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In this paper, two results are derived: (i) Let 4 be a square matrix with integral
elements; and 4* be its 2-adjugate matrix. A method is presented giving the values
of the leading principal minor determinants of various orders of 4* and (ii) the
Hasse-Minkowski invariant Cp (B) of a matrix B is a number theoretic function
occurring in the theory of quadratic forms. The latter pait of the paper presents a
formula for Gy (4*) in terms of Gp (A4), where 4 is a matrix as in (i) above.

1. INTRODUCTION

The Hasse-Minkowski invariant of a matrix is a number theoretic function
occurring in the theory of quadratic forms. With respect to the matrix of a quadratic
form it is defined as follows (Jones 1950):

Definition (1-1)—Let A be an nXnnon-singular symmetric matrix with integral
elements, and let | 4;| (i=0,1,2,...,n; | A, | =1) denote the leading principal
minor determinant of order 7 in the matrix 4. Suppose further that none of the | 4; |
is zero. Then the intege:

n—1

Gl’:CP(A) =(_1>_‘Anl)pﬂ (IAiIS_‘Ai+1|)P

i=

=(_1,_—1)p:1"1‘(|Ai|,—|Ai_1[)p (LY

is called the Hasse-Minkowski invariant of A, where pis a prime and (a, 6),is the
Hilbert norm residue symbol {Jones 1950).

In this paper, an explicit form for the Hasse-Minkowski invariant of the matrix
A* is obtained, where A* is 2-adjugate of the matrix 4 (MacDufle 1956). Any row
of A* is identified by means of a unique pair of rows of 4. The following Lemmas
(Vartak and Patwardhan 1971) provide a method of such identification :

Lemma (1-1)—Let j be any integear such that | < j S(; ) Then there exist
two unique integers r and m such that 0 < r < v—2,0 < m < v~ r, and such that

j=r(20—r-—l)

5 + m. . o (12)
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Lemma (1-2)— If the rows of A* are written in the lexicographical order, and if
an integer j, 1= j =< () is uniquely written as in (1-2), then the row j* of A* is
obtained by 2-adjugation of the rows (r+-1) and (r+m-1) of A and we may uniquely
identify the row j* of 4* by the pair (r+1, r+m+1) of rowsof 4; (0 < r L v — 2,
O0<m<uv—r,Aisof order v Xvand A*is oforder( ; > ><< ;)

For the purpose of the factorization of minors of the mth compound of | 4|,
we assume the following Lemma duc to Fischer (Muir 1950).

Lemma (1-3): The necessary and sufficient condition that a given coaxial minor of
the mth compound of an n-line determinant be expressible as a product of powers of
leading coaxial minors of the said determinant is that the set of m-ads of 1. 2, 3,. ..,
n involved in the specification of the given minor be a ‘closed’ set.

2. FREQUENCIES OF THE INTEGERS
Let all possible pairs of integers taken from the set (1,2,..., v) be wriwen in the
lexicographical order (1,2), (1,3), —, (1,2); (2,3) (2,4)...(2%0);...... , (1), 0)
(21
Consider the set s(u) of the first u elements of the set (2-1) of the number pairs, u=1,
-(2).
Definition (2.1) —Frequency f (k) of an integer &k, (k = 1,2,.., v) denotes the
number of times the integer £ occurs in s(u).
For example, the integer ! occurs « times in the set s(u) = {(1,2), (1,3),...,

(Lu+1)}, u € v—1, while all other integers 2,3. .., u+1 occur exactly once. Thus,
S(1)=u and f(x)=1, x=2 (1) (u+1). Using the Binomial identity

,42:1 (l;c:ul)z(;i)—(v;') .. . .. (29

we can write (1-2) in the form

j=(;)—(”*’)+m . . . (23)

where | €7<€(4),0<7r<v—2and0<m< o—r.

From this, it is clear that, corresponding to each of the (v—1) values of 7, given by
0, 1,...... , v — 1, jwill lie in each of the corresponding (v—1) intervals:

DN o B

whenr = A, A=0(1) (v—2).
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We now discuss a few special cases separately.

Case (1)—YLct r==0, so that 0 < j < (v—1). Then from Lemma (1-2) j is uni-
quely identified by the pair (1,m+-1) and it can be seen that in the set {(1,2),
(1L,3),..., (I,m+1)},

D) =m f(x) =1 for x=2(1) (m+1). .. .. .. (2:5)

v—1

Case (ii)—Let r=1, so thatj=( ; ) — ( 9 )+ m, 0 << m << v—1. Then

from Lemma (1-2), the unique number pair corresponding to j is (2, m+2), and it
can be seen that in the set {(1,2),..., (1,0), (2,3),..., (2, m+2)}, written in the

lexicographical order,

f)y=0—1
@) =m+1,
Fm+2) =2 .. .. (26)

F(m3) =f (m4) = .. = £ (5) = 1.
. v v—2
Case (iii)— Let r = 2, so that j= (2 ) — ( 9 ) +m, 0 < m < p—2,

Then from Lemma (1-2), the unique number pair corresponding to j is (3, m-+3),
and it can be seen that in the set {(1,2),..., (1,0)5(2,3),..., (2,9); (3,4),..., (3, m-+3)}
written in the lexicographical order,

SO =f2)=v-1

@B =m+2 .. .. .. (27
f(m+3)=3
Flmt4) —F (m45) = ... = £ () = 2.

