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The set «# of real vx v matrices whose rows are coordinates of the vertices
of regular (v—1)-dimensional simplices include the set of »X v orthogonal
matrices and the set of incidence matrices of Symmetric Balanced Incomplete
Block Designs’ (8.B.1.B.D.) with v treatments. With each vxv matrix

X & A is associated the parameters v, as, k, by, li, As, n (1 = 1, ..., v) where
ai, k are given by the equation]éla, z; = k of the hyperplane containing
the regular simplex associated with X normalized by the conditions

‘Z‘.lazj =,k < 0; by, ..., by are respectively the column sums of X; 1,, ..., 1,
ja.re the squares of the lengths of the row vectors of X; and 2n is the square

of the length of an edge of the regular simplex and Ay = 1;—n (i = 1, ..., v).
The matrix X then satisfies the conditions XXT = nl-+}((Ai+4y), XTX

=nl+ 1 ((bib;—naia;)) where I is the identity matrix and ((A:+Ay)),
v

((bibj—nasa;)) are v X v matrices whose entries in the ¢th row and jth column
are A¢+A;, bibj—naza; respectively.

The two points on the perpendicular to the hyperplane containing the
regular simplex through its centre from which the radii vectors to the ver-
tices of the simplex are mutually orthogonal and which we call the foci of the
regular simplex play an important role in the theory and are called the foci
of the regular simplex. Transferring the origin to either of the foci the
matrix associated with the regular simplex takes the form a0+ Jp where O
is an orthogonal matrix, @ # 0 is a scalar and Jp is a matrix with identical
rows. Using this fact and the lemma :

If 2, ¥ (1 =1,...,v) are real numbers such that (z;—z;) (yi—y;) = ¢, (4,
§=1,...,0; §3j), then, for v> 2, ¢ =0 and either #; = ... = &, or
Y1 = ... = Yy, WO prove

(1) For v > 2, if X & A then XT & AL if and only if at least one focus F
of the regular simplex associated with X has all its coordinates equal, in
which case the regular simplex associated with XT also has F as a focus;
if both the foci of the regular simplex associated with X have all coordinates
equal then the foci of the regular simplex associated with X7 coincide with
them.

(2) A matrix X & o/ is normal if and only if sither (i) it is a scalar multiple
of an orthogonal matrix, or (i) it is of the form X = a0O-+-bJ where a, b
are non-zero secalars, J is the matrix with all enfries equal to 1 and 0 is an
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orthogonal matrix whose corresponding row sums and column sums are
equal; in particular if X is normal then X7 & «#f and in case (i) holds, X
and X7 heve the same parameters.

(3) If X = (ay;) is & vXv matrix with v > 2 then either of the following
two sets of conditions :

v

() )§1 Xy = by G=1..,9
v
T Xiy=1 G=1, ..,
j=1
ke 3
I ayay=m, Ghk=1.,v; §#k)
j=1
and
(i) £ xp =k, @=1,..,v)
i=1
2
T a=1 (E=1,..1v)
i=1
v
1231 Tprp = m, GBEk=1 ., 4%k,

imply the other.

(4) Given three vxv matrices X, X’, X” for v > 2 such that XX’ = X”,
the necessary and sufficient condition that when the matrix X’ and one
of X, X” belong to «#{ then the other also belongs to «#f is that either the
row sums of X are all egual or the scalar products of the row vectors of X
with the wvector (k;, vees l;) are equal where Z;, vers )\; are the A-para-
meters of X’

(5) If A, B are the incidence matrices of two S.B.L.B.D. with the same
parameters v, k, A then AB-1 is orthogonal with row sums and column sums
equal.

Some important special classes of matrices of «# are also studied. A com-
position theorem of the Kronecker product type is also obtained for the
matrices in ¥ corresponding to different values of ».

1. INTRODUCTION

The present work arose in connection with the author’s investigations
relating to the ‘Theory of Symmetric Balanced Incomplete Block Designs’.
However, it is wholly independent: of the above-mentioned theory and in
fact forms what may be called a new chapter in Matrix theory though right
through the paper the motivation for many of the invesitigations is provided
by considerations pertaining to the theory of the designs. In turn the theory
presented here gives new light on and insight into many erstwhile unsuspected
No attempt has, however, beenr made to fully investi-

gate the passibilities in the last mentioned direction.
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A symmetric balanced incomplete block design (simply referred to as
design hereafter) is defined as an array of vsets § (7 = 1, ..., v) each consisting
of exactly % elements chosen out of a set § conmsisting of v elements s; (3 =
1, ..., ) such that any two distinct sets §;, S; of the array have exactly A
elements in common. Such designs are of some importance in the theory
of ‘Experimental Designs in Statistics’ and have been extensively studied by
many authors. The sets S; can also be looked upon as the lines and the
elements s; as the points of a generalized finite projective geometry in which
each line contains exactly % points and any two distinct lines intersect in
exactly A points. In the sequel we shall always refer to a generalized pro-
jective geometry in the above sense.

A customary technique in the study of the designs is the introduction
of incidence matrices. An incidence matrix of a design is a »th order matrix
of zeroes and ones in which the entry in the ¢th row and jth column is 1 or 0
according as the element s; is or is not contained in the set S;. If 4 is one
such matrix then the defining conditions of the design are equivalent to the
relation

AAT = nI=AJ o (L)

where A7 is the transpose of 4, I the unit matrix and J the matrix in which
all the entries are 1 and = is defined by

k= n+A. .. (1.2)
The well-known relations
kB = ntAv ... (1.3)
and
|42 = kgt o (1.9)

where |[A| denotes the determinant of 4 are immediate consequences of
(1.1). The relation (1.4) leads, in particular, to the well-known Chowla-
Ryser Condition for the existence of a design when » is even, namely, that »
must be a square.

It is also known that the matrix 4 is normal so that
ATA = nl4-AJ ... (1.8)

which implies that AT is also the incidence matrix of a design with the same
parameters », k, A. The content of (1.5) when interpreted in terms of the
generalized projective geometry is precisely the principle of duality.

There is a somewhat different geometrical interpretation of the incidence
matrix 4 which does not seem to have been recognised so far. It is the fact
that when the rows of 4 are taken as the rectangular cartesian coordinates

7
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of points of a v-dimensional Euclidean space, then these points form the
vertices of a 1eqular (v—1)-simplex whose (linear) side is of length v/2n. This
regular simplex lies in the hyperplane

Tty =k ... (1.6)
and its centre is on the line

Ty = ...=2Zy .. L7
through the origin perpendicular to the hyperplane (1.6) and equally inclined
¢o the coordinate axes. Likewise the columns of 4 form the vertices of a
regular (v— 1)-simplex of side length v/2n which lies in the same hyperplane
{1.6) and which has its centre on the line (1.7), so that the centres of the two
simplices are also identical. The curious property that both the rows and
columns of the incidence matrix 4 represent regular (v—1)-simplices of the
same side length is also shared by the entire class of scalar multiples of ortho-
gonal matrices though, in the latter case, the regular (v—1)-simplices do not,
in general, lie in the hyperplane (1.6). In fact not even the hyperplanes
containing the regular simplices corresponding to the rows and columns of
the same orthogonal matrix are, in general, identical nor need the centres of
the two simplices be identical.

