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The purpose of the present paper is to prove some important finite difference
inequalities that have a wide range of applications in the study of difference
equations and to develop the quantitative stability analysis of difference equa-
tions within the set stability framework, which generalizes upcn and in some
respects unifies recent endeavors in quantitative stability theory. The usual
Lyapunov technique is employed in obtaining sufficient conditions for the
various forms of set stability.

1. Inrecent years numerous definitions of stability having a more quantitative
nature than most classical stability definitions have been presented by various investi-
gators. Halanay (1963), Hurt (1967) and others have used the ‘second method’ of
Lyapunov to examinc the behavior of solutions of difference equations. Recently,
Michel and Wu. (1969) have extended the concept of finite time stability for the dis-
crete-time systems. In this paper, we consider a very general form of quantitative
stability (set stability) for difference equations. In a non-precise term, a system of
difference equations is set stable if all solutions starting in specific set remain for a
specified time thereafter in a second specific (possibly time-varying) set. The proper-
ties of these sets yield information concerning the trajectory behavior and the trajec-
tory bounds of the difference system. It is noted that the independent variable varies
over a discrete point set. Let N be a set of points n,+k (£=0,1,2,...), where ny 20
is a given integer, and the operator A is defined by A x (n)=x (n-+1)—x (n).

2. In this section, we consider two types of finite difference inequalities of the
Gronwall-Bihari type. The first of these contains two parallel developments, namely,
the difference analogues of Gronwall’s inequality and some of its linear generaliza-
tions, and the difference analogues of Bihari’s inequality (1956) and some of its
nonlinear generalizations. The second type of inequality is of more general type,
which basically involves the comparison principle and in certain situations is more
useful than the first,

Theorem 1—Let x (n), f (n), g (n) and 4 (n) be non-negative functions defined for
n € N, and suppose that the inequality

na=l

*(n) <f (n) + g(n) ( 5

s=ng

h(s) W (x(s)) ),n e N, (21
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is satisfied, where W is a positive, strictly increasing, subadditive and submultipli-
cative function on (0, o). Then

$=2ng

oo < s +em (e[ 60+ S KW () 1)imen e

where G and ¢ are defined by

AG(u(n)) = _V_%_%_E%)_ .. e (2:3)

c= D> A W) . (29

S§=no
and G—1is the inverse function of G and

n—1

Ni= { neN: Y A(s) W (gs) < Gles )—G(c)},

$=np

and AG@n))=G (v(n+1))—Gw(n)), Av(n)=0v(n+1)— a(n), ne N.

Proof: We may assume without loss of generality that x(n) > f(n). Using the
subadditivity and non-decreasing property of W, we get from (2-1) that

n—1 ]
)= () < g (D, AW =D+ ), b<s>W(f<s>>). (2:5)

s§=Nag s3ng

Let u (n) = x (n) — f(n) and define

n—1

vi)= Y hEWuE) +eon) =0 .. . . (26)
Then (2-5) can be restated as o
‘ u(n) < g(n)o(n). .. . .. .. (27

From (2-6) and (2-7) we obtain
Av(n) =k (n) W (u ()

< h(n) Wg(n) v (n)

S k() W g ) W(v(n) .. . .. (2-8)
where in the last step we have used the submultiplicativity of W, Using (2-3) and
(2-8) we obtain

G (v(n+1)) < G (o(n)) +h(n) W (g(n)). e @29)

Substituting successively n=n,, n,+1,..., 2—1 in (2-9) we obtain

n—1 .
G (v(n)) < G () + 2 h(s) W (g(s)). .. . .. (210)

s=no
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Hence from (2:10) and (2-7),

-1 n—1
v <em (€160 + 3 hOWe) . . @

$=ng

The bound (2-2) follows readily from (2-11).

Remark 1.—1If f (n) and g(n) are constants, then Theorem 1 is the difference analog
of Bihari’s inequality (1956), which in itself is the generalization of Gronwall’s in-

equality.

The following fundamental lemma on finite difference inequalities is useful for
our subsequent discussion.

Lemma 1.—Let W (n,r) be defined forne Nand 0 < 7 < ® , and monotone
increasing with respect to r for any fixed n € N. Let r (n)=r (n; n,y, r,), denote a
solution of :

Ar )= Winr(n),r(ng = r, .. .. .. - (2:12)

which exists on a closed interval [n, n,]. Suppose there exist two scalar functions
u(n) and v(n) defined on [r,, n,], which satisfy the inequalities

A uln) < W (n, u(n)) . .. .. oo (2:13)
A v(n) > W (n, v(n)) . . .. o (214)
on the half-open interval (n,, n,), such that u(ng) < r(n,) and v(n,) > r(n,). Then

u(n) < r(n) and v(n) > r(n) for all n € (ny, n,).

