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Integral representation for the displacement vector has been obtained in terms of
the basic singular solution of an unbounded elastic continuum. Surface potentials
have been constructed and their discontinuities have been proved and utilized to
give the integral equations formulation of the boundary value problems.

1. INTRODUCTION

Beginning with the work of Betti (1872), extensive volume of literature has
appeared which dealt with the adaption of potential methods to the theory of elasticity.
Lauricella (1894) observed that the discontinuities of single and double layer distri-
butions which are solutions of field equations in elastostatics are similar to those of
harmonic functions or their normal derivatives in potential theory.

Kellog’s (1953) systematic treatment of potential functions, their discontinuities,
connected existence theorems and integral equation formulation of fundamental
boundary value problems has advanced research in scalar wave equation and elas-
tostatics. Kupradze’s (1963) recent work treats fundamental boundary value
problems of classical elasticity connected with the oscillation and equilibrium of
three-dimensional homogeneous isotropic bodies of arbitrary shape by the methods
of potential theory and multi-dimensional singular integral equations. The discon-
tinuities of surface potentials are obtained using properties of fundamental matrices,
the Lyapunov surface, Hélder class of density functions and integral representations.
Ignaczak and Nowacki (1966) have obtained the singular integral equations of
coupled thermoelasticity.

The object of the present study is to obtain singular integral equations for the
basic boundary value problems in couple-strees theory of elasticity by using the dis-
continuity theorems of surface vector potentials, Mindlin and Tiersten (1962) and
Koiter (1964) have studied couple-stress effects in addition to force stresses and have
demonstrated some fairly significant differences in results obtained through couple-
stresses in some stress concentration problems. We give the basic field and surface
operators, the Betti formula and the integral representation of displacement vector in
couple-stress theory and construct potentials of a single and double layer. Theorems
on the discontinuities of double layer potential and P and M operators of the single
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layer potential are stated and proved for Holder class of density functions. The results
obtained have been utilized in formulating certain boundary value problems in
elastokinetics. The volume potential is defined and the Poisson formula connected
with the volume potential is found to make the basic non-homogeneous field equations
homogeneous.

2. Tae FuNpAMENTAL EQUATIONS

The basic differential equation occurring in the couple-stress theory of elasto-
kinetics (Mindlin and Tirstein 1962)

(O+w?) u (x) =0, xeD, . Y
where
O= (*—a?) VV.+a*V 2 (14227 XV X), . (2)

e and b represent the shear and dilatation wave velocities, {2 is the ratio of
bending twisting modulus to shear modulus, o is the circular frequency, ¥/ represents
the standard del operator, vector is shown by an arrow at the top of a letter and the
dot and cross placed between two vectors indicate scalar and vector multiplication
respectively. It is of interest to find the solution of (1) satisfying two common types of

-~
boundary conditions: specification of (1) the vectors u (x) and the tangential compo-
- >
nents of the vector ¥V X # (x) (2) the surface stress vector P u (x) and the tangential
-
components of the couple-stress vector M ¢ (x) for x € § where S is a bounding surface

of a regular region D. The surface stress and couple- stress vectors are given by:

— d — —
Pu= p[?a2 I + (62—2a%)n V- + a?n X {(l—l—lzv H—(140)V

(’Z-%)}v xZ]

— e d -— o
Mu = 2pa®l? l:(l—{—a') (l—nZ) E«l— on X V X ]V X u . (3)

—

where n is the unit outward normal on S, p is the mass density of the material and
o = 7'[7, the ratio of the transverse curvature to the principal curvature.

3. INTEGRAL REPRESENTATION AND ELASTIC POTENTIALS

— —

For two vectors « and v € C? in DS, the following reciprocity relation, known
as Betti formula can be obtained:
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- - > —

SD <;’-m;l2i D;)dT:SS{[(qu~qu)+ [ (V % o Ma —

U X u Mp)] }ds, N L@

—

Let us assume that the vector function ¢ has no singularity in the region D and
satisfies the non-homogencous equation corresponding to (1) and let the vector

function i ¥ satisfy the following singular equation in an infinite space E:

- 1~
(O+w®) () =— P’ F(y,yeD,
- 4 -

(O, +?) ¢* (x,3)= — - §(x—y) ek, yeE .. (5

where §(x) is the Dirac delta function, F(y) is a known vector function and ¢ is a
unit base vector along the 7th coordmate axis.

