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The decomposition of curvature tensor field was introduced by Takano (1967). The
purpose of the present paper is to decompose the curvature tensor fields in recurrent
Finsler spaces of second order and obtain some theorems on it. The notations of
Rund (1959) are followed.

1. INTRODUCTION
We consider an n-dimensional Finsler space Fn, in which the relative curvature
tensor field K/, satisfies the identities

Khp+ Kiyy + Ky =0 . . . (LD
and

~

Khy + Kby + Kl =0. . . (12

The commutation formula involving the relative curvature tensor field Kj, is
given by

T — T = T;K:kh — T} Kjis . .. (1.3)

where T} is an arbitrary tensor filed of order (1,1).

The recurrent relative curvature tensor field of first and second order
aie obtained by the conditions (Sinha and Singh 1970)

Ky = v K, . . (1)
and
K insim =%m Kj» .. .. .. (15)

where v, and g, are recurrence vector field and tensor field, which are related by.

Gy = Uy + 9, 0, . . .. (1-6)
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2. DecompositioNn oF ReLATIVE CURVATURE TENSOR FIELD.
Let us consider the decomposition.

Ky = X s .. .. .. 2D
wherfa $in 1s a tensor field skew-symmetric in k and £ and X’ is a non-zero vector
field satisfying. -

Xig, = 1. . . (2-2)
Further, decomposing the tensor field ¢, in the form
» in == Y Yo s .. .. .. (2-3)
we have the following theorems.

Theorem (2:1)—The tensor fields 4y, and ¢, of (2-1) and (2-3) respectively
satisfy the identities

iren Om = 05 .. .. .. (2-4)
Yien Upm = 0- .. .. .. {2+4a)
Proof: Taking the covariant differentiation of (1-2) with respect to ™ and
making use of (1-5), (2:1), (2-2) and (2-3), we get the result.
Theorem (2-2)——Under the decomposition (2-1) abd (2-3) the relations

2 [al(n:m) + 4, V)] ¢’jkh = [Yun — b — Y ] ¢’jmn . .- (2:5)
and

2 [al(n,'m) + al(n Um)] ¢kh = [()1 l/’kh - vk l/’h[ - Z)n ‘/Ilk] l_bm" . L (25([)
are true, ‘

Proof: Differentiating (1'5) covariantly with respect to #”, commuting
the indices m and r in the result so obtained and making use of (1-3), (1-4), (2-1), (2:2)
and (2-3), we get (2-5) which yields (2:5a) because of (2:3).
Theorem (2-:3)—Under the decomposition (2-1) and (2-3), we have
Ay T i ¥y = O- . - (2-6)

Proof: Taking the cyclic permutation of /, m and n in (2-5) and on adding we
get the result on account of ¢, # 0 and

Yitmn ¥y = 0 .- .. . 27
which can be obtained from (1-2), (1-4), (2-1) and (2-2).

Theorem (2-2-)—The necessary and sufficient condition that ¢, satisfying (2-1)

can be expressed as o :

is Pimn = Gmy T Fyn Uy . - (28
dh, XT=0. L .. .. (29
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Proof: By (2:2). (2:3) and (2:5), we have

2 [y + L R pn Y1 — 2 (Ogx ‘ph]r X .. .. (210)
which yields (2-8) due to ¢, X'=0 and ¢, # 0. Conversely, if (2:8) is true, we
have from (2-10). '

lil'kr X’ lil‘mn =0
which gives (2-9) due to ¢,,, # O.

Theorem (2:5)—The recurrence tensor field aj,, is symmetric if

P, XT =0,

Proof: Commuting (1-5) with respect to the indices [ and m and using (1-3), (2-1),
(2-2) and (2-3), we get the result.

Corollary (2-1)—If g, is symmetric, K}, = 0.
The proof is obvious from (2-1), (2-3) and (2-9).

Theorem (2:6)—The tensor field ¢, and ¢, of (2:1) and (2-3) behave like
recurrent tensor fields of second orders, if the vector X?is covariant constant.

Proof: Taking successive covariant differentiation of (2-1) with respect to #’ and
%™ and on account of (1-5), (2-1) and (2-3), we get

Birsim = %tm Yikcn (2-11)

and
itim = G Yin (211a)

which prove the statement.

Theorem (2:7)—The tensor field ¢, and ¢, of (2:1) and (2-3) satisfy the
relations
¢jkh;[lmn] =0 (212)
and
Yetsttmm = 0 (2-124)

provided X! is covariant constant.

Proof: Interchanging the indices m and n in the result obtained by covariant
differentiation of (2:11) with respect to #* and using the fact that ¢, is recurrent,
we have an equation. Taking the cyclic permutation of the indices /, m and »n in this
equation and adding, we get the result due to (2-6).

Theorem (2-8)—Under the decompositions (2-1) and (2:3) the recurrence tensor
field a,,, satisfies the relation
Utm) Yny = puml;n] (2:13)
Proof: Commuting (2-114) with respect to the indices [ and m and using (1-3),
(2-1), we get :
X" W im — Yier Yrm) = Oty Yn - - . o (219
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The covariant differentiation of (2-14) with respect to #" and the fact that ¢, is
recurrent of first order yield
im) Un = Umlin .. .. .. (2-15)

due to (2-14) and ¢, # 0. Taking the cyclic permurtation of the indices /, m and n
in (2:15) and adding, we get (2-13).

Corollary (2-2)—Thc skew symmetric part of q;, is recurrent of first order.
The proof follows from (2-15).

Remark (2-1)—Identical theorems can be obtained on the decomposition of
Cartan’s third curvarture tensor.
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