Proqf : We shall prove the inequality
u(n) < r(n) . .. . .. (2-15)

similar reasoning can be used for the proof of »(n) > r(n). If the assertion (2-15) is
false, let k£ denote the least element in (n,, ,) for which (2-15) is not true. Then

u(k) > r(k) . .. . .. (2-16)
and
u(k—1) <r(k—1). .. .. . . (217
Using (2:16) and (2-17), we obtain the inequality
A r(k—1) < A u(k—1). .. . .. o (218)

The relations {2.12), (2.18) and (2.13) yvield the further inequality
W (k—1,r(k—1)) < W (k—1, u(k—1)).

This is a contradiction, in view of (2:17) and the monotone character of W, and the
desired result follows,
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Remark 2—The relations u#(n) < r(n) and 2(n) 2 r(n) remain valid for n € N,
when the inequalities (2.13) and (2.14) are replaced by
A u(n) < W (n, u(n))
A v(n) 2 W (n, o(n))
for all n € W, provided the solution of (2-12) exists for all n 4& N.
The following theorem is an extension to finite difference equations of Theorem

1 of Vishwanatham (1963), which in turn is a generalization of a lemma due to R
Bellman (1953).

Theorem 2.—Let x(n), f(n),g(n) and i(n) be non-negative functions defined for
n € Nand ¢ = 0 be a given constant, and suppose that the inequality

n—1
) <50 + e (e 3 B0 W (o) ), ne N,

s=ng

is satisfied, where W (n, ) is defined for n € Nand 0 < r < 0, and monotone

increasing with respect to r for any fixed n € N. Then (2.19)
x(n) € f(n) + g(n) r(n), n e Ny, .. CoL .. [2:20)
where  r(n) =7 (n;nyr,) is the solution of
Ar(n) =h(@n)W (n,f(n) + g (n)r(n),ring =1, <o (220)

existing on N; C W,

Proof- We have from (2.19)

x(n) £ f(n) + gn vin) .. .. o (222)
where
n—1
v(m)=c+ Y h()W(sx(s), v (ng) =¢

Consequently, it follows that

Av(n) =k ()W (n,x(n)

<h@) W (nf @) +g (1) 0 (). L (229)
A suitable application of Lemma 1 to (2-21) and (2-23) yields
v{n) <71 (n) . . .. o (224

where r(n) = r (n; ny, r,) is the solution of (2:21) with r(ny) = v(n,). From (2.22)
and (2-24) the desired result follows.
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3. In this section, we consider the quantitative set stability analysis of system
of difference equations

x (1) =f(n,x (n)) (D)
where each x and f are elements of R", an r-dimensional vector space and f (n, x) is

defined on N x R - R’. We denote by x(n; n,, x,) the solution of (D) so that
x (no; ng, x9) = Xy

The definitions of stability that follow are concerned with set-valued functions
of n. In these definitions S, S, : N = P (R"), where P (R) is the power set of R". Let

§ (n) denote the closure of § (n), and let 3 .S (n) denote the boundary of § (n). Let n,
denote any initial time in W, and let x; = x; (n;; n,, x,).

Definition 1—System (D) is set stable with 1espect to 8,5, and &' (abbreviated
88 (8,84, N)) if, wherever x (n; n,, x4) is a solution of (D), x,€8, (n,) implies
x (n; ng, xy) €8 (n) foralln e N,

Definition 2—System (D) is uniformly ser stable with respect to S, S, and N
(abbreviated S§ U (8,8, N)) if, whenever x (n; ny, x,) is a solution of (D), then for
cachn,e N, x, €8 (n,) implies x (n; n;, x;) €S (n) foralln e n, ).

Definition 3—System (D) is unstable with respect to S$,8,, and N (abbreviated
SU (S, S¢p N)), S (n) € S (n) for all n, if there exists x4 € Sy (n,) and n,, such that
x (nc; Ny, xo) € S (nc-)'

The stability theorems presented here make use of the scalar Lyapunov function
of the form V: N x R" - R'. We define total difference of V (n, x (n)) along the solu-
tion of (D) as

A V(D) (ﬂ: x (”)) =V (n+l>f("3x(n)) - V(n: x (n)>

This quantity is obviously a measure of the growth or decay of the function?V (n,x)
with respect to increasing n along the trajectories represented by the solutions of the
system (D).

The following theorems provide sufficient conditions for stability in the sense

of the above definitions.