Applying the Betti formula (4) to the vectors ;and—t;/ *k and observing that

1, x € D,
x € 8§, .. (6)
0, x € E-D,

[0
-

) () 8 () dry — b (78 (0,1 ()

we obtain the following integral representation for ¢(x):

47 e e g
” h(x) & (x) = SS [*/f (£, PO ® (3) — I (x,3) & () _J ds

vl [ Fen mod ) —menTo |4

i —
+ 781) ¢ (x0) F () dr, = (7)

where ¢ and ¢ are symmetric matrices given by:

ikyr thyr
1 b? e —e 82
P B 4, D2
tes} pazb?® | k% —k2, r T z T bk 8x,

m=1

5 .. . (8)
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€ . thyr  ikyr
fory = {1, } = — L R
s = x s - Pa212(k21_k22) bx]_] r ?
with
w2 w2
r=|x—p|,at = —p, B = o Bk (B —F2) = PRER? — of, =]
a2z o "

DY =% — a2 — @k 2, A, = [(k2 — k2) (k2 — k)], i A £l
i,j,l=1,2,3, and |

—_

B=V x 0, H=[PO y (x,3)}, I = { M® 7 (x,»)}. . (10)

As in the ordinary potential theory, formula (7) gives a reason for the
introduction of three elastic potentials

-> > 1 -

U (x, 1,)=:1‘7TSD gb(x,)’)» v (9) dr, . .. .. (1
> > ] - — >

Vi é) = 5 SS Wx0) ¢ () + 14 ()¢ (D ds, .. . (12)
> > 1 - = |

W x x) = %SS (%) x () + 3 UL (x,5) x (3)] ds, = (13)

which we shall call respectively, the volume potential, the potential of a single layer
and the potential of a double layer.

4. SurrAcE POTENTIAL

The surface potentials of a single and a double layer satisfy the homogeneous
> -
equation (1) both inside and outside S. The behaviour of the potentials ¥ and W and
> > > ->
their associated rotation, stress and couplestress vectors V X V, PV, MV and ¥ X W

is examined as the point at which they are evaluated approaches the surface
from inside or outside. Throughout the rest of the paper H(y) and C stand respectively
for Hélder class with exponent y and class of continuous functions and Lyapunov
surface is defined as a closed surface .§ with a continuously turning tangent plane.
> >
Theorem I—For vector density functions ¢(y) and ¢ () € C, the single layer poten-
> - >

tial ¥V (x; ¢, ¢) and its curl

> - —_ - — =
Vux P08 = | [Tt o+ 1 v x T T o) |6, 9

are continuous for x € E.
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> -2 ‘
It is obvious that V (x; ¢, ¢) as given by eqn. (12) exists and is continuous for
all points in space, except possibly points on the surface S.However, after the various

exponentials are expanded in their appropriate series, ¥ and ¢ given respectively by
(8) and (9) take the form

1 o
lﬁ ( 9},) 2pb2r 8:1, - bx, . ax + 0 (fn), / . . (15)

‘1715 (%) =0 (", n 20, (16)

->
and hence it is at once obvious that V (x; ¢, ¢) exists and is continuous for points
on § as well.

Similarly it can be easily seen that the matrix

_ { —1 2 1"[3 S0k rk B o
X = \Gpami i,y & (7D G8ikr—RA o o,

n=1
. eiknr
—_ (I—-—lknr——knzrz) Ssp] T } 5

— 1 5 dr  dry . .
- 2pa212r{ w+_3_x:3—x}p[+0(’), n 20, . .an

+ —
has at the most a singularity of order 1/r; and hence it is obvious that \/ , X V (x; ¢, $)
is continuous for x € E.

o >
Theorem 2—For vectors density function y () and y () € H(y) and §a Lya-
-> -> >
punov surface, the double layer potential W (x; x, x) and its curl tends to the
following finite limits as x approaches the point x, € § from the inside and from the
outside:

-> - 1 S
[ W (x()a X X) J = 4 X (xo) + ‘E'SS (:II (xoxy) X (}’)

=
F YT (s05) 200) | e

~> > = __ e >
[VXX'W(xo; X' X) ]1 =+ 3 x*)

