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In this paper the author has given some Tauberian conditions, which are
best possible under the conditions imposed upon the generating function
of the series, for the absolute convergence of Fourier series and allied series.

1. DEFINTTIONS AND NOTATIONS

Ll
Let T a, be a given infinite series with the sequence {s,} of partial sums.
n=1

Throughout the paper we suppose

Ay = piyHpotpst s fon = Ag— A,

0=A, <A <A <Ay < ... <A,—> 00, a8 n—> 0.

such that

Let the sequence-to-sequence transformation is defined by

1 n
b, = ) z Hyr1Sy
n+l V=

o

If {t ;EBV, we say that {sn}(or z an> is absolutely summable (R’, A,, 1)
n=1 !

or symbolically we write
{s.€ |R', A, 1].

In fact | R, A,, 1] is equivalent to | R, A,,, 1| (See Mohanty 1951, footnote
to the page 298).

It is evident that |R', =, 1| is equivalent to |C, 1].

Let f(¢) be a periodic function with period 27 and Lebesgue-integrable over
(—m, m). And let, without any loss of generality, the Fourier series of f(¢) be
X (@, cos ni-+-b, sin nt) = X A4,(1).

n=1 n=1
Then the conjugate series of the Fourier series of f(¢) will be given by
Z (bn cos nt—a, sin nt) = Z By(l)
n=1

n=1
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Throughout we use the following notations :

p(t) = l{f(z+t)+f(x—t)} .. (L.1)
Yty = HflaA-8)—flx—1)} - (12)
D) = F(%) j(t~u)“‘1¢(u)du, a>0 . (L.3)

P,(t) = T(a+1)D (1), (x> 0) e (14)

we give similar mening to ¥, (¢).

n
H(n,t) = Z m"# sin mt, 1>y>2 420
m=1
n
Mn,t)y = T m** cos mi, I>y>2p>0 ... (1.8)
m=1
n 0 )
J(n,t) = § (t—u)yf = H(n,t)dt .o
" ot
x B 7] -
I(n, t) = [ (t—u)P o M(n, t)dt o (1.8)
H ot

2. INTRODUTCTION

The object of this nete is to give direct proofs of the following criteria
for the absolute convergence of Fourier series and allied series :

Theorem 1-—Let F(x) > 0 and 7 (monotonic increasing) function of ,
such that

X n-tF(n) — O{F(T)) @
n=T

uniformly in 0 << ¢ < m, where 7' is the integral part of k/t and positive &
is suitable constant such that F(k/m) > 0. If

I D |dg0)] < eo; | L2

then
nF(m)A. 2} € |0, 1] o (2.3)
= %F(n)An(x)e (C, 0]. . (24)

@ &3 b we mean a implies and is implied by b,
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Theorem 2——Let F(x) and P(z) be positive functions of x such that

Fix) = O{P()} .. (25)
and (2.1) holds and
nél F”('/n) f sin nu (P(k/u ) dul = O(]_)’ . (26)

uniformly in 0 < ¢t € 7. Then, if

(t)P(k[t) € BV(0, m), o {(27)
(2.3) & (2.4).

Theorem 3—Let 1 >y > £ > 0 and

[ t-11d0,(0)| < oo. . (2.8)
0
Then
{4 (2)} € |C, 1]
& 3 w4, @) € |0,0]. . (2.9
n=1
Theorem 4—Let either 1 >y > >0 or 1>y > >0 And let
"F,(O) = 0 and

[177 |d¥,(t)| < o, then
0
{nFB, (@)} € |C, 1]

& 3 wB (2)E|0,0]. .. (2.10)
n=1

3. LEMMAS

We use the following lemmas

Lemma 1—Let {A,} be any sequence and let Z a,e€ |R',A,, 1|. Then

za € 10,0 &
Aﬂ’fb 3
(2etet e 1,

n+17 Nn

The above Lemma is due in substance, to Das(1969). For explicit proof
of the Lemma see Chandra (1972, Lemma 3). Also compare with Bhatt
(1958). :



TAUBERIAN CONDITIONS FOR THE ABSOLUTE CONVERGENCE 381

Lemma 2—For 1 >y > 20,

O(nitY), l<<nut
J{n, u)or (I(n, u) = {

On'u-1), n > ul
Proof : We shall give the proof of J(n,w), since the proof of I(n, u)
runs parallel.
We write
u+—'l' g
Jm,u)y= | + [ =J+J, say.

u 1
o

Case I: n << ut—In this case, since

3 (Hn, ) = Os+r-9),

( wrk ]
J, =0 j n2tv-8 '{ (t—u)yPdt L
L J

= O(ni+).
And, by the second mean value theorem, we have
= 0
Jy=nf | %(H(n, t)dt
u+T
(u+~1~ < <m )
n

= O(n!t?).
Hence, for n < =1, we have
J(n, u) = O(n1+7),

Case II: n > u~'—We have, since
3 (Hen, ) = O-int+r-9)

u+ " 1
Jy =0 wint-b [ ((—u)P di L
L
= O{u'n*}
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uniformly in 0 < ¢ << 7. And, again by using the second mean value theorem,
we have -

h:nﬂfégwmmﬁ

L z

vty

(u—i—% <7< 77)
= Ofu~ n}

uniformly in 0 <t <.