Theorem 3—System (D) is 8§ (85,5, N), where Sy (n) €S (n) and 2§ () N2 S,
(r) = ¢ for all n, if there exists a real-valued function V (n, x) defined for all
% €85 (n) and for all n, and a function W which satisfies the assumptions of Lemma 1,
such that

@) AVp (nx)y <WmV),xeS@n),neN
(ii) r (n;ng sup V(ng %)) < infV (n, x)
x€8, (ny) x€dS8 (n)

(here r (n; aq, 1) is defined in Lemma 1 ).
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Progf: The proof is by contradiction. Let x (n; n,y, x¢) be a solution of (D) with
x4 €8y (ny) Assume that there exists a value n; € (n,, © ), the first time such that
x(ny; ng, %g) € 8(ny). Now define r{n) (refer to Lemma 1) as

7 (n) =V(n x (n;ng %))
and write
Ar(n)= AV (nx(n;ngxg)) < Win Vi x(n;ngx,)
= W (n,r (n)).
Now
7(ng) =V (ng x (no3ny,%0)) < sup ¥V (ng,x)
xe8,y(ny)

and thus it follows from Lemma 1 that
V (n, % (n; ng, %o)) < r(n;ng, sup V (ng, %))
xe8,(ng)
for all n € [ny, n,]. In view of hypothesis (ii) one can now write
V (ny, x (ny;5 ng, %)) < inf ¥ (ny, x).
%x€d8 (m)

But this last inequality implies that & (ng; ny, xo) & d S (n,), a contradiction to the
original assumption. Therefore x (n; 1y, x o) € S(n) for all n.

Theorem 4.—System (D) is USS (8,8,N), where S (n) C S(m)and 3 S (n) NS,
(n) = ¢ for all n, if there exists a real valued function ¥V (n, x) defined for all

x € [§ (n)—S, (n)] and for all n, and a function W which satisfies the assumptions of
Lemma 1, such hat

G AV mx)<WnV),xe[Sh) —8,(n)],neN

() 1 (ng; ny, sup V (my, %)) < inf V (ng %), ny > ny, ny, ny €N
x€d8,y(ny) x€d S (ny)

(here r (n; ny, r,) is defined in Lemma 1).

Theorem 5.—System (D) is SU (S, S, N) where So (n) C S (n) and 3§ (n) N 2S5,
(n) = ¢ for all n, if there exists a real-valued function ¥ (n, x) defined for all ¥ € S(n)
and for all n, a function W which satisfies the assumpitons of Lemma 1, and a cons-
tant ny, ny < n; < o such that "

6 AV @0 > W), 5eS @)
(ii) r (n;nginf V (ng, %)) > sup V (ny, x), 1, > n,
xeS, (ng) x€dS (n)
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(i) V (my ) < sup V (my, %), % €5 ()
x€dS(n)

(here r(n; ng, 74) is defined in Lemma 1).

The proofs of Theorems 4 and 5 are similar to the proof of Theorem 3 and will,
therefore, not be repeated here.

We give below an example to illustrate our results, where ||-| denotes any suitable
norm in R".

Example 1.—Consider the following nonlinear difference equation

5 1
# (1) = Zx(n) + 157, % (0) = =0 (L)
Define the sets

S(n):So(n)={xeR': 5] < %}

Choose the Lyapunov function ¥V (n, x (n)) = || x (n) || . Then
1 1
V A = . —_—
AV (% (m) = = () | + 5

1
‘10
= W (n, r (n)), for all n e N.

1
<'§'ll"(")“+

It can easily be shown that condition (ii) of Theorem 3 is satisfied (r (n;ng, 7y)
= ("1, + 3 [1 —(3)"). Thus system (L) is S (S, Sy, N).

Remark 3.—The definations and theormes for set stability are quite general. No
assumptions regarding uniqueness of solutions of (D), the classical stability of (D),
the continuity of V, or the boundedness of § and §, are made. The theorems can be
applied to linear, nonlinear, and time-varying systems defined on both finite and in-
finite time intervals.

REFERENCES

Bellman, R. (11{953). Stability Theory of Differential Equations. McGraw-Hill Book Co., Ltd.,
New York.

Bihari, I. (1956). A generalization of a lemma of Bellman and its applications to uniqueness problems
of differential equations. Acta. math. hung., 7, 71-94.

Halanay, A. (1963). Quelques questions de l1a the ‘orite de la stabilite’ pour les systems aux difference
fines. Arch. ration. Mech. Anelysis, 12, 150-54.

Hurt, J. (1967). Some stability theorems for ordinary difference equations. Siam F. Numerical
Analysis, 4, 582-96.

Michel, A.N. and Wu, S.H. (1969). Stability of discrete systems over a finite interval of time. Int.
F. Control, 9, 679-94.

Vishwanatham, B. (1963). A generalization of Bellman’s lemma. Proc. 4m. math. Soc., 14, 15-18.