1 &> =
+ 5 SS Vxo X }__ U(xo,9) x (9)+3 U (%0,9) x (y)]dS, (19)
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The expression for W as given by (13) may be written as follows:

W (e300 = g Vs | T00) (X () =X (x0) + —@—M%]dsy

] -
+ 5 X (xq) SS PO (x,9) ds, .. .. . (20)

where the expressions for the matrices Py, My, after the exponential terms are ex-
panded in the appropriate series, are given by:

PO o 1 ‘:2<8 dxr or br) 3231 o dr
= mE] P S o, Ty, T v,/ T o, w, v,
b 0ge or b2( or 5 br)

+< — 2a%)n, w, A\ Yy, T

b — d —
+a®br? e my E( n. z) V,+ 4" +o ( ol ),

n 20 .. .. .. (21)
1
Ms(.v) PP = T{ (14+0) {( €gp — €M) My + O €4y ny (8, Skp Smp Skj)]
dr or ,
L= | +own,n . @

The first surface integral in (20) is continuous since X(y) € H(y} and the matrix
MOy has a singularity of order 1jr at the most and the limit of the second surface
integral may be written as

Lim S PO) y(x, y) ds, =Lim PO y(x, y)ds,+

x—x4)S e——»OSS—o (x0; €)
‘+-Lim

e—0)a(xy;€)

where o(x; €) is surface of a hemisphere 7(x, €) with centre at x, and radius € which

indents or is superposed on the domain D according as the point x approaches the
point x, € S from inside or outside of D and thus isolates the point of singularity x .

PO §(x,) ds,, (23)

For a point y € o(x,; €), we take the direction from x, to y and the direction of
the outward normal from §5 o(x; €) as positive and

(._P_-) = i.l,(ni(y)) =:{:.P—r—. 7 (24)
Dny Le or ie 3}’1
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With the above convention, we find that for y € o(x4; €) (21) simplifies to:

1 a® 3a2 dr or
(ps(y) e );, o= == 72_[3” <1 +—b“‘—> — 5 3 ——-—]-{—o(r"- h,n20. (25)

Vs W,
Now making use of (25) and the following result
Lim S 1 o o 2m 5 96
0 Jo (xy; €) 7 dy, Wy v = 73 %4 = (26)

in (23), we find that

Li . _
x_)r:) [SS POy (2, 9) dsy] = SS PO (x,, 3) dsy T 2m. 3 27)

Taking limit of both sides of (20) and using (23) and (27), we obtain (18).

-~

To prove (19) the expression for 7 . x W (x, ¢, ¢7) for x € § may be written as

Ve X Wixsx x)= E;SS[ x () PO g+ - (x(5) = x(%0)) MO sl'JdSv

x (%)
4

SSM(Y)¢dsy. L(28)

The expressions for the matrices POy and M® 3, when the exponentials are
expanded in appropriate series, are found to be

PO gp —— 1t@ ;xv[nm—d( L __a_:_):]+o(r"‘l)n?0 (29)
7 M S \ T Yy Yy, ’

— p
M:(y) l/’p = Esmq '_b'x——[ (l +0‘) ( €ip — Eijp nq(J’) ni(}’) nk(y)
m

o 1 dr or
+ o equ 13” (8y 81— 381,8) e { b_y'j Sjk—_ajk }

+ o[ '] .. .. (30)

-

The first surface integral in (28) is continuous, since PO’ ¢ does not contribute

to the discontinuity and y (y) € H (y) and the limit of the second surface integral by
the method mentioned earlier, is found to be
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Lim o 7 - — 4ma
x5 )9 M ¢ ds, = S M o (%4, ) ds, + 3 .. (31)

the result (19) follows from (28) and (31).

Theorem 3—For vector density functions ¢ (») and ¢ (y) € Hy) and S a Lyapu-
nov surface, the application of stress and couple stress operators to a single layer

— R

potential ¥ (x; ¢, ¢) results in functions which tend to the following finite limits as x
approaches the point x4 € § from inside and from outside:

- 1 -~ - =
[PV], = & ¢ (%) + 5 Plxe) i (2, 3) ¢ (3) + POV (x,9) ¢ (3) | s,
2 )S

(32)

[}

= 1 - - =
(MY, = 453 0+ 9 \g | M596(0) 8 () + MY (59

é (% ] ds,, . .. (33)
where the integrals are to be understood in the sense of Cauchy’s principal value.

