[ﬂﬂ%—ﬁ'(ﬂﬂﬁlmj

Using (4.7) in (4.5), following integral equations for |x| <C @ are obtained :

K pPydt _  filx)

gF(t) D@ —p() o (4.8)
and

T P falx)

4O = T T @) o 49)

where f,(z) and f,(z) are even and odd parts of f(x). In order to solve the
integral equations (4.8) and (4.9), as in section 3 we make the change of variables

t=pHu), 2 = piw), Flpw) = n-F(u),
Gl ) = m1G(w). — filpe)) = ),

1 falp™'(w)) _ 2
~ 3 ey = 20 o (4.10)

Then the integral equations reduce to

du

u—w

Plu) Filw) o (411)

R g

3|~

du
u—w

G(u) fow) e (412)

3|~
Re— §

where o = p(a). A further change of variables

e B o = () Fom

f
[*n) Y

W)~ Blgp) =RN L@y
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changes the integral equations (4.11) and (4.12) into

1 la 2 by
. —~ { F(v) T/ﬁl—-ZW = f (W) .. (4.14)
an
1 o2 av P
1O G =F0m) (4.15)

The integral equations (4.14) and (4.15) are of the type (3.11) and (3.12).
Hence their solutions give rise to

FO = ~ g gt | 1 —stent -
and =i - (416)
60 = g~ gt PO~ - S50
> Ll - (@17)

where C; and O, are arbitrary constants. Hence eqn. (4.4) under (4.16) and
(4.17) determines the function Q'(z) save for these two arbitrary constants.
Exploiting the condition that the displacement is bounded on the boundary
(y=10) at x =nd, n =20, +1,+2,..., the constants can be determined.
Hence the analytic function Q’(z) is completely determined. Our task at this
stage is to determine the other potential function w(z) by using the conditions

wz) = —20'(2)+Qfz), on z = z+1.0,
= (—2z-1+42)Q'(2)-+Q2), on z = x+2¢.

Therefore, the boundary conditions satisfied by the function w(z)/(z—4¢)? are
the following :

e - , Q )
(z_,(zz.)z = (’2‘:'5;)2 Q (2)+@—%2’ on 2z = x-+1.0
= -ﬁ(ii) + (zfz))g , onz=at2 .. (418)

As Q'(z) is a doubly periodic function of z, for large z it remains bounded and
therefore w(z)/(z—44)? is of the vanishing order for large zon y = 0 and y = 2.
20'(z) Q(z)
(z—41)?" (z—4e)?

Also since are analytic inside the strip except at points f-a
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+nd, 20 + a+tnd, (n = 0, +1, +2, ...), by applying Cauchy’s integral formula
over the contour L consisting of the line y = 2 from right to left, and y = 0
to right and indented at points +a-+nd, 2i4+atnd, (n =0, +1, 4-2,...),
we obtain
1 i pydt  w(z)
2m 3, t—z  (z—40)?

for z inside S+

= 0, for z outside S+ L (4.19)

where p(t) is the boundary value of w(z)/(z—44)2 on L. The above result fol-
lows from the fact that w(z)/(z— 47)? is analytic in S+ and continuous in S+--L.
Hence from (4.18) and (4.19) we get

(z—4i)2  2mi

w(?) 1[4 Q) . Q) \ dt
= { I —4i +(t~4i)2} —2

-0

~ { — Q'(t4 23)

Q+2) | dt
R S ]

T t—2ie | 1—2

(4.20)

as the integrals over the indented semicircular parts vanish in the limit. Now
Q'(t), Q'(¢-424), Qt) and Q(t-+2¢) can be determined from (4.17) and hence
after substituting their values inside the integrals of (4.20) and on performing
the integration w(z) and hence «’(z) can be determined.

5. A PuxcH INDENTING AN Krastic LAYER or Uxnirt
TrickNESs RESTING ON A Ri1gID FOUNDATION

We consider the elastic material to be an infinite strip 0 < v < 1. The
boundary conditions on y = 1 are wuy = 04y = 0, and those on y = 0 are
0.y = 0 for all 2, oyy = 0 for|z| > a and uy = f(x) for [z]| < a.