It is the recognition of the above mentioned geometrical property shared
by the incidence matrices of designs and the (scalar multiples ot) orthogonal
matrices that actually led to the following investigations. Naturally, several
questions arose in this connection. Are there other classes of matrices shar-
ing this property and if so what is the largest such class ? It turned out that
the answer to the first part of the question was in the affirmative and that
the second part could also be answered completely. The next question was
whether one could recognise among this class any families which formed
closed mathematical systems under some operations as in the case of the
orthogonal matrices which form a group under multiplication. This question
was also answered in the affirmative. The obvious distinction between the
class of (secalar multiples of) orthogonal matrices and the incidence matrices
of designs, namely, that the latter, even if they exist, are finite in number
(for a given ») and can hardly be expected to form, by themselves, any mathe-
matical system such as the group of orthogonal matrices, led to the question
as to whether the incidence matrices of designs can be imbedded in a natural
way within a larger family which forms a closed mathematical system under
any operation. This question had also an affirmative answer. It may be
remarked that there is an obvious formal resemblance between the relations
(1.1) and (1.5) and the corresponding relations for (scalar multiples of) ortho-
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gonal matrices and that the former relations reduce to the latter if A =- 0.
However, it is obvious from (1.2) and (1.3) that when A = 0 the incidence
matrix 4 reduces to either a permutation matrix or to the zero-matrix, cases
which are hardly of any interest to us. By imbedding incidence matrices
in a larger class which has, rather surprisingly, almost all the formal properties
of the former it has been possible to obtain interesting information regarding
incidence matrices such as, for instance, the fact that all the eigen values of
an incidence matrix A, apart from the single obvious one equal to k, have
modulus equal to 4/n. Another significant property of incidence matrices
of designs which may be mentioned here is the fact if 4, B are any incidence
matrices with the same parameters v, k, A, n, then ABR-1 is an orthogonal
matrix whose row sums and column sums are all equal to 1. It must, how-
ever, be said that these investigations have not so far led to the discovery
of a single new design.

Since a large number of sets of matrices are introduced in the course
of the work it was thought desirable to collect many of them here for ready
reference when in doubt. Some definitions are also given below to facilitate
reference.

1. AW = A : the set of all vth order matrices whose rows are the rectan-
gular cartesian coordinates of the vertices of a regular (#—1) dimen-
sional simplex in a Euclidean space of dimension ¢.

2, Jp: a matrix in which all rows are identical being coordinates of a

point P.

J : the matrix of order v in which all the entries are 1.

@ : the set of matrices of the form Jp.

My = A\ ¢

A focus of a regular (v—1)-dimensional simplex : one of the two points

in a v-dimensional space containing the simplex from which the radii

vectors to the wvertices of the simplex are equal and mutually
perpendicular.

S sk ow

7. Z: the subclass of matrices in A whose transposes also belong to 4.
71 : the set of normal matrices in A.

9. 72: the set of non-zero scalar multiples of orthogonal matrices of order v.

10. K : a certain sub-class of 72.

11. £: the sub-class of matrices in # having equal row sums,

12. & : the sub-set of non-singular matrices in o£,
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13. J: the subset of matrices in .# whose inverse belong to /.

4. 8: 8"\ 7.
15. A : the group of orthogonal matrices of order v.
16. &: KNG

17. &, : a sub-group of & of index Z.

18. &_ : the coset of &, in G.

19. &, 8. N«

20. % :a nrmal sub-group of &.

21. @, & : normal sub-groups of &,.

22. pux(z): minimal polynomial of X.

23. A : the set of scalar multiples of J.

24, Ly=LJ G

25. Z,=JJA.

26. Go,=9JA

27. h(S): the linear hull of §, i.e., set of all finite linear combinations of
the elemets of 8.

28. X@®7Y : Kronecker product of X and Y.

Besides the above a numbr of parameters are intrduced for the various
classes of matrices. The most general of these, pertaining to those of the
set A is defined in § 2. They play an important role throughout the work
and the reader is requested to carefully study their significance.

2. PRELIMINARIES, SIMPLEX OF A MATRIX-NOTATIONS, THE
StB-cLASS . PARAMETERS.

The rows of any real matrix X of order v can be taken as the coordinates
of an ordered set of v points in a given rectangular coordinate system of a
v-dimensional Euclidean space. We shall call this ordered set of » points
the (v—1)-simplex or, simply, the simplex associated with X.

Multiplication of X on the right-hand side by an orthogonal matrix has
the effect of simply rotating the associated simplex of X about the origin
and vice versa. The operation can also be thought of as a reference to a new
system of rectangular coordinate axes through the origin. Likewise, a trans-
lation of the axes of coordinates would result in the subtraction of the same
row vector (depending only on the translation) from all the rows of X and
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vice versa. Finally, a change of scale has the effect of multiplying X by a
scalar. We may sum this up in the following :

Theorem 2.1—All simplices (ordered sets of v points) in a v-dimensional
Euclidean space which are similar to the simplex associated with a given
matrix X of order » are associated with matrices of the form

wX0+Jp .. (20)
where g is a non-zero scalar, O an orthogonal matrix and Jp is a matrix whose
associated simplex consists a single point P repeated v times. (In other
words, Jp is & matrix in which all the rows are identical, equal to the coordi-
nates of P); conversely, a matrix of the form (2.1) has an associated simplex
which is similar to the simplex associated with the matrix X.

We remark that since similarity of simplices is an equivalence relation
the totality of real matrices of order v are separated into equivalence classes
of the form (2.1) where the matrix X may be replaced by any matrix of the
class. All matrices of the form Jp evidently form a single class namely, the
class containing the null-matrix. We shall denote this class by ¢ or
simply ¢.

We are particularly interested in the class containing the identity matrix
I which we shall denote by A or simply «# in the sequel. By Theorem 2.1
the matrices of this class are of the form

HO+4-dJp o (22)
where 1 # 0, O is any orthogonal matrix and Jp is any matrix of the class

¢. The matrices of _#{ are characterized by the property that their associated
simplices are all regular (v—1) simplices.

We shall denote the set of matrices (2.2), including the value p = 0,
by A, This is obviously the set union of the classes .# and ¢. Thus .4,
congists of matrices whose associated simplices are regular, including the
case where they degenerate into single points.
We shall employ the following notations throughout.
X = (xy), Y = (ys5), -..are matricesin A. ... (2.3)
v
2 awi=k oo (2.4)
=1

is the unique hyperplane containing the regular simplex associated with
X € A so that

v
Tagg=k (@E=1,..,0). U
Je1

(S
ot
=
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We shall also suppose that a,, ..., a,, k are normed by the condition
... tat=uvk > 0. ... (2:6)

If k& +# 0 then (2.6) determines a,, ..., a,, k uniquely and if £ =0, then
ay, ..., G, are determined by (2.6) only upto a possible change of sign throughout.

We shall denote the column sums of the matrix X € A by by, ..., b,
respectively so that

v
Zag=b; (j=1 ..0). o (2.7)
i=1

When there is no confusion we shall denote the simplex associated with

the matrix X by the same letter X.

For a matrix X € A we define the parameters, (¢ =1,...,v), n >0
as follows :

Sa=l (i=1,..0) .. (28)
j=1
j% {(Zig—xxs)? = 2n (GLk=1,...,v; ©£k) .. (29)
. Ay =lLi—n (z=1,...,0). ... (2.10)
Definition—The numbers v, a;, k, by, l;, Ay, n (4 = 1, ..., v) are called the

parameters of the matrix X € 4.

We remark that the norming (2.6) has been done to conform to the case
where the matrix X is the incidence matrix of a design. In the latter case
the hyperplane containing the simplex is obviously

Ty+...+xy =k, (kis a positive integer) ... {(2.11)

so that a; = ... = a, = 1. However, the parameter £ does not retain its
meaning as the common value of the row-sums of the incidence matrix of a
design in the general case where X is any matrix in «#. The column sums
bi 1 =1, ...,v) as well as the parameters l; (1 = 1, ..., v) all reduce to the
same value & when X is an incidence matrix of a design. The parameter »
has the same meaning as representing half the square of the distance between
any two vertices of the simplex. However, it is not defined as in (1.2) as
the difference between k¥ and A. On the other hand, here the parameter A;
are defined in terms of /; and n which have already been introduced. The
Ay, of course, reduce to the common value A where the matrix X is the inci-
dence matrix of a design.
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The significance of these parameters and the role they play in our analysis
wili become clear in due course.

Let us observe that the centre C of the simplex X, which is also its
ceutroid has coordinates (Tt by, ..., -vl~ by ) Since this point lies in the

hyyperplane of the simplex we must have

aby .. 4-ayh, = kv .. (2.12)
This also follows directly from (2.5) and (2.7).

In the sequel we shall have occasion to introduce certain important sub-
classes of . These shall be denoted by 7, 77, £, K, 72 etc. Their defini-
tions will be given in the appropriate places and are briefly mentioned also
in the list given in the introduction.