The appropriate expansions of exponential terms in the singular kernel matrices

Py, P, My and My which appear in the expressions for, PV and MV have been given
in Theorem 2. Keeping in mind that for x # y € S, the product of linear operators at
the points x and y operating on a function is commutative, the results (32) and (33)
can be proved following the procedure of Theorem 2.

5. SingurLar INTEGRAL EgQuaTions

For the first interior and exterior boundary value problem of linear couple stress
theory we seek solution of (1) as a double layer potential (13) such that for x € S,
displacement vector and the tangential components of the rotation vector are

—

~ prescribed functions f;, (x) and g, (x) € H(y) respectively.

For the second interior and exterior boundary value problem, we seek solution
of (1) as a single layer potential (12) such that for x € § the stress vector and the tan-

— —_—

gential components of couple-stress vector are prescribed functionsf'e (%) and E,—.‘ (%
€ H(y), respectively. '

Using the discontinuity theorems of surface potentials proved in section 4, the
singular integral equations, for the fundamental boundary value problems, involving
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Xy,

0 0)s b (b1 do ) and § (4

X

ol

—
unknown density functions X (X, X,, X3),

¢2, 0) may be written in the following form:
— 1 — ] = . .
x® F 57)g | X O)PO + 5 x O) MO | (x3) ds, = T £, (%)

T F 5\ x Q)PP 4 5 x MP Vg (x.9) ds, = F g, (%)

— 1 =
00k o P9 [Tl + 5 I AT ) | b= 2700

(35)

a = 1 —> 1 = =
ST 5| MO [ b (59) $0) + 5 4 (53) 3 0) ]dsy =4, ()

Let us investigate the symbolic determinant of the system of five equations (34)

in the five unknown functions X,, X,, X4, X, and X,. Keeping in mind that the
particular choice of coordinates will not alter the singularities of the involved
matrices, we introduce local coordinates at each point x € § directing the xz-axis along
the outside normal to S and x,, ¥, axes in a tangent plane to S. Expanding the kernels
and noting that in the local coordinate system n, = 0, n, = 0, n; == 1, we represent
the system (34) for the first interior problem in the form:

] — =
% ) = g N )ty T D) = — 20

S L
%0 = gl T K ) ds, s 0T =~ fp ),

7 cos f sin0 —_ =
Xa@ + 9o o | 58 %O+ a7 X 0) [dsy + T (X, X) = — f% (),
T X (@) Ty (6 X) = — g (),
o — —
T X () + T X ) = — g2 (x), . - (36)
where ‘T, ‘are integral opérafors with weak ‘singularitics and
or : 7 , .
cosB— —, sinf = ——, o .. (37

XN Wy
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The symbolic determinant of the system (36) is given by

1 0 —incosf 0 0
0 1 —iysind 0 0
A = |incost insind 1 0 0 1
. | =_9_02(1 —n?)
0 0 0 —c 0
3
0 1
0 0 0 3
(38)
where
a?
7= J3-

The symbolic determinant A > 0 assures (Mikhlin 1965) that the system of
singular integral equations can be regularized and thus can be solved for the density
functions. The symbolic determinants for the other systems of equations may also be
shown to be positive in a similar manner.

6. VorLuME PotTENTIAL
Applying the operator ({J + w?) to both sides of (7), we obtain the Poisson
formula similar to the one given by Kupradze (1963):
47 >

(0 + ? Sd i/z(x,y)}:“(y) dr, = — 7F(x) o (39)

where we have made use of (5) and the following results which can be easily proved:

-> —
(O, + @) I (5,9) = 0, (0, + ) HI* (1,5) = 0. .. .. (40)
Using (39) it is easily seen that the volumc potential defined in (11) satisfies the
equation

v )

(D+w2)i}(x;v)-=—p—,xep, N L (D)

which shows that the volume potential can be used for the purpose of reducing a non-
homogeneous equation of the type (5) to a homogeneous one.

- -
Theorem 4—For vector density function v () € C, the volume potential U (x; v)
and ‘its first derivatives are continuous for all x € E.
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Each term of the kernel of the integral in (11) is of the order 1/r and its first derivatives

—

will give rise to terms of order 1/r? which means that U and its first derivatives are
continuous for x € E.
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