This terminates the proof of J(n, u).

4. Proor or THE THEOREMS

Proof of Theorem 1—From Lemma 1 of the present note, we observe that
(2.3) &= (2.4) if

o - n
Z 0% 2 mPm)Ap(x)| < 0
n=1 m=1
where
2 7 gin mi
Amfa) = — [0 ()

In view of (2.2}, it is enough to show, for the proof of the theorem, that

S w2 3 F(m) sin mt
n=1 m=1

= O{F(kft)}

z

f

uniformly in 0 < ¢ < .
Let T stand for the integral part of k/f. Then we write
T . ®
=X 4+ 3
n=1 T+1
= %, +3,, say. »

Since {F(m)} ~ and sin mt < mt, we follow that
T .
gzo{tZﬂm}
n=1

= O{F(kft)}
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uniformly in 0 < ¢ < 7 and by applying Abel’s lemma we have, uniformly
ino0<t<m,

L,=0{r % n~2F(n) |

n=T+1

= OF(k/t)}
by (2.1).

This completes the proof of Theorem 1.
Proof of Theorem 2—Integrating by parts, we have

z COS nu

Ayla) = = @mPicim) | Fors du

2 = ¢ cos nu
Now proceeding, in view of (2.7) as in Theorem 1 of this note, it is enough
for the proof of the theorem to show that

Ll tcosmu , |
n—2 m2=1 mF(m)nguj = 0(1)

uniformly in 0 < ¢ < 7. Now, since

} cos ma sinmt 1 1
0

A d
PlEf) = mPn w4 SR gy, ( Pbfu) > du,
by integration by parts, we have

= 2,+%, say.

By changing the order of summation and using (2.6) we easilv observe

the boundedness of X,. For the boundedness of X, we move parallel to that

of T of Theorem 1 of the present note and use (2.5) and (2.1).
This terminates the proof of Theorem 2

Remark : The conditions of Theorem 2 are satisfied, in particular, when

F(x) = zb, P(x) = ab(logx)tc (0 < b < 1, ¢ > 0).
8
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Proof of Theorem 3—Without any loss of generality we assume, for g > 0,
Dg(+0) = 0 for the proof of Theorem 3.

In view of Lemma 1, the theorem will be established if

- n
=X u2 £ mWPA,x)| < x,
N=1 m=1 ‘
where
2 =
Ap(x) = — [ ¢(¢) cos mt dt
m %

Now, for g > 0, we have

n

Z mitrb T @(t) cos mt di
m=1 0

S (H(n, D))

f
o= A

I
D &

{5 @m0} {55 ﬂ)f w)Pdy() } de

=ty f10s ] e—urt G @, oy

U

£

1 k3
= I‘(l__ﬂ) _g J(n, u)d(DB('u).
Therefore

2 1
2 < o gy | 190w S w2 T, ).

By (2.8)

®
Ju?]dDg(u)| < oo
°
therefore for the proof of the theorem we only require to prove that
S n|Jn, w)| = O(u~)
nel

uniformly in 0 < u < 7. Now for T, the integral part of 1/u, we write
111
2n‘2|J(nu|~Z+Z

n=1 T+1

= %,+Z, say.
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By Lemma 2, for y 5 0, we have

21:0{;5%""1}

n=1
= O(u™),
uniformly in 0 << 4 << 7. And in the case y = 0, we have
T n
Z = { Z w2 X sinmu }
n=1 m=1
= (u™),

uniformly in 0 < u < 7.

Finally, again by Lemma 2, we have

Z,=0 { w1 j " dx }

= Ofu~"}
uniformly in 0 < » << 7.

This completes the proof of Theorem 3.
Proof of Theorem 4—We have

kj

B, (x) = 2 [ r(t) sin nt dt.
T %
Proceeding as in Therem 3 we only require to show that

S=3 n2|I(n, w)| = O(u)
n=1

uniformly in 0 << u << 7.

Spliting up X into Z; (¢ = 1, 2) and proceeding as in Theorem 3 of the
case v 7% 0, the proof of the theorem follows.
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