3. PROPERTIES OF THE MATRICES IN 4

For a deeper investigation of the properties of the matrices in 4 we
require a somewhat different characterization of these matrices from that
given by (2.2). This we state in the form of the following theorem.

Theorem 3.1—If X is a matrix in A with parameters a;, b;, i, A;, », k
given by (2.5)-(2.10), and X7 is the transpose of X then

Ai—{—/\ )

H

XXT = nl+ (( (3.1)

where <(Ai;/\j—)) denotes the matrix whose entry in the ith row and jth

column is (Ai;/\j ), and, conversely, if there exist real numbers = (> 0),

Ay, -.vs Ay such that (3.1) holds then X & A.
Proof : From (2.8)-(2.10) we get

[ 26 ifi =k,
2 T ey = 2 x2j+2 w3 — Z(@h—xpg)? = <
j j i j L+l —2n, ifd £k
so that
| n4Aq, if i =1§k
Z xyrry = v (3.2)
j Aet-Ae if ik
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from which (3.1) follows at once. The converse is proved by tracing the
steps backwards in the above proof.

Corollary 1—If | X | denotes the determinant of the matrix X, then

—_ 2
| X |2 =m0 5 A—nv—2 I (—-—’\‘ ’\’)
i >\ 2

— po-2 {(n-}—?l b ,\‘,)2_.1’_ s ,\g}_ .. (3.3)
i 4
Proof : Evaluate the determinant of the matrices on both sides of (3.1).

The determinant on the right hand side is evaluated easily by observing that
the principal minors of order greater than or equal to three of the determinant

whose entry in the ¢th row and jth column is A‘—;———/\-"— is zero and that
| Atds
; A L;lj
- (5
Ai‘f‘Aj A - 2 )
) B J
!
Corollary 2—

b = (n+§ Apv. .. (3.4)
J

Proof : This follows at once from (3.2) on summation over all ¢ and .

We shall now obtain a somewhat different and more elegant expression
for |X| in terms of the parameters than those in (3.3). In the first place
we transform (3.3) with the help of (3.4) and (2.10) into

nt-1 l‘_l’ 2
2 . 2 pv-2 M-
X[ = Sip—me .-‘:‘5< ) e (3.5)

Now let O be the origin of coordinates, P,, ..., P, be the vertices of the
regular simplex associated with X, @ the foot of the perpendicular from O
on the hyperplane of the simplex and py; the length of the projection of QC
on P;P;. Then

li~ly = OP}—OP} = QP}—QP}

= + 2P;P;P;
so that

ly—14\2
Z{=52) =2 T pf ... (3.8
i>j ( 2 ) " B (3.6)
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gince PyP} = 2n, by (2.9), Moreover,

L X b} = 000 = 0(0Q2-+QC)

= k>4 vQC? e (3.7)
since, by (2.4) and (2.6) the length of the perpendicular from the origin on
the hyperplane of the simplex is k/4/v. Hence (3.5) may be written as

| X |2 = n? k24 (vQC2—2 ‘Ejp:,o‘j)}, - ... (3.8)
If we now show that
vQC? = 2 X p} ... (3.9)
i>j
then (3.8) will reduce to
| X |2 = no-k2 ... (3.10)

a result which agrees completely in form with (1.4). We now proceed to
prove (3.9). Since this is a result of some geometrical interest which can
be considered on its own rights we re-state it as follows :—

Theorem 3.2—The square of the distance between the centre of a regular
(#—1)-dimensional simplex and any point in the space of (smallest dimension
containing) the simplex, multiplied by v, is equal to twice the sum of the
squares of the projections of the line joining that point to the centre on the
edges (lines joining pairs of vertices) of the simplex.

Proof : Without loss of generality we may take for the regular simplex
the one formed by the end points of unit vectors along the coordinate axes.

Let (zy, ..., 2,) be any point @ in the hyperplane containing the simplex
so that :

Zy ...z = 1. .. (3.11)

The centre C of the simplex has the coordinates (%, ooy %) so that

It 1s easy to verify that the projection of QC on the line joining the vertices
(1,0,...,0)(0, 1, ..., 0) of the simplex is Iﬁ\__;‘é_fgl and likewise the projections

on the other edges can be found. Thus we see that the sum of the squares
of the projections of QC on the edges of the simplex is

3 I (zi—xy)>
(>3] :
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Hence we have to show that

E . * -
5 % ( 5,__%) = £ w—ap . (312)

i=1

subject to the condition (3.11). This follows at once from the special case
of lagrange’s identity :

o £ (o) ~{ 2 (o 5)}

if we observe that

I
V4
w2,
ey,
—
3

!
e]»—-
S

I
—

&

I
e];—-
S
[

0

which completes the proof.

Several magnitudes associated with the regular simplex can be deduced
with the help of formula (3.9). We note some of them here for future
reference.

Let R(v) be the circumradius, a(v) the altitude, r(v) the in-radius and
V(v) the volume (measure) of a regular (v—1)-dimensional simplex of linear
side (edge) 4/2n. Taking a vertex for the point @ in (3.9) we at once get

Re) = \/”“”;‘1). .. (3.13)
Heénce
a(v) = /(20— B¥v—1)} = :ij—-l .. (3.14)
6) = a(v)—R(v) = =) ... (3.15)
v_-—l
. 1 n ot
V(v) = by a(v) Vig—1) = =T ... (3.16)

We observe further that the relation (3.9) is characteristic of points @
in the hyperplane of the simplex. In fact, since @ is the foot of the perpendi-
cular from O on the hyperplane of the simplex it is clear that the projections
p4; of QC on the edges of the simplex can also be considered as the projections
of OC on those edges so that from (3.7) we get

v0C —2nZp}; = k¥ .. (3.17)
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The right-hand side of (3.17) vanishes if and only if & = 0 which, by (2.4),
is the necessary and sufficient condition for the origin O to be in the hyper-
plane of the simplex.

The relation (3.10) can also be obtained directly from simple geometrical
considerations. ’

In fact, we observe that the numerical value of the determinant of X
is the volume of the parallelotope having the lines joining the origin O to the
vertices of the simplex associated with X for adjacent edges.

Let us denote the parallelotope by [JX, the regular (v—1)-dimensional
simplex associated with X by the same symbol X, and the »-dimensional
simplex having for vertices the origin O and the vertices of the (v—1)-dimen-
sional simplex X by (0, X).

Let us now compare the volume of []JX with that of the speicial case
where X is the identity matrix I (which, of course, is contained in the Class
). We have

Vol((JX) __ Vol(0, X) _py Vol X (3.18)
Vol([)I)  Vol(0,I) = p, Vol I R
where p, is the length of the perpendicular from the origin on the hyperplane
of the simplex X.
Now [ is the unit cube so that

Vol((J1) =1, ... (8.19)

and, by (2.4) and (2.6),

k 1
=2 = ... (3.20
P '\/'U D '\/‘U ( )

and, since the (v—1)-dimensional simplices X, I are regular and the ratio
of the lengths of their edges is y/n.

Vol X -
‘-,%-17 = (v/a)-L. . (3:21)
Substituting from (3.19)-(3.21) in (3.18) we get
v—1
+|X| =Vol(OX)=kn T . .. (3.22)

Alternatively, we could use the known formula (3.16) for the volume of the
regular (v—1)-dimensional simplex of side length 4/2n and write

+|X| = Vol((JX) = v ! Vol (0, X)

v-1
vk n % \/v

"o  (0—1)!

=v! (%)VO1X=

91

—kn T, ... (3.23)
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From (3.10) we may at once deduce the following generalization of the
Chowla-Ryser condition referred to in the introduction.

Theorem 3.3—If X = (x;;) is a vth order matrix such that
(i) =y are all rational
(@) Zxy=k£0 (@E=1,..9),
3

(iii) 2 (xﬁ_’xk])z =2n>0, (’i’ k=1,.., ’U;)
2

i #Ek.
then, for v even, n is the square of a rational number.

