A NOTE ON MELLIN INVERSION FORMULA

by Manilal Shah*, Department of Mathematics, P.M.B.G. Science College,
Sanyogitaganj, Indore (M.P.)

(Communicated by F. C. Auluck, F.N.A)
(Received 7 December 1971)

In the course of an attempt to unify and to extend several results scattered
throughout literature in the theory of special-functions, MacRobert (1958) Verma
(1965) and Shah (1967, 1971) evaluated a number of integrals involving hyper-
geometric and E-functions and product of Meijer’s-and Whittaker-functions. In
this note, the author evaluates with the application of Mellin inversion formula the
infinite integrals :
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for positive integral values of 7, in terms of Agarwal and Mathur’s (1969) H [ ': ]

which are generalizations of the results recently obtained by Denis (1970) and also
mention some interesting particular cases useful in the analysis of certain problems of
mathematics, both pure and applied, and in mathematical physics.

1. INTRODUCTION

A generalization of the well-known Fox’s H-function (1962 p. 408):
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has been introduced by Agarwal and Mathur (1969 p.536) as
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The sequence of parameters (8, .8,,.)s (B',30"ms)s (75,56,)s (¥'y,567,) and (€e,)
are such that none of the poles of the integrand coincide. The paths of integration are
indented, if necessary, in such a manner thatall the poles of I'(§,—5;£), j=1,2,...,m;
and I' (8',—b'm), j=1,2,. .., m, lie to the right and those of I (y;+€) j=12,..., vy,
'y +e'm), j=12,.., vy and I' (1 — ¢+ +em), j = 1,2,..., n lie to the left
of the imaginary axis, and the double integral (1-2) converges if

p+q+s+t<2(my+v;-+n),
PHq Fs+Ht'<2(my+vy+n), (1-4)
| arg (x) | < [my4-vy-bn—1/2(p+g4 s 48)]m, ot o ’
| arg (9) | < [motvetn—1/2(p+q + s +1)]m.

To economize space, the following notations have been employed throughout
this note.

(1) (&) stands for the set of A-prameters:
385 s Gy ey Gy
with similar interpretations for (b}, (¢} etc.,

(i) I [: (2y,)5 ] represents the product

(byq )
Fa,) T (ap,).ee .. I'(a,)
L) by, ) r,)
and (g, ,) denotes the sequence of elements a,, @, ;..o ... , 4, and when m=1

{a,) stands in place of (a,,,) and (a) for n=4, and
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(iii) A[m,n] is taken to abbreviate the series:

n nadl nt2, n+m—1
I R R T

The object of the present note is to evaluate some infinite integrals involving
the extended Fox’s H-function in two arguments with the help of Mellin inversion
formula and discuss certain particular cases some of which are known and others are

believed to be new and interesting.

2. THE GENERAL INTEGRALS

In this section, we shall make an attempt to evaluate some general integrals
involving the extended Fox’s H-function of two variables by virtue of Mellin inversion

formula.

(I) Using Mellin Inversion formula of one Variable
We begin by considering the function
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A>B+Cand |ag (1)) | < [A—B—C] =/2.

On using Mellin inversion formula, we have

® B S g | @S
SO F(x) #5 dx_I’[ e __SJ.

Now we take the general intégral in the form
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for n a positive integer > 0, and

j ! 0 .212,..., ; '=1,2,_._, s
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b b,
A+C>B, A>1, A>B+C,
Re [mk+n8] <0, and

1<q, vy 21,2m-+2v,>14q, |arg (x) | <[2my+2v,—t—q]n/[2,
V<, vy 21, 2my+20,> t'+q', | arg (9) | <[2my+2v,—t'—¢")m/2
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along with the conditions stated in (1-3) and (1-4) earlier, and where a is some finite
function of the parameters (a), (b), (¢) and 8 is that of y, ¢, (v, ¢',), (Bpb,) and

(B’q’! b’q’)‘
n
On substituting the value of H [ x;\n ] from (1-2), if we invert the order of in-
J

tegration involved here, which can be easily justified by virtue of de la Vallée
Poussin’s theorem (Bromwich 1926, p.504) for the conditions mentioned in (2:3),
and then interpret the inner A—integral by making use of (2-2) and Gauss’s mul-
tiplication formula for the Gamma function {Erdéyli 1953, p. 4 (11)]:
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valid for the following set of conditions:

(1) 0<dn-tu<dntp+Cn, 0<v, <1, 00, <Y,
{0<m1<9’ 0<my<Yy,

and

(B+C—A)n+q+s+t< 2(my+ vy +u),
(B+C—A)n+q'+s+t" < 2(my+vy+u),

(ii) | arg (x) | < [my+vitu—3} {(B+C—An-ts+q+6]m,
|arg () | < (mp+uvptu—} {(B-+C—A)nts+q'+t}]m

Proceeding on the same lines as above, we can still evaluate the integial (2-3)
by replacing n for —n and taking appropriately suitable function F(A).

Special cases of (2-4) with proper choice of parameters vield many new as well
as known integrals including some recent results due to Verma (1963},

(I1)y Applying Mellin Inversion Formula of two Variables
Here we evaluate the double integral involving the extended Fox’s H-function

of two variables with the application of Mellin type of double integral and its inver-
sion formula given by Reed (1944).
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Let us consider the function
1 o-+i o pt+ic
fx0)= WS

—5 ot
—i oo gls, )x~5y~" ds dt, .. .. (2.5)
then in view of Mellin inversion formula, we obtain
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Now adjusting the function g(s, ¢) in the form
rr(a)+5+t: (b)+5:(c)+t: (d)'_‘y: (8)—t; :,
LN +s+t, (B)—s—t. (G)+s, (j)+t, (K)—s, (1)—t
then the integral (2'5) converges if
(1) H4+-F+K+I < A+CH+E,
{ H+-F+L+7 < A+B+D,

and
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arg(;—)! <[A+C+E—H—F—K—I _

arg(é) l <‘;A+B+D — H-—F—-L_~j] %

Now we adopt the same procedure as above in the (2-3) to ¢valuate the integral
in the form given below with the help of (2-5) and (2-6}.
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valid for n a positive integer >0, and
H+K+F+1 < A+B+D,

H4-L+F+F < A+C+E,
Re [ mk+n (_IZL) —a] >0,5=1,2,..., m,,

7
B+K < D+L B 2> 1, K+I<D+B

25

Re[m/kr+n(b,) 1>0,:i = 1,2,.

C+L<E+F C>1,L+7<E+C,
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where o is some finite function of the parameters (), (k) (d) and (z) and o’ is that of
(¢), (), (¢) and (j) together with the following conditions

ptgt+stt < 2(n+vy+my),
p+q s+t < 2(n+vatmy),
| arg (%) | <[n1+”1+m1__1/2(1’+9+5+t>]77a
|arg () | <[mtvetme—1/2(p+¢ +s+1)]m;
t<<q, vy 21, 2(vy+my) >t-+q; | arg () | <[m+v;—3(+9)]m,
U'<q, v 21, 2(vptm) > t'+q'5 | arg(p) | <[mp+ve—3(t'+¢)]m,
and
Re [mk+nd8—(d)]<0, Re [m'k’+n8’—(e)]<<0 for 8 is some finite function of the
parameters (y,, ¢,), (B, b,) and &' those of (¥, ¢'/) and (B, b’q,).

Similarly if we replace n by—nin (2:7), we can still easily evaluate the integral
by considering the suitable form for the function f(A, u).

3. Parrticutar CASEs

In (2+4) and (2:7), setting b=b'=¢c=¢ =d = ¢ =1, we obtain the known
- results recently obtained by Denis [1970, p. 5, (4-1) and p.7, (4-2)] which are
generalizations of the results due to Verma (1965).

(2) Substituting p = s = 0in (2-4) and (2-7), the results involving the products
of two Fox’s H-functions in place of a single Fox’s H-functions of two variables can be
obtained.

(3) By specializing the parameters in (2'4) and (2-7), the H-functions of two
variables not only include Fox’s H-and Meijer’s G-functions of single varia ble as
particular cases but also incorporate most of the frequently used special functions in
two arguments, e.g. Kampé de Fériet’s double hypergeometric functions which,
in turn yield Appell’s functions and the Whittaker functions of two variables, etc.

Therefore, the formulae established in this note are of general character and
encompass several interesting results which may prove to be useful in the mathe-
matical analysis.
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