Continuing this process for the remaining values of r, the general result, stated in
the form of a theorem below, follows by an extension of the above argument.

Theorem (2-1)—Given a positive integer j, (1 £ 7 £ ( ; ) ), let two integers r

and m be uniquely determined [cf. Lemma (1-2)] such that j corresponds to the
number pair (r+1; r+m+1),0 £ y < v —1,0 <m < v— r. Then

0i=(5) =) +m

(ii) in the set of number pairs from (1, 2) to
(r41, r+m-1), written in the lexicographical order,

SO =f@)=...=f()=0v=1
S (r+1) = m-r

fltm+) =741 }

f+m+2) =f(r+m+38) = ... =f(v) =r. j

(2:8)
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3. Leapinc Principar Minor DETERMINANT OF A4*

In the formation of A* from 4, the rows of 4* correspond to the row pairs of 4,

v

2

o, taken two at a time, is maintained. Thus, if we label the rows and columns of 4 by
the integers 1,2,. .., v, then

in such a way, that the lexicographical order of ( ) selections of the integers 1,2,. .,

12 12 12

]12 )13' ll v

A* = 13 13 13

!12 |13 1o (3-1)
v—1 v v—1 o v—1 v
_ 12 13 v—1ov|

where, in the determinant 1y 1y l iy <g, J1 < Jo»
Jide ! 0<i; <1, €0,

O <j1 <j2 < U,

i1, 1 indicate row labels and j,, j, indicate column labels. The diagonal elements
of the leading principal minor determinants of various orders of

a.ﬂ a<ﬁ,a=],2,...,v—1
e B, B=2,3, ..., 0.

Thus, for writing the diagonal elements of the leading principal minor determinant
| A*; | of A* of order j, we have to select j (2 x2) —minors of | 4 |, the row and
column labels of which are the first j pairs selected from the set

{(1,2), (1,3),...., (o, B)}
‘written in the lexicographical order. In other words, we have to consider the sets of
combinations such as
12, 13, 4,........ ,

which are ‘closed’ sets in the sense of Fischer (Muir 1950). It follows from Lemma
(2:3), then that it is possible to express the | 4%, | as a product of powers of leading
coaxial minors of A. The exponents of the factors involved are determined as follows:

A* are the determinants

Let A be of order (v X v), whose 2-adjugate 4* is of order( ; ) X ( ; ) . To find

the value of | 4*; | whete | £ j £ ( ;) , we fisst of all use Lemma (1-2). Given j,

there correspond two unique integers r and m, such that j corresponds to the pair
(r+1,r+m+1),0Lr<ov—1,0<m<v—r and

=(2)-(7)
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Hence, the diagonal elements of | 4% | are the determinants

1 2, r+1 r4+m+-1
1 g,

r+1 r+m-+1 (3-2)
The number pairs occurring in these elements clearly form a ‘closed’ set of
combinations of the type (¢, f), e < Bya=1 (1) (r+41); B =2(1) (r + m 4 1).

1 3
1 3

ge e vy

From Theorem (2. 1), we get

FO) =@ = .. =f(r) = 0—1
Sr+)=m+r,
fer4+m+1)=r+1,

f(r+m+2)=f(r+m+3)=....:f(v) =7,
where f denotes the frequencies of the integers 1,2,. ..., v occurring in the set
{(L,2),, (1,3),...., (r+1, r+m+ D} .. .. (3-3)

Using the method of ‘extensionals’, we combine the integers 1,2,.., v of (3-3),
taking into account, their respective frequencies, as follows;
=L@t Ly DO bm DD (rhm4-2) L (0= 1)7 ()T
(3.4)

the indices denoting their respective frequencies. Redistribution of the various
exponents gives

[1.2.3.—2]" [1.2.3... (r+m+1)]. [1.2.3...(+1)]""1x[1.2.3...r]0~r=m=D
(39)

Since the number pairs (a,B) correspond to the determinants
a B] a<B a=1(1) (r+1),
a B, B=2() r+m+1);

the combination of integers which are distributed in groups as indicated in (3:3), can
be identified with the corresponding determinants of the appropriate orders. As a
result. (3.5) corresponds to the product.

|A]" |4 |4, | ™1, 4,]—m1 .. . (36)

rem+1 I M

of the determinants, where | 4, | denotes the leading principal minor determinant
of 4 of order tand | 4 | = det 4. Combining the results (3-2) and (3-6) we get.