We have already seen that a matrix X € _g, that is, a matrix whose
associated simplex is regular, can be expressed in the form

pO-+Jp ... (3.24)

where y is a scalar different from zero, O an orthogonal matrix and Jp is a
matrix with identical rows (namely, the coordinates of P). We shall make
this statement more precise in the sense that given matrix X € 4 we shall
obtain all its expressions in the form (3.24). In doing so we may restrict u
to positive values only since, if necessary, we may absorb a negative sign in
the matrix O by changing the sign of all its elements in a row, which, of course,
_does not change its character of being orthogonal. We shall show that there
are precisely two expressions of X in the form (3.24) with x > 0 and shall
obtain them in terms of the parameters defined in §2.

For this purpose we have to consider a further geometrical property
of a regular (v—1)-simplex in a v-dimensional space. If a point P moves
from the centre C of the simplex continuously along the perpendicular to
the hyperplane of the simplex in either direction, the angle subtended by the
edges of the simplex at P changes continuously from a value greater than
a right angle to the value zero so that there is exactly one position of P on
either side of the hyperplane such that the lines joining it to the vertices of
the simplex are all equal and are mutually orthogonal. We shall call these
special positions of P the foci of the simplex. The two foci are, of course,
symmetrically situated with respect to the hyperplane of the simplex.

The coordinates of the foci can be readily determined in terms of the
parameters. Let X = (ziy) be any matrix in which parameters defined as in
§2. The centre C of the simplex (associated with) X has then the coordidates

¢: (3 by -i—__b,,). ... (3.25)
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Let us observe that if X were the identity matrix I then one of the foci
would obviously be the origin and that its distance from the centre of the

simplex would be Similarity considerations at once show that the

1
Vv

distance of each focus from the centre in the general case is L/;" (Since the

ratio of the lengths of the edges of the simplices X, I is /7). Moreover,

the normal to the hyperplane of the simplex X has by (2.4) and (2.6) the
direction cosines

a, ay

-—-:U:,..., '\/Q)

Hence the coordinates of the two foci of X are given by
1 — 1 —
(7 (by—e v/nay), ..., ~- (by—e v/ 8y)), €= +1 .. (3.26)

which we shall accordingly denote by

F, &= 41 .. (3.27)

respectively. It is clear that the foci are precisely the points with the property
that if the origin is shifted to either of them then the transformed matrix of

the simplex, namely
X—J,

(we shall write for simplicity J, instead of JF ), becomes a scalar multiple
e

of an orthogonal matrix. This scalar which is the distance of the focus from
any vertex of the simplex is again easily determined by similarity considera-
tions, that is, by comparison with the simplex associated with the identity
matrix and is seen to be 4/n. Hence we have

X—J, = 4/n0, ... (3.28)
where O, is an orthogonal matrix. We have thus proved the theorem.
Theorem 3.4—Any matrix X € .# has exactly two expressions in the
form (3.24) with g > 0, namely
X = y/n0,+J,, (e= £1) ... (3.29)

where J, is the matrix having identical rows given by (3.26) and O, is & corres-
ponding orthogonal matrix.

With the help of Theorem 3.4 we shall obtain the following important
-theorem.
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Theorem 3.5—If XT is the transpose of X € ., then

XTX = nI—}——i— (Bibj—naiay)) ... (3.30)
where ((b;by—mnazay)) is the matrix whose entry in the ith row and jth column
is b'-bj——mia,.

Proof : From (3.29) we have
nl = (vnOf)(v/n0,) = (XT—JE}X—JT,)
= XTX—(JIX+XTJ)+JTJ,.

The matrices J7X, XTJ, which are transposes of each other, are easily com-

puted and so also is the matrix J7J,. Thus we see that the element in the
ith row and jth column of the matrix XTX —nl is

o (e—ey/ by (by—ev/maghy— = (bi—en/mag)(by—cy/7a)

e]»—-«

(by—na,ay)

which is what we wanted to prove.

For later application we give the following characterization of a focus.

If F is any focus of the simplex associated with the matrix X with co-
ordinates (f, ..., fy), then

2; (x,j——fj)z = n, (’l« =1, ..., v) (331)
7

and no other point has this property. In fact, this follows immediately from

similarity considerations comparing the simplex of X with that of the identity
matrix.

4. Tur SuB-cLAssEs Y, 71, 72, K

The class .4 of matrices whose associated simplices are regular is rather
too general to be a satisfactory extension of the class of incidence matrices
of designs or of the class of (scalar multiples of) orthogonal matrices since it
does not have either the property that the transposes of the matrices in it
also belong to it or the property that the matrices in it are normal unlike the
two latter classes. Tt is, therefore, natural to seek in ./ the sub-class Z of
matrices X such that X7 is also in ./ and the subclass 72 of matrices which
are normal. However, Theorem 3.1 at once ensures that the transpose of a
normal matrix in 4 necessarily belongs to # so that

HDID N - (D)
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In fact, if a matrix X e_g is normal then, by the condition of normiality and
relation (3.1), we have

XT(XT)T — XTX — nI+<-’}f-—;~—/}L) o (42)

s0 that, by Theorem 3.1, X7 is in ./ and has even the same parameters n,
Ay ey Ay 88 XL

We shall completely characterize the matrices of the sub-classes Z and 72
in terms of properties of their associated simplices which turn out to be surpris-
ingly simple. Our natural recourse is to Theorems 3.1 and 3.5.

We shall also need the following Lemma :(—
Lemma~—1If xy, ..., 2y; ¥y, ..., Y, 8re two sets of v real numbers where
v > 3, then the necessary and sufficient condition that
(ts—a)yi—yy) =¢  (@,5=1,...,v; ©#3) ... {4.3)

is that ¢ = 0 and either 2, = ... = 2, or y; = ... = 9. (The result is obvi-
ously not true for v = 2).

Proof : Since v > 3, there are at least three distinct suffixes. Assume
that (4.3) holds. If ¢ £ 0, then (4.3) implies that no two of z,, ,, z, or of
Y1» Y2» Y5 can be equal. Hence we may write

[+
L1 —Xy =

H—Ye
C
Xy—Tg == ~
Yo—Ys
ZX. & c
174 = .
i—Ys

Adding the first two of these and comparing with the third we get,

. (U —¥)*+ Ya— )5 —7s) = 0
that is

Yy +Hyi— vt —Yas— Yt = 0

which is possible for real numbers y,, y,, y; only when y, = y, = y,. But
the equality of y,, y,, y; is excluded by the assumption that ¢ # 0 so that
we are led to contradiction. It follows that ¢ must be zero. Then (4.3) at
onoe gives

Ty=5 OF Yj==y; . (4.4)
for each pair of suffixes 7,j. Now suppose that twd of the y’s say y,, y, are
unequal. Then, by (4.4), z; = z,. Moreover, for every suffix i > 3, y; must
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be distinet from either y, or y, so that, by (4.4), 2y must be equal to z, or z,.
It follows that '
B=gy=a (D 3)

which proves the necessity part of the lemma. The sufficiency part is
obvious.

The restriction » > 3 for the validity of the lemma imposes a corres-
ponding restriction in the following theorem (and also in subsequent theorems)
whose proof is based on the lemma. The theorem is not valid for v = 2,
and this case has to be considered separately. The case v = 1 is trivial and
may be ignored.

In what follows we shall suppose that X € .4 and that X has the para-
meters defined in §2.

Theorem 4.1—1If v > 3 then the necessary and sufficient condition that
X € 7 is that either

by~ /1y = ... = by—+/na, e (4.5)
or _ N
byFA/nay = ... = by~++/Naty. . (4.6)
Remark : The condition simply means that one of the foci of the simplex
asgociated with X lies on the line

.271: ses =x,,. ses (4‘7)
Proof of the Theorem : Let X € & so that X7 &€ «#. Then, by Theorem

3.1, there exist real numbers »’ > 0; A’y, ..., A, such that
XTX = w1+ ’lzl;'i‘i ) .. (48)

But by Theorem 3.5 we have
XTX =n'l -{——’l];— ((bsby—naqay)). - ... {(4.9)

Comparing (4.8) and (4.9) we at once get

biby—nasa; = 32’-(,1;+,\j'.), (@ #j) ... (4.10)

and
bi—na? = v(n'—n)+vA; (@E=1,...,9). .. (4.11)

From (4.10) apd (4.11) we get .
(b= —n(ay—as)® = 20(n’—n), (3 #j) o (4.12)
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which can be written in the form

(xg—2)gs—ys) = ¢, (i #J) ... (4.13)
where

— _ N
g = by—+/nag, Yy = bi-++/na; }

. (4.14)
¢ = 2v(n’—n).
Hence, by applying the lemma, we get
n =mn
and either _ _
by—vnay, = ... = by—+/na,
or _ _
byt /7y = ... = by4/na,.
Conversely, suppose one of the conditions (4.5) or (4.6) holds. Then
(b,—bs)2—n(ag—ay)® = .o (4.15)
and writing
—na?=v; (i=1,..,0v) ... (4.16)
we get .
biby—nayay = % A2) .. (4.17)
so that (4.9) reduces to
Ai+A;
TX — LT
XTX _.nI-l—(( : )) ... (4.18)

Hence, by Theorem 3.1, XT € #, which completes the proof of the theorem.

