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Spherically symmetric perfect fluid distributions are studied in the curvature
coordinate system. A new identity which is a generalization of Karmar-
kar’s identities for class one fluid distributions is obtained. Some new
observations are made about Tolman’s static solutions.

1. InTrRODUCTION

Following a new approach, Tolman (1939) has obtained static solutions of
Einstein’s field equations for spheres of perfect fluid. Later Patwardhan and Vaidya
(1943) have obtained Tolman’s solutions and some other solutions by alternative
methods. In this paper we have discussed the features of the spherically symmetric
metric in curvature coordinates. Karmarkar’s (1948) relations for class one perfect
fluid distributions with spherical symmetry are generalized to the case of general
perfect fluid distributions with spherical symmetry without any restriction regarding
class. A relation which exhibits the dependence of the density on the component
Ry 34, of the curvature tensor in the static case is obtained which is believed to be new.
It is observed that Tolman’s solutions are in general of class two. It is shown that
Tolman’s solution IV has two limiting cases describing class one distributions of cos-
mological interest. Some restrictions on the parameters occurring in his solations V,
VI and VIII are given. It is found that in the case of the solution VI, the invariant
I of spherical symmetry is zero. A parametric representation of perfect fluid distri-
butions of spherical symmetry with J = 0 is given. The observations about Tolman’s
solutions are believed to be new and independent of others, made by other workers
so far as the author is aware of them.,

2. A SpHERICALLY SYMMETRIC METRIC IN CURVATURE COORDINATES

Tolman has used the curvature coordinate system in which the spherically
symmetric metric has the following from,

ds? =  — Ffdri—rtd Q24P di2,
402 = d6%+-sin?0 dg? . . . (1)
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where a and 8 are functions of both r and ¢ in general. The non-vanishing indepen-
dent components of the curvature tensor (in Takeno’s notation) are denoted by
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(Here an overhead dash denotes a differentiation with respect to r and an overhead
dot a differentiation with respect to ¢). Einstein’s field equations are
1

Rj— 5 Rgl=—8xT} .. L L

Here R denotes the usual Ricai scalar g#? R,

with T} = (p+p)v'y; — pg), 'y, = 1, denoting the energy-momentum tensot
of a perfect fluid distribution in the usual notation. The field equations imply the
following stress system
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The expressions for pressure and density of the fluid are given by
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A necessary and sufficient condition for the metric (1) to be of class one is

obtained by Karmarkar (1948) as
(—1)71 (Pa’' B’ — ¢ a?)

{7)
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In the static case it can be integrated to give a relation between « and g when g’ # 0.
f—1 = Kpe .. (8)
where K is a positive arbitrary constant.

It was shown earlier by the author (Tikekar 1970) that if (1) is of class one and
describes a perfect fluid distribution, then it is either conformally flat i.e. it satisfies,
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or it satisfies the alternative condition

N R LR A o.'——ﬁ'} ! _B{.. 2 apy ., e—l
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(10)

= 0.
Karmarkar (1948) has shown that for perfect fluid distributions of class one described

by (1) either of the following relations holds good :
(11)

ppe (2) = 5 o
and
. . .12

(b—3) + (php) & (j-) — 4.

It is observed that the relation (11) holds good when condition (9) is satisfied and

(12) holds good when (10) is satisfied.
We will first generalize these relations to the case of general perfect fluid distribu-

tion with spherical symmetry without any restriction regarding class.
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Rao (1966) has shown that the eigenvalue of the trace-free Weyl tensor in
Petrov’s classification, for the metric (1) is

e 1, ( LB ﬁ) o —f
=% ?e{’““? 5] }
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2 * Ty 2 (13)

The condition (9) means ¢ = 0. He has also shown, Rao (1970), that the condition
{7) can be expressed in the form

c(e+R) =0, » . L (14)

The condition e-}R=0 means the relation (10).
Making use of (13) the expression for density becomes

Brp = — ¢+ — (1—¢ ). N y T
r

Making use of (15) and o' 7, = 1 in the expression for T,* it can be deduced that

2
8w(p+p)e“(%) =€+—31_e'r+—_§_ﬂ_p'r. . .. .. (16)
It reduces to (11) or {12) when (14) satisfied.

3. ToLMAN’S SOLUTIONS

For static fluid spheres, a=0. Tolman has expressed the isotropy condition
T{ == T%in this case as
—a —a

B
dfe—1 dfef b d (e f .
—_— —_— — = 0. .. .. 173
dr( - )+dr(2r)+e dr(Qr) (7

The relation (16) therefore, in the case of Tolman’s solution is

1 8=
e er = p'r = 0.
€ 5 € 3 p

Using (15) and the expression in (2) for f3, it can be seen from this that

s } .. . . (18

This relation shows the dependence of density p on the curvature component fj

T
alone in the static case.

r3 dr
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Tolman’s method of obtaining solutions consists of making various assumptions
about the functions involved in (17) so that it can be integrated.

