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The paper examines entire functions of genus 0 having positive zeros. As
a main result a sufficient condition for such a function to be of bounded
index is given. It is also shown that this condition is sharp.

§ 1. An entire function f (z) is of bounded index if there exists an integer ¥,
independent of z, such that

'

2@ < e {17001

n! 0<i<N o
for all n and all z. The least such integer is called the index of f(z).

The following result led to the proof of Theorem 2, the main theorem of this
paper.

® z @ 1
Theorem 1—Let f (2) = 1I (1———__),whereaneR+and 2 < .
n=1 4a,

If there exists a sequence of discs D, having radius r > 0 such that each D, contains
at least n zeros of f (2) then f (z) is not of bounded index.

We now develop a sufficient condition for an entire function having real and
positive zeros to be of bounded index.

=] z h o] 1
Theorem 2—1f f (z) = II (I-—_.),a"eR“, Z — <,
ne=l a, nel 4,
and {d,}T is a non-decreasing sequence, where d; = a, and

d, = a, — a,_, forn > 1, then there exists R > 0 such that
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max{|f(2) |, |f @]} > Lfﬁ;@.’ forallk = 2,3,....

and for all zwith | 2| = R.

Corollary 1-—1If f (2) is an entire function of order p, p not exceeding 1, having zeros
a, € C such that ; !

n=1 lan
and d, = | a, —a,_, | is non-decreasing then f (z) is of bounded index.

< o and, for sufficiently large =, arg e, is constant

Shah and Shah (1971) proved a result similar to Theorem 2 by adding the condition

[+2]
N l_ < . The methods of proof, however, are different and we also show that

j
al de
Theorem 2 is sharp, i.e., its conditions cannot be canonically replaced including by

1
the condition & — < oo.
j=1 Jg;

: 2]
Theorem 3—There exists an entire function f (2) = I ( 1—- £ ) with
a

n=1 n

[=~] [+]
a,eR*, X < ¢, lim d, =4+ ,and X

n=l a4, n—sco n=1
dy=ay and d,=a,—a,_, for n>0, such that f (z) is not of bounded index.

< o, where

nd,

$2. Proof of Theorem 1 (by contradiction)—Let ( fz) be of index L. Then there exists

a closed interval J with interval length strictly less than o containing at least

Lt
L - 1 zeros of f (z) Let

M, = max
zel

{lf""(Z)H
TR

Since L is the index of (), there exists an ! < Lsuch that M, > M, for k=0, 1,...
Therefore,
) (»
‘_‘f;_i.T(_z___)‘ = M, for some z’ € 1.

By Laguerre’s Theorem (Boas 1954, p. 23) we have that [ contains at least
L+ 1 — kzeros of f% (2) for k = 0, 1, ..., L. Thus there exists & € I such that
S U () = 0 (since f® (z) has at least one zero in I). By the Mean Value Theorem
there esixts 2" between 2’ and b such that

FOWD (o) = FO @)=fP () _ fO () .

z'—b z'—b
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Hence,
fO (2
lf(l+1) (Z”) I B 1 ]_TT(z—)—I
(+D!  IF1 [z —b|
> l_:_f_(i(_z’_).l = M,.

11
Therefore, M,,, << M, which contradicts our choice of [,
§3. To prove Theorem 2 we need the following preliminary results. For all four

[« z o« 1
lemmas let f(z) = IT (1 — -__), g, € RY, ¥ ___ <o and let{dn}‘f be a

nwl an n=l a"

non-decreasing sequence, where d; = q, and d, = a,—a,_, forn > 1.

N-—-1 1
Lemma 1—(i) lim X =20
N> =1 O™
and
® 1
(ii) lim z =0
N—=>co i=N+1 ll,-—"aN
ie.
im ¥ 1 —o

N->e izn | w4l

[+ ]
N 1 .
Progf : (i) Since 2 — <o and {d,}{ is non-decreasing we have lim d,=c .

ne=l

n n-o o
Furthermore, for £ < n,
n n—k
¢, —aq= X d > X d =a,_,.
imk+1 =1
. . . ® 1 €
Now, given any e > 0, there exists an integer n, such that 3 __ < 5
i=ng+1 ai y

o . 2
Also there exists an integer [, such that d, > 2 n, for n > {,.
€

Thus, for N = n, + [,

N-1 N-no—1 -N-1
y L TR Py Ty !

iwl a"~a‘ f==1 aN—ai i=N-ng aN—-a‘
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N-no-1 | N-1
< 2 + X
i-1 an_; i=N-no dy
w
< P __1_ -+ o€ < £ -+ L=
i=no+1 & 2720 2 2
N-~1 1
Thus lim 2 = 0.