We remark that the sufficiency part of the theorem can also be deduced
by an appeal to Theorem 3.4 which, in fact, tells us a little more. Thus,
writing

by—er/nag = w t=1,..,v) .. (4.19)

where ¢ is taken as 41 or —1 according as (4.5) or (4.6) holds, the expression
(3.29) for X reduces to

X = v/n0,4+vJ .o (4.20)

where J is the matrix whose entries are all 1. The expression (4.20) is thus
characteristic of matrices in 7. It follows from (4.20) that

XT = /00T 4vJ . (421)
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so that since OT is an orthogonal matrix, X7 also belongs to .#. Indeed, a
comparison of (4.21) with (3.29) shows further that the focus of the simplex
associated with X having equal coordinates given by (4.19) is also a focus
of the simplex associated with X7, in particular, if both the foci of X have
equal coordinates then XT has the same pair of foci as X.

Moreover, from (4.18) or (4.21) it follows that the parameter n has the
same value for both X and XT. This means, of course, that the associated
simplices of X and X7 have the same size. The equality of the parameter
n in turn gives the equality of the parameter k as follows at once from (3.10)
and the equality of the determinants of X and X7. By (3.20), this implies
that the hyperplanes of the simplices of both X and X7 are at the same dis-
tance from the origin. Further, summing (4.16) over 7, we get, by (2.6),

2 b2 = v(n+ZA)). ... (4.22) -
comparing (4.22) with (3.4) and (4.17) with (3.1) and observing that (1/v*)Zb?
is the square of the distance of the centre of the simplex of X from the origin
it follows that the distances of the centres of the simplices associated with
X and X7 from the origin are also equal.

We may collect these observations together in

Theorem 4.2. If » > 3 and the regular simplex associated with X has
atleast one focus F on the line (4.7), then the simplex associated with X7,
is also regular and has F as a focus and, indeed, if both the foci of the simplex
of X are on the line (4.7), then they both coincide with those of the simplex
of XT; moreover the simplices of X and X7 are of the same size and their
centres as well as the hyperplane containing them are at equal distances from
the origin.

Let us now consider the subclass 77 of normal matrices in _g. In view of
(4.1), matrices X € 72 must possess the properties of the matrices in 7 which
we have enunciated in Theorem 4.2. It is also clear that they must be ex-
pressible in the form (4.20) which we may write as

/N0, = X—vd. ... (4.23)

From this we at once get
nl = (X—vJYXT—vJ)
= (XT—vJYX—vJ)
so that X € 7 if and only if 7
WX+ XTJ—XJ—JXT} =0, ... (4.24)

that is, either
v=10 ... (4.25)

or
" JX+XTJ = XJ+JXT. ... (4.26)
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If (4.25) holds, then
X = 4/20, e (4.27)

namely, a scalar multiple of an orthogonal matrix. Condition (4.26), on the
other hand, may easily be verified to be equivalent to the relations

by = ¢ t=1..,72 ... (4.28)

where by and ¢; are the column and row-sums respectively of X. Now, since
the row sums of X are column sums of X7, (4.28) means that the centres of
the regular simplices associated with X and XT are identical. But the coinci-
dence of the centres combined with the coincidence of one of the foci (which
we assume to be satisfied from the outset) would imply the coincidence of
the remaining foci as well as that of the hyperplanes of the simplices. In
that case it is easy to see that X and X7 must have all their parameters in
common (since they already have the parameters », A; and hence also /; in
common on account of the normality of X and the relations (3.1)).

We sum up these results in the following theorem :—

Theorem 4.3—A matrix X € «# is normal, (that is, X € 7), if and only
if either

(1) it is a scalar multiple of an orthogonal matrix, or

(if) it can be expressed in the form (4.20) and has corresponding row and
column sums equal.

Moreover, when (ii) is satisfied, the matrices, X, X7 have the same para-
meters and their corresponding simplices are both regular, lie in the same
hyperplane and have the same foci, one at least of which lies on the line
Xy = ... = XZy.

The normal matrices, in 4, that is, the matrices in 72 are thus seen to
fall into two categories. We shall call them matrices of the first or second
category respectively according as they satisfy condition (i) or condition (ii)
of Theorem 4.3.

We shall denote the set of matrices of the first category, namely, the
non-gero scalar multiples of orthogonal matrices, by #, and the set of matrices
of the second category, namely the matrices whose associated simplices have
both foci coinciding with those of the simplices associated with their respective
transposes and such that one of the common foci lies on the line through the
the origin equally inclined to the coordinate axes, by . Then we have

7n=RUR .. (4.29)
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We, however, remark that the two sub-classes 72 and K are not mutually
exclusive.

We shall now see how the matrices in & can be characterized in the ex-
pression (4.20) for matrices in Z. Denoting the orthogonal matrix O, in
(4.20) by (zi), we have

S 2y = /0 S zgytov ... (4.30)
] ]

and .

?‘. Zy = 4/n ;‘.I Zp+ov. ... (4.31)
Since a matrix X& A is characterized by the property that its corresponding
row and column sums are equal, it follows at once from (4.30) and (4.31) that
the same property holds for the matrix O,, and vice-versa. In other words
0, itself must belong to K.

We remark, however, that only one of the two matrices O, associated
with X in the expression (3.29) need have the above mentioned property,
namely, that one corresponding to which, the matrix J, in (3.29) reduces to
the form vJ in (4.20), which is, of course, a necessary condition to be satisfied
by the matrix X in order that it shall belong to & and hence to K.

Incidence matrices of designs belong to the class J. More generally,
the whole class of matrices given by the following corollary to Theorem 4.3
belongs to K.

Corollary to Theorem 4.3—If v > 3, then a matrix X € .# whose asso-
ciated simplex has both foci (or, equivalently, one focus and the centre) on
the line

xl = . = xv,
is normal.
Proof : We have already observed in Theorem 4.2 that if X has both
its foci on the line z, = ... = x,, then X7 is also in A and that the foci of X

and XT coincide. But then condition (ii) of Theorem 4.3 is satisfied so
that X is indeed normal.
We may deduce the following curious theorem from the corollary :—

Theorem 4.4—If X = (x;) is a matrix of order v > 3 then either of the
following sets of three conditions implies the other :

(i) = x4 = constant (t=1,..,9),
)

(ii) X % = constant (t=1,..,9),
J

(iii) = xyars; = constant (G k=1,..9v, 1 #k);
J
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(i) Z zy = constant (E=1,..97), 1

! |

(iiy Z 2} = constant t=1,..,v), }
J

(iii)’ X xpzs = constant G k=1,..0v;15%k); J(
i

moreover, conditions (i), (i)’ in the two sets may be interchanged; and the
constants on the right hand sides of (i), (ii), (iii) are respectively equal to the
constants on the right-hand sides of (i)', (ii)’, (iii)'.