To solve this problem we consider, as in section 3, the following boundary
conditions on the boundaries of the elastic strip 0 <y < 2:

oyy =0 , (x| > a,
Oy =0, all w, o (5.1
uy = flx), le] <a J

Proceeding similarly as in section 3, the second boundary condition in (5.1)
is identically satisfied where as the first and third give rise to

[QER)+QE)]=0, on y=0,2 for |x| > a, o (5.2)

Q@) — Q)] = %’u}f’(m), on y=10,2 for |2] <a. ... (8.3)
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We assume at this stage that the stresses and rotations vanish for large |z]
and f(x) is a differentiable function of « in the interval —a { x < a. To solve
the above problem specified by (5.2) and (5.3) we set

7 sinh 7t dt

cosh mt—cosh mz  ~ (5.4)

Q') = i | [F(t)+tanh 7z . 6(2)]
0

where F(t) and G(t) are real continuous function of £ in the interval —a < t < a.
It is seen from (5.4) that the boundary condition (5.2) is identically satisfied
and (5.3) give rise to the integral equations

a r sinh 71t dit b o
{, Fe) cosh 77t—cosh mx ~ H—Kfl(?“) - (65)
and

a auy . " sinh 7t dt o)
fo " cosh mt—cosh 72~ (1-f«k) tanh 77z

(5.6)

where f,(x) and fy(x) are even and odd parts of f'(x) respectively. In order
to solve the integral equations (5.5) and (5.6), we make, as in section 3, the

change of variables

t = m! cosh—ly, x = 7~ cosh-lw, F(7r! cosh~tu) = 71 ﬁ(u),

G(m* cosh ) = m3G(w), 75— fi(m1 cosh—1w) = fy(w),
14-x
l/—LI—K (/*‘1;'2—10-‘_:1:5(”"1 cosh=1w) = fy(w). o (5.7)

Then these integral equations become

1 2 A A

o 1 P u‘i“w = f,(w) .. (5.8)
and

o 2 =Fiw) . (59)

which are of the types (3.11) and (3.12). So these equations can be inverted
easily. Thus the functions F(t) and G(f) and hence Q'(z) can be determined
for two arbitrary constants. But they can also be determined by exploiting
the condition that the displacement on the boundary (y = 0) at 2 = 0 must
be finite. Now since the obtained form of Q’(z) vanishes for large z, the other
analytic function w(z) can be determined by method similar to section 3.
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6. A Row or EQuarLLy SpacEDp IDENTICAL PUNCHES

The problem of equally spaced identical punches in an infinite elastic
strip of unit thickness resting on a rigid foundation is solved here by methods
used in section 4. To do this, we consider here a strip 0  y < 2 whose boun-
daries are subjected to the following boundary conditions :

Oyy =0 , e < |z—nd] <d—an

>

|
uy = flx) , le—nd| < @ J
(n=0, 41, £2,...).

Let f(z) be a differentiable function of xz in |x—nd]| < a. Asin section 4,
the above boundary conditions on ¥ = 0 and y = 2 give rise to

[QE)+QE) =0, a< |z—nd|<d—a —. (6.2)

[Q'()—Q'()] = f( le—nd| < a, e (6.3)

("Z =0, 41, £+ 2,)
the second condition in (6.1) being identically satisfied. To solve (6.2) and (6.3)
we choose

[Ft)--p )Gty — 2 D% .. (6.4)

e = e —p@)

Ot &

where F(t) and G(t) are real continuous functions of { in —a < ¢ < a. From
(6.4) it is clear that the boundary conditions (6.2) is identically satisfied and
(6.3) leads to the integral equations

H p'(t)dt

gF(t)p(x)—p(t) 1+,<f1x), fe] < ... (6.5)
and

i Pyt g f®)

£Gt p@)—p(t) ~ 14k p'(x)’ lz] < a ... (6.6)

where f,'(x) and f,'(z) are even and odd parts of f'(z) respectively. These
integral equations in (6.5) and (6.6) are similar to those obtained in (4.8) and
(4.9). So proceeding in the same manner as in section 4, this problem can be
solved.

7
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7. A PARTICULAR ('ASE

We consider a particular case of the problem in section 3. We assume
here that the crack is of length 2 and is opened by a uniform pressure p. Then
we have here f,(x) = p, fo() = 0 and @ = 1. On the boundary y = 0, the
value of Q'(z) for |2} < 1 is given by

- _P G,
[ (z)l]xyl'—gl =g [\/(coshnx—l)(cosh 71—cosh 7x)
p \/ _coshmz—1_ m_hl ] . (11)
Since on the boundary cosh7r —coshmx
d 1 o
y=0, ¥ = “+ U Q' ()]yegs W get

[%] :K+l[ 0
L0 Jyo 4 L4/(cosh mz—1)(cosh 7—cosh )

P cosh mx—1 s
‘/coshﬂ——coshmc] e ) )

As uy must be bounded on y = 0 at x = 0, from (7.2) it follows that C; = 0.
So the value of oy on the boundary y = 0 for | x| > 1 (this value also remains
same on the other boundary y = 2, x| > 1) is given by

i cosh rz—1
["W],’ﬁg, B I.I——\/cosh mx—cosh 7 ] v (7:3)

From (7.3) the valve of stresses at any point on the boundaries (y = 0, 2) can
easily be computed.
The quantity of most direct physical interest is the stress intensity factor
k = lim [Va—1oyylz, 0)]
z—>1+0

= 1.035p. e (7.4)
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