N> =1 T4
(ii) The second part of Lemma I is proven similarly,

Lemma 2. (i) For each ¢ > 0 there exists an integer # 4 such that for every n 2 ng

pod 1 1 1

z < - + €
i=1 | z=—a| [z—a, | [z—a,,,|
for every z with 2z # a,and a, < | 2| < g,,;and
g |
(i1} there exists an R > 0 such that X~ <1
i=1 | z—a;]
foreveryzwith | 2| > Rand | z—g; | > 2foralli =1, 2,...
Proof : (i) By Lemma 1 there exists an integer n, such that
__l__ < S foralln > ny
ikn l a;,—a, | 2
Thus 1, for zwitha, < [ 2| < a,,,,
l2—a,| 2a,—a fori<n
and
lz—a| 24 —a,, fori>n+l.
Therefore, for n > nyand a, < | 2| < a,,,, 2 # a,, we have
® 1 1 1 1 1
< D R — —_—
i=1 ]Z_'ai | | z—a, | | z—a,,y l i%n Iai_an' 4nsl | G—a,, |
< ! ! + ¢, which proves (i).
[e=al * Team]

(ii) Choose 4 such that d, > 8 whenever n > [, and by (i), choose nysuch that

@ 1 1 1

< + l for every n = n, and every z
i=1 {z_ail ‘z—an t lz—arnl {

with 2 # a,and a, < | 2| < a,,,. Let m = max {/,, n,} and let R = a,. Thus,
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for | z | > Rwith | z—a, | > 2forall {, we have

@ 1 1 1 1
. L vl il oy g
=1 | z—a,] | z—a,| | z2—a,. | 4 2 6 4

some n Z m.

If a function g(z) of order less than 2 satisfies the hypotheses of Laguerre’s
Theorem then g'(z) is of the same genus (see Boas 1954, p. 46). Thus, in connection
with Laguerre’s Theorem (Boas 1954 P. 23 )

S @@= f (0 ?7 (1 — .z_) where b, € (a,, a,,,).
n=1 b

n

Lemma 3—There exists an integer m such thata,, ;, — b, > 8 and b,— 2, > 8
for all n = m,,.

Proof: There exists an ny such that 4, > 30 and, by Lemma 2, there exists an
kg such that

____1___ < _1. for every n = k,.
iden | z2~a; | 20

1#n+1

If my = max {ny, k,} then, forn >mgyand for z witha, < | 2| < a,.;, 2# a,

we have
S(2) o 1 | 1 1 1
F@1 limz—a | z—a + z2~8,, | 20
1 1 1
2w — 55 — —=—> 01if either | 2—a, | <8o0r|z—a,,,| <8.

8 22 20
Thus b,~a, > 8and a, —b, > 8forn = m,

Lemma 4—1If b, are the zeros of f'(z) then there exists an R > 0 such that, for all

© 1
zwith | 2| > Rand | 2—a, | < 2 for some integer n, & Tz=5] <land|z—b|
=11 ~7Y

= 2for alli.

Proof: By Lemma 3 and Since lim d, = o, we have, for | z—a, | < 2 and
n—>c
sufficiently large n, | z—b;, | > 8—2 = 6 for n—2 < i < n+1. Thus, for sufficiently

large n and | z—a, | < 2,
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. 1 n-3 1 n+l e 1
{:1 | z—b, | < 1{1 L S + i-§~2 | 2—&; | + l=§+2 4=,y
1 4 1

<gtegtsg=1

4. Proof of Theorem 2—By Lemma 2(ii) there exists an R, > 0 such that

[=-]
E““"—i 7= <!forall|z] >R and|z—g/| >2for all i. By Lemma 4 there
i=1 | z—a
o 1 ‘
exists an R, such that X —;—b—l—— <land |z—b| > 2forallzwith|{z| >R,
i=1 i

and | z—a, | < 2 for some n. Choose R = max {R,, R,}. If

Flo=2L% _ % then f '(2) = F(2) f(2). Hence, for k = 0, 1, ...,
f(z) =1 2 &
SED (2) 1 8 FOR) fED ()
G+DY T kL 2T dt (k—1)!
where fﬁ)__(_z_)__

= T (—1) (z—a)0*D,
i1 2

Therefore, for [ 2| > Rand |z—e | > 2fori=1,2, ...,

[f+D (2) | < ! > [FO (&) S%D (2)
G+DY T k1 | (k—i)!

1 k o 1 lfk—i (Z) I
€ —
P15 (,‘3 [2=g] G=h!

I kS ()

k1, (k—i)!
< max { Lf.f'_)_(_z)_l }

. 1
0<gigk i

<

Thus, for zwith | z| > Rand | z2—q, |‘>2,z=1,2, ., we have

lr@1> L@ iy

S(z) o
= - — > —a, < 2 wi
Let G(z2) = ) = ’-2.71 Py For | z | > Rand | z—a, | we




484 GERD H. FRICKE

have (since | z—b;| = 2)

GO (z o , b 1
l i ( ) ‘ < X I z"‘bil_(1+l) < Yy — <lf0rj=0, ].,....
J! i=1 : @-v | 2]

Thus, by previous argument, we obtain
*
| £2) | > Lf_kﬁ_l for k=2,3, ..., andallzwith |z| > R
and | z—