Proof : Conditions (ii) and (iii) give

(iv) X (axy—xgs)? = constant (¢ # k),
)

so that X € /. Condition (i) shows further that the vertices of the regular
simplex associated with X are equidistant from the origin. It follows that
the centre of the simplex as well as its foci lie on the perpendicular from the
origin to the hyperplane of the simplex. But, by condition (i), the -equation
to the hyperplane is

z;+...+x, = constant

so that the perpendicular to it from the origin is the line
Xy = ... o= Ty

It follows that the coordinates of the centre are all equal or, in other words,
the column sums of X are all equal. The equal value of these sums must be
the same as the equal value of the row sums since the total of the row sums
and the total of the column sums of the matrix must tally. This gives (i)’
along with the result that the constants on the right hand sides of (i) and (i)’
are equal. Moreover, since the foci of the simplex associated with X are,
as we have seen, both on the line z;, = ... = z,, it follows from the corollary
of Theorem 4.3 that X is a normal matrix. Conditions (ii)’ and (iii) and
the equality of their right hand sides to those of the constants on the right
hand sides of (ii) and (iii) follow at once from the relation XTX = XXT,
Likewise we show that (i), (ii), (iii) follow from (i), (ii)’, (iii)’ by considering
XT in place of X.

To show that conditions (i) and (i)’ can be interchanged in the two sets
we observe that when (i)’ is satisfied it follows that the centre of the regular
simplex associated with X lies on the line #, = ... = x,, which must, therefore,
be the perpendicular from the origin to the hyperplane of the simplex of X,
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as we have already deduced, from conditions (i) and (jii). It follows that
the equation to the hyperplane is of the form

...+, = constant

which is, of course, equivalent to condition (i).

We remark that Theorem 4.4 applies to incidence matrices of designs.
However in the latter case conditions (i) and (ii) and likewise conditions (i)’
and (i)’ coalesce with each other.

We make a further remark. When » > 3, either of the conditions (ii)
and (iii) in the theorem may be replaced by conditions (iv). This is an imme-
diate consequence of the geometrical fact that if the lines joining a point to
the vertices of a regular simplex (of dimension > 2) are equal then they are
also equally inclined to each other and vice-versa.

We shall now consider the case » = 2 which we have excluded in the
above analysis.

Let

x= ) .. (4.32)

¢ d

be a matrix in «#. The only condition necessary for this is that a, b are not
both equal to ¢, d respectively. The simplex associated with X is a (non-
degenerate) line segment whose foci are the remaining two vertices of the
square having the line segment as a diameter. It is easily seen that in this
case the sub-class Z consists of matrices (4.32) in which one of the entries
differ from the entries in the same row or column. On the other hand the
sub-class 72 (normal matrices) separate into the two types

o b a b
(

) and (
~—b a b d
The first of these types consists of scalar multiples of orthogonal matrices and
the second of symmetric matrices. The simplices associated with the matrices
of the second type do not have a focus on the line
x=y
unless either
a = +d or a4-d = b;

Since 77 is a subclass of Z the characteristic property of the simplices of the
matrices in 7 for v >> 3, namely, that one of their foci must lie on the line

xlv.= e :v,,
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does not therefore hold for v = 2. Hence Theorems 4.1 to 4.3 are not valid.
When v == 1, Theorem 4.4 is also not valid. In fact, in this case, the condi-
tion (iii) of that theorem has no content for the matrix (4.32) since there is
only one relation involved so that we may drop it. Conditions (i) and (ii)
of Theorem 4.4 take the forms
a+b = c¢4+d
a2-1-b% = ¢24-d?
respectively. These reduce to the two alternative sets of conditions.

a=c¢, b=d
and

a=d, b=c.
Likewise conditions (i)’ and (ii)’ of Theorem 4.4 reduce to the two alternative
sets

a=0"08, c=d
and
a=d, b=c.
From these it follows that for matrices (4.29) other than those of the
form

a b

o)

the sets of conditions (i), (ii) and (i)', (ii)’ of Theorem 4.4 are not compatible.

a

5. THE SUB-CLASS

We have already observed that the incidence matrices of designs belong
to the class #. Theorem 4.3 thus provides in a sense, a parting of ways
between orthogonal matrices and incidence matrices of designs. However,
while S forms a group under multiplication, neither S nor any of the larger
classes, 77, Z or .4 form any such mathematical system. In fact, they are
not even closed under multiplication. It is, therefore, clear that we have to
narrow down % in some manner so that the resulting set shall include the
incidence matrices of designs and shall at the same time be a system within
which we can manipulate leading to significant results concerning the incidence
matrices of designs.

With this object in view we shall first of all find the conditions under
which two given matrices in ./ shall have a product in .. We observe that
if & matrix of g is multiplied on the right by a matrix in 72 then the product
is certainly contained in _#. In fact, as we have observed in § 2 the effect of
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multiplying a matrix on the right by an orthogonal matrix is simply to rotate
the simplex associated with the matrix about the origin. Thus right multi-
plication by a matrix in 7 is a mapping of _g into itself. The mapping is
even onto since 72 is a group. We shall see subsequently that there are no
other matrices which map _# onto or even into itself by right multiplication.
A question that immediately arises is that of finding all matrices which map
A into itself by left multiplication. Such matrices obviously exist such as,
for instance, the identity matrix and all permutation matrices. In fact when
a matrix in _g is multiplied on the left by a permutation matrix only the
rows of the former are interchanged which amounts simply to a permutation
of the vertices of the associated regular simplex.

We shall denote the class of matrices which map _g into itself by left
multiplication by . We remark that any matrix which maps _# into itself
by left (or by right) multiplication must necessarily belong to _# since the
latter contains the identity matrix. It follows, in particular, that

MDD L. o (B1)
We shall obtain a full characterization of £ later on. Let
X =Gy, X =(@) X =@ . (52)
be three vth order matrices such that
XX = X", .. (53)

If any of them belongs to _g we shall denote its parameters by the same
symbols as in § 2, with one or two accents in the case of X’ or X” as the case
may be, except, of course, for the parameter ».

Let us now suppose that X’ belongs to .4 so that by Theorem 3.1 we have
XX = I+ 'ljz;/l: ). . (5.4)

Then we have
X"X'T = X(X'X'T)XT

e ((445)) a0

_ n'xxr+((°~‘9lf2—*'9’—d‘)) . (5.5)

where
cy = jz 4, dy =321\;:xu (t==1,..,0). ... (86.6)
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If X and X" are both in ./ then they satisfy the relations

XXT=n1+(('"‘—'*2'—'11)) . (57)

and J— n”1+(</\£n;/\§ )) .. (5.8)

Substituting from (5.7) and (5.8) in (5.5) and equating corresponding entries
we get . :
ey = (0" —nn' )+ (A;—n'A;) (t=1,...,v)

(8.9)
eyt = (25 —n'(A+4y), (@ #3),
From (5.9) we at once get
(Gi—Cj)(d‘-—-dj) = 2(%”—’"/%’), (’l« #]) (5.10)
If v > 3, we may apply the lemma of § 3 to (5.10) and get
n = .. (5.11)
and, either
€y = ... = Cy ... (5.12)
or
d, = ... =d,. ... (5.13)

Thus, (5.11) and (5.12) or (5.13) are necessary condtions in order that X,
X', X” shall all belong to 4.

Let us now suppose that one of the conditions (5.12) or (5.13) is satisfied
and that, in addition to X’, the matrix X only is given to be in .

Then from (5.5) and (5.7) we have

xm =t (M58 (). ey

Defining 2", Ai(¢ = 1, ..., v) by (5.11) and (5.15)

A—ny=cdy (E=1,..9) ... (5.15)
we immediately get as a consequence of either of the conditions (5.12) or
(5.13) that

cildytogds = A4+ —ni+Ag) G j=1,...,0). ... (5.16)

Substituting from (5.16) in (5.14) the latter reduces to (5.8) from which it follows
by Theorem 3.1, that X” € .
10
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If, on the other hand, X" is assumed to be in . along with X’, but not
X, then by (5.8) and (5.5) we have

nXXT — n”1+(( ’\_‘ig—"’ )) -( (C—‘itg_"l‘fi)) . (5.17)

As before, defining »n and A; (4 = 1, ..., v) by (5.11) and (5.15), which is possible
since ', n”, and hence n are different from zero, we get, under either of the
conditions (5.12) or (5.13), the relations (5.16) which when substituted in
(5.17) gives (5.7), thereby proving that X € 4.