4. TormanN’s Sorution IV

B

’

This solution is obtained from (17) by assuming 8_2_ = const.
r

The solution is described by the metric

2r2 2\ ! A e 2\,
dsz—_:_(l—)—;lz_)(l— Ez_) (1+—Z§) drt—r? Q% 1+7§dt’(19)
A and R are arbitrary constants.

The expressions for density and pressure are
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The invariant I of spherical symmetry defined by

_ Afe—p?
=S ls e f 20 N . (20
A 20)

has the following expression:
1 r? 2r2 \~ 1 r?
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An interesting feature of this solution is its bchavmur as the parameteis 4 and R
tend to infinity.

As 4 tends to infinity the solution goes over into Einstein’s cosmological model
which is of class one and conformally flat i.e., which satisfies the conditions (7) and
(9). The invariant [ is not defined in this case because f,=0

As R tends to infinity the solution goes over into the author’s solution which is
also a cosmological solution of class one. It is not conformally flat but satisfies the
alternative condition (10). The invariant [ is unity in this case.

Hence the solution (19) is in general of class two but it has two limiting cases
which arc of class one.
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If Tolman’s solutions ¥ and VI, which are not reproduced here for want of space,
are examined in a similar manner the following new features will be observed.

(i) Both the solutions are of class two.
(ii) The invariant I defined by (20) vanishes in the case of solution VI.

5. ParameTrRIC SoruTtioNn DEescriBing Perrect Frumps Wita =10

A solution of Einstein’s field equations for a perfect fluid distribution with
I=0 can be given in a parametric form. We consider the general spherically
symmetric mettic,

ds? = — a?dr® — b%d 02 + c2dt? .. .. . (22)
where a, b, ¢ are all functions of both r and ¢. A parametric solution of R, =0 is
given by.Dadhich (1969), 6'=a cosh ¢, b==c Sinh ¢, a=¢ ¢, ¢’ =ay,
where ¢ = {r, t).

These expressions are generalized through two parameters A and p which are func-
tions of a, b, ¢in general.

b = a X Cosh ¢, ¢ =a + u Cosh ¢ 1

. . . . e (23)
b = ¢ A Sinh ¢, a = ¢y + p Sinh . J
When A=2 (b) the expression for the five compobents of the curvature tensor are
j}:abA[aXCoshng—f_Sinhzlﬁ] )
¢
fa=ac [_b_(_”'_ Sinh x/z) —_ _b_(fi Cosh 9&)]
A\ ¢ o\ a
.. . 24
fi= =81 * e

fu = bex [[Xsmhz b — - Cosh? .,1,]
a

fos = — b2 [acA—] Sinh . Cosh

Heze_/{ = P_i‘.
b

If the invariant I is to vanish we must have

Afe—fi=01#0f; #0.

This requires that .)-\.=’0 and (1—A2) #£0. Hence we must take A as a constant different
from + 1.
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The consistency condition for (22) to describe a perfect fluid distribution then is

‘abc b2 ac Ldr \ «a ¢

Mo 1A L{ P_(i Cosh ¢> - ;t_(_"_ Sinh .p)} — 0.

Hence (22) with (23) satisfying (25) will give a perfect fluid distribution.

Tolman’s Solution VI has the following parametric representation
l

PN %
p=lA0 —~n) b7 —B(1+n) "] )

=7, A%?=

th =0,

6. ToLmax’s Sorution VIII

This solution is obtained from (17) by assuming
¢~® = Const. r2¢ ¢

It has the following expressions for ¢%, ¢® and p and p.

o= { (a—b) (a2+2b—1) B [QTmTQH_ [%]H}’ ?
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r

with
(a+b) (a—1) — 2 —2 = 0.

(25)

(26)

(27)

(28)

Tolman has pointed out that when ¢=2 and &==0 this degenerates into Schwar-
zschild—de Sitter’s solution. We observe that it also degenerates into Schwarzschild—
de Sitter’s solution in the case a== —1 and §=0. In this case the role of the arbitrary
constants of integration is interchanged. R will have to be identified with the Schwar-
rzschild mass 2M and 3/4m? will have to be identified with the cosmological

constant A.

We consider 3 cases for the condition (31).

(1) =0, then a=2 or a= —1. The solution degenerates into Schewarzschild—

de Sitter’s solution, as has been observed above.
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(2) b =— 2/3, a=0. This case is not permitted because it upsets the signature
of the metric.

(3) & # 0. In this case, if (31) be regarded as a quadratic in a the following res-
triction is there on b, in order that « be real:

b< —9or b>~—1.

This solution is also in general of class two.
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