Theorem (3-1)—If 4 is a matrix of order (vXv) with rational elements and 4*

is its 2-adjugate matrix of the order ( ; ) X ( ; ), then the leading principal minor
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determinant | 4* | of orderj in 4* is given by

|4t =14]" |4 ] [ 401" L4 7 SN XD
. v v— 0£r<v—1.
where J=(2)—( 2r)+m’ 0<m<o—r

-

4. THE Hasse-MINKOWSKI INVARIANT OF 4°

In this section, we use definition (1+1), usual properties of Hilbert norm residue
symbol and theorem (3-1) to get an expression for the Hasse-Minkowski invariant
C,(4*) of A* in terms of that of 4. The results are contained in the following theorem.

Theorem (4-1)—Let A be a rational matrix of order (v Xv) and 4%, its 2-adjugate
matrix of the order ( ; ) X ( ; ) Then

C,(4*) =(=1,=1);. [GT. (]4],—1npe~?

v—2 v—3
X(IAI:H!IA,,I);"- O AL [ 4 157 - (2D

where p is a prime.

Proof : By assumption, C,(4) exists, so that all the leading principal minor
determinants of 4 are non-zero. From eqn. (3-7) it follows that the same property

holds for the leading principal minor determinants of 4* of various orders. Using
definiton (1-1), we have

v-2 v—r—1
G (4°) = (=1,—-1) Fo H1 Q1 I [ W [ I SV Bl IO O

_l‘AIr‘ IAr+m]‘ lAH-lIm_z' lArlv_r_m)
v=2  yer—l1
=(=L,-1). O o f,

r=0 mm]

wherein, we have dropped the subscript p for convenience.

On using the standard properties of the Hilbert Norm Residue Symbol, it follows
that the factor f,,, written after the product signs in (4-2) breaks into 20 factors
which are simplified as follows:

@ (4= =(]4],=-1)r
@ (14inl4])=04]|,-)=(]4],-1)
(iii) (]Alr’IAHmI):(I-AI’IAHml)'
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vy ([4]5]4,1m™D=4],14,])m
@ (Al ]arpr=m)y=(14],14,])¢ ™
@) (A 5141 = A A 1)
(i) (| 4y |>—1)
(iil) (|4 opii |5 [ Arsm )
() (1 4yumer |> 14 177 = (1 Ay |5 [ 4 )72
& U yma L 14177 = (I A [ 14, 1)
x) (|41 N =D =(14,,,],—n!
) (41" W14 D) =141, 14, 1)
i) ([ A, "L A ™) = (4, ], - )= =1
v) (14 ™LA =(]4],]4,,])™D
() (A ™LA ) = (4,,],]4,])mbeD
(xvi) (|4, ] =) =(]4,]), — 1)rrmt
Gevit) ([ A, [ L 1Al =(14],]4,])°™m
(xviid) (| A7 |77 AL, ) = (14, ], 14, |y !
(xix) (14, 17 L 4, )7 = (14, ], 4, ])"0"
xx) (|4, ] j 4, ) =1
Simplifying the factor f,,, by combination of some of the suitable pairs selected
from above, we get, on simplification,

v-r-1
F= I?lfrmz(lAl’_ I)T(IAI’ lAr+l[)v-r—l.(!A!’,Arl)r-H

l Ar ' , — 1)%(1'—r—1)(v—r—2)' ( I A — ]) $-r—1)(v—r-2

r+1|!

p—r—1
I ([ dppman 1> = 14,0 |- , (43

v—2 y-r—1
Further, the expression = o (|4,,,,.1,— 14,:m])

r—=0 m=1

on systematic multiplication, reduces to
CAPL (=L =41 (4], — 14,172
X(l‘AS"_ ‘AZl)v—S"' (‘Av—ll’— ‘Av-2‘)'

Hence we get

' E—(—1,—1) [C(A)). (| 4], —1)ke=9
r=0
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X([A], 14 14| [4,,1)7!
X1 Auls T4 )% (1 4a ] T4 ) (14,51, 14,5,1)
= (=1, — D% [CA]. (| 4] ,— Hpo=D
y—2 v—-3
<AL T 1A s Qa4 . e

on simplification.

This completes the proot of the theorem.
5. Some ParticurLArR CASES

In (8:7), take y = (; ), thereby r =2 —2 and m =1, because the number pair

corresponding to j = < 7 ) is the last, viz. (v—1, z). Then (3:7) becomes

2
| a* | =42 JA4,]. | 4,,]°=]4]""since | 4,| =] 4]
which is Franke’s formula (Aitken 1956).

Aitken (1956) states D’Ovidio’s theorem on compound determinants in which
the matrix of D’Ovidio’s compound is a submatrix of the kth adjugate of A4, of order

(%) — (%) = j (say). We now show that, for k = 2, the D’Ovidio’s theorem follows
as a particular case of theorem (3-1). Since (taking n = v),

. v h v v—r
J=o9 =9 T o9~ o +mfor0 L r<ov—1,0 <m<v—r,

the values of 7 and m satisfying the above equations will be
r=v—h—1,m=~h( +#0).
Inserting these in (3-7),
PA* | = 141" L 4] 14, 1= 4]0 4, ]!
which is D’Ovidio’s result.

Applications of (4-1) to some combinatorial problems in statistical designs are
being investigated (Vartak and Patwardhan 1971).
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