We may recapitulate these results in the following theorem :—

Theorem 5.1—Given three matrices X, X', X” of order v > 3, such that
XX’ = X", the necessary and sufficient condition, that when the matrices
of either of the pairs X, X’ or X', X" belong to 4, theremaining one also belongs
to A is that one of the conditions (5.12) or (5.13) holds; in that case the para-
meters of the matrices satisfy (5.11) and (5.15).

Let us examine the implications of Theorem 5.1 more closely.

In the first place we observe that if X, X', X" are all in ./ then the rela-
tion (5.11) which holds between the parameters n, »', n” implies also the
following relation :—

k" = ki’ ... (5.18)
between the parameters k, k', k’. This follows at once from (3.10) and the
relation

X7 = 1X] 1X]

combined with the fact that k, k', k" are non-negative. Secondly, let us
suppose that condition (5.12) holds. This condition is obviously independent
of X' and simply means that the row sums of X are equal. Hence it follows
at once from Theorem 5.1 that if any matrix in .# is multiplied on the left.
by a mtrix in # whose row sums are equal, then the product is also in /.
In other words, a matrix in 4 having equal rows sums maps # into itself by
left multiplication.

We shall show below that no other matrix has the last mentioned property.
From this it would follow that the sub-class € introduced earlier in the sec-
tion is precigely the set of those matrices in # having equal row sums. This
is the characterization of o referred to earlier.

In passing we observe that the condition of equal row simply means
that the equation of the hyperplane of the simplex associated with the matrix
is

Eyt.oFxy = ¢
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where ¢ is the value of the row sums. Comparing this with the equation
(2.4) with the norming (2.6) we at once get the relation

a, = ...=av:%=i1 ... (5.19)

for the parameters and also that the constant value of thr row sums is +k,
where the sign to be taken is positive or negative according as the row sums
are positive or negative. If the row sums are zero then t = 0 and the sign
is immaterial.

Let us next suppose that conditions (5.13) hold. From the definition
of dy, ....d, in (5.6) it is clear that this condition involves both X and X”.
To examine this relationship somewhat more closely, let the common value
dy, ..., dy be denoted by d so that we may rewrite (5.13) in the form

EAie = d (t=1,..,9). ... (5.20)

If A;, ..., A, are all zero then (5.20) holds for all X with d = 0. But then
(5.4) reduces to

X'XT=n1l
so that X' € #2. We have thus a verification of the fact, observed already,
that «# is mapped into itself by right multiplication by matrices in 2.

Let us, therefore, suppose that not all A; are zero. This means that X’
is not in /2. Moreover, (5.20) implies that the equation of the hyperplane
of the simplex associated with X is

TAhXp=d «. (5.21)
k
Comparing (5.21) with (2.4) we get
A A, d
PR X ... (5.22)

Since the equality of row sums of X and the condition (5.22) are the only
conditions under which the product XX’ of two matrices X, X' in .# shall
also belong to A, it follows that for a given X € .# only certain matrices in
¥ other than those in 72 multiply X on the right leading to a product which
is also in J# and that given a matrix X’ € .# other than a matrix in 7, only
some matrices in # other than those in £ multiply X’ on the left leading to
a product which is also in «#. From this we get, in particular,

Theorem 5.2—The matrices in £ and 7 are the only matrices which map
v/ into itself by left and right multiplications respectively.
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Corollary—The sub-class £ is closed under multiplication.

Obviously the incidence matrices of designs belong to the sub-class 2.
Thus we have a second parting of ways between the incidence matrices of
designs and orthogonal matrices.

We have thus succeeded in imbedding incidence matrices of designs in
a subclass of ./ which is closed under multiplication. But we observe that
AL is not a group since it contains matrices in which the row sums are zero
and which are therefore singular. We shall see, however, in the next section
that the subclass of £ consisting of non-singular matrices does form a group.

Before leaving the section We’ shall see how the matrices in £ are charac-
terized in the representation (3.29) of the matrices in /. If in (3.29) we write
0, = (zi5), then, on equating the sum of the elements in the ith row of both
sides of (3.29) we get

’szj = /% A:.: Z;j-}—-';]).—% (b,—ey/%a;) (1=1,..,9). ... (5.23)

The necessary and sufficient condition that the sums X zy;, are all equal is
J
therefore that the sums X z;; are all equal. This simply means that O, shall
i
belong to .£, since O, necessarily belongs to /.

We shall now characterize an orthogonal matrix O, in which the row
sums are equal, somewhat more completely. Again, writing O = (zy), it is
clear that if the row sums of O are equal, then their common value ¢ must be
different from zero since an orthogonal matrix cannot be singular, Moreover,

we have
¢ = (D2 = T25+2 2 2
i b i>k

=1

so that ¢ = 4+1. Further, from the relation

()= ()
- ()-:()

so that the column sums of O have also the same value as the row sums (since
¢ = 41). Thus we have

we get
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Theorem 5.3—If the row sums of an orthogonal matrix are equal then
their common value is -1, and then the column sums are also equal and
have the same value as the row sums.

Obviously the terms row and column can be interchanged in the statement
of the theorem.

6. Tue SuBCLASSES 8§, 7, &, & ETC.

A matrix X in # is singular or non-singular according as its parameter &
vanishes or not as is seen from (3.10) and the fact that the parameter » is
always greater than zero. When this criterion is applied to the matrices of
L it follows at once that the necessary and sufficient condition for a matrix
in &£ to be singular is that its row sums are zero.

Throughout this section we shall suppose that » > 3.

Let us denote the set of non-singular matrices in £ by & Then 8is
closed under multiplication since £is so. We shall show that & is a group.
For this it is enough to show that the inverse of any matrix in § is also
contained in 8.

Let us first of all find the necessary and sufficient condition that the
inverse X-1 of a matrix X € # is also containedin +#. Weshalldo this with
the help of the part of Theorem 5.1 giving the necessary and sufficient condi-
tion for X in the relation XX’ = X" to bein # when X', X" are in 4. In
fact, if X € A, then since I is obviously also in /4 we may apply the above

result to the relation,
XX =1 ... (6.1)
and get the following results :

If X and its parameters are defined as in § 5 and

X1 = (ayy) ... (6.2)
then the necessary and sufficient condition that X! € _g is that either

2 ay; = vy (constant), fori=1,..,9, ... (6.3)
i

or
2 ayA; = 6 (constant), fore=1, ..., v .. (6.4)
i

It is easy to verify that conditions (6.3) and (6.4) are respectively equivalent
to the conditions

Ex,,:—{— t=1,..09) ... (6.8)
i Y

$Zayy =N (t=1,..,9). .. (6.6)
i

and
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We thus see that non-singular matrices X € # whose inverses X~ are aiso
in # fall into two categories according as whether (6.5) or (6.6) is satisfied.

Let us now first study the implications of (6.5). This means that if the
row sums of X are equal then X-1 € .#. Relation (6.3) which is equivalent
to (6.5) then shows that the row sums of X1 are also equal and, in fact, equal
to the reciprocal of the row sums of X. In other words, the inverse of a
matrix in § is also in & and the two matrices have row sums which are recipro-
cal to each other.

This completes the proof that § is a group.

Let us next consider the second alternative (6.6) under which X-1 can
be in . Substituting for A; from (2.10) and (2.8) we may rewrite (6.6) in
the form

/ d\2 .
(s—5) = n+% G=1,..,0) e (67)
which, interpreted geometrically, means that the vertices of the simplex

associated with X are at a constant distance from a point on the line
Ty = ... = Xy ... {6.8)

or, in other words, that the perpendicular through the centre of the simplex
to its hyperplane intersects the line (6.8).

Since all matrices in the subclass &2 have the above mentioned property,
in view of Theorem 4.1, it follows, in particular, that the inverse of all non-
singular matrices in Z belong to .

Let us denote the sub-class of non-singular matrices in # with the pro-
perty that their inverses also belong to .# by Z. Then our above analysis
shows that 7 consists of two categories of matrices; those which belong to S
and those (non-singular) matrices of ./ with the special property mentioned
above, namely, that the perpendicular to the hyperplanes of the associated
simplices through their respective centres shall intersect the line (6.8).

Since the inverse of the matrices of the first category belong to that
category, the inverses of the matrices of the second category must belong to
that category. The two categories are, however, not mutually exclusive.
The matrices common to them can easily be characterized.

In fact, condition (6.5) implies that the perpendicular to the hyperplane
of the simplex associated with the matrix is parallel to the line (6.8). Condi-
tion (6.7), on the other hand, demands that the perpendicular to the hyper-
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plane through the centre of the simplex meets the line (6.8). The two conditions
will be compatible if and only if the perpendicular to the hyperplane through
the centre of the simplex is the line (6.8) itself.

The matrices common to the two categories can also be characterized
algebraically either from the ahove geometrical characterization or directly
by a comparison of relations (6.5) and (6.6) and using relations (3.2). The
conditions turn out to be

i) Zay=c£0 (¢t=1,...,v)
i
() Z2ay=1 t=1,..9)
i
and
(iil) X ager; = A (G, g=1,...,v; ¢ F£J)
k

It will be observed that these conditions are precisely those occurring in
Theorem 4.4 (except for the restriction in the value of ¢) and hence also satis-
fies condition (iv) of that theorem as observed in the last remark under that
theorem. From this it follows that conditions (i), (ii) and (iii) completely
characterize the matrices in question inclusive of their being contained in 4.
Moreover, the geometrical characterization of the matrices at once shows that
they are normal, by Theorem 4.3.

We shall denote the class of matrices satisfying condition (i), (i), (iii)
above by &. Obviously & includes all incidence matrices of designs.

We shall now prove the following theorem :—

Theorem 6.1—The set & is a sub-group of S.

Proof : We may either prove this directly from conditions (i), (ii), (iii)
or argue as follows :

Since the matrices of .@ are normal, we have

eCsNnNnCsNeZCe ... (6.9)
the last relation following from our earlier observation that the non-singular
matrices in Z are contained in Z. It follows that

&=8N7 ... (6.10)
We observe further that we may replace 77 in (6.10) by the set N of all non-
singular normal matrices, whether belonging to # or not, since
SN7=8N(ANN)
=8N NN=8NN .. (6.11)
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The fact that G is a sub-group of & at once follows from the fact that it is the
intersection of the two groups & and N.

We make the following observations regarding the matrices X € @
defined by the conditions (i), (ii) and (iii) above. In the first place, the para-
meters of X as defined in § 2 reduce in the present case to

= ..=a,=e, k=ec ... (6.12)

where e = -1 or —1, according as the row sums of X are positive or negative;

by=..=by=c¢ ... (6.13)

Lh=..=1l=I1 ... (6.14)

A= .. =2Ay=2A ... (6.15)
and

n=Il—A. ... (6.16)

Of these only (6.12) and (6.13) need any comment. We have already obtained
(6.12) in (5.19), and (6.13) follows from Theorem 4.4, Secondly, we have

XX7T = nl+AJ = XTX . (6.17)

where J is the matrix whose entries are all 1;
k= n+Av ... (6.18)
| X |2 = k¥, ... (6.19)

Hence, (6.17) follows at once from the defining relations of X, (6.18) by com-
paring the sum of the elements in a row on both sides of (6.17) and (6.19) by
taking determinants of both sides of (6.17). We observe that (6.18) is pre-
cisely what (3.4) reduces to in this case and that (6.19) may be simply carried
over unaltcred from (3.10). 1In all these formulae we see that close resembl-
ance between the characteristics of the matrices in @ and those of incidence
matrices of designs.

Let us call the numbers
v,¢,e k1, A, n, ... (6.20)

defined in (6.12)—(6.16) the parameters of the matrix X € G.

We observe that when X € &, the representations (3.29) of X reduce to
the form

X= '\/;b_oz—l—%(k—e'\/.;l-);’, e= L1 ... (6.21)
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Let X’ be any other matrix in &, and let

- X" = XX'. .. (6.22)
Then, if
X' = 00, += (K—e'/m)J, ¢ =1 ... (6.23)
X%=VFMA%ﬂW—€V?W, ¢ = 41 . (6.24)

by the expressions for X’, X" corresponding to the expression (6.21) for X,
we have

XX’ = /nn’ o,o;,+% (k' —ee’+/nm’)J. .. (6.25)

Comparison of (6.24) and (6.25) gives
O¢ = 0,0, € =ec' ... (6.26)
n = an', e =e, k" =Fkk. .. (6.27)
From (6.27) it follows that the mappings
Xon Xk ... (6.28)
are homomorphisms of & onto the multiplicative group of positive real
numbers and that the mapping
X e ... (6.29)

is & homomorphism of G onto the multiplicative group consisting only of -1
and —1. Comparing the row sums and column sums on either side of (6.21)
it follows that the row sums and the column sums of the orthogonal matrix
are all equal to

e€ ... (6.30)

which, of course, has the value 4-1. It follows that the matrices O, must
themselves belong to §. (This is also clear from the fact, proved in §5, that
0, must belong to £ and the fact that O, is non-singular).

Conversely, if an orthogonal matrix O has the property that its row

sums are equal and hence, (by theorem 5.3), has the value ¢ = -1, then any
matrix of the form

X = pO+vd  (eu+wv #%0)
must necessarily belong to .
11



82 P. KRSAVA MENON

Let A denote the group of orthogonal matrices and ¢ the intersection
of & and Q.

U=HNS ... (6.31)

Then ¢ is a group and our analysis above shows that it consists of all
orthogonal matrices whose row sums and column sums all equal with the
value ¢ = +41.

Taking e always equal to 1 and writing simply O for 0, in (6.21) so that
the latter may be written in the form :—

X = vﬁo+-f)- (k—+/n)J ... (6.32)

it follows at once from (6.26) that the mapping
X-0 ... (6.33)
defined by (6.32) is a homomorphism of & onto its subgroup &.

We observe that it also follows from (6.30) that the row and column
sums of O in (6.32) are all equal to the parameter e.

In our successive pruning down of the class . to obtain a satisfactory
imbedding domain for the incidence matrices of designs the last step is to
separate & into two classes corresponding to the parametric values e =1
and e = —1 respectively. The corresponding classes shall be denoted by
&, and &_ respectively.

It is then clear from the homomorphism (6.29) that G, being the kernel
of the homomorphism, is a normal subgroup of G. For a matrix X € &,
the parameter e in (6.20) coincides with the parameter k. Hence we may
drop out the superfluous entities e, ¢ from the list of parameters (6.20) and
simply say that the parameters of X € @, are

v, k1,2, n. ... (6.34)

We recall that here » is the order of the matrix, and %, 1, A, » are given by

Zeg=k (i=1..,9) 3
i
Tai=1 (i=1,..v), l
! r
%xthn =A (4,j=1,.,,0;1%%) J
n = Il—A.

... (6.35)
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Obviously, the matrices in &_ are the negatives of the matrices in &,.
It is also clear that incidence matrices of designs are all &, and that the para-
meters [, k coincide in their case.

For X € G, the expressions (6.21) for X reduce to
X = \/%0,+%(Ic~e\/i).f, €= 1. ... (6.36)

The row and column sums of O, in (6.36) are equal to €. Again, restricting
the value of ¢ to 1 and dropping out the suffix ¢ in O, we may write (6.36)
more simply as

X = 0+ (k—y/m)J ... (6.37)

in which the row and column sums of O are now equal to 1. If X’ is another
matrix in &, with a corresponding representation

X' = O o (K—y/a)T ... (6.38)
then from (6.25) we get
XX = \/WOO’—}—%—(kk’—\/W)J. .. (6.39)

Now let &, denote the class of orthogonal matrices whose row sums
{and also column sums) are all equal to 1. Then

U, =8 ¥ ... (6.40)
so that &, is a subgroup of &,. Then it follows from (6.39) that the mapping
X-0 ... (6.41)

defined by (6.37) is a homomorphism of G, onto the subgroup ¢¢,. The
kernel of this homomorphism is she set .8 of all matrices of the form

Val+ %(k— V) .. (6.42)

which is therefore a normal subgroup of §,. Indeed &, is the direct product
of & and ¢, since, if O is any orthogonal matrix whose row sums and
column sums are equal to 1, then we have

O(/RL4- (k=AY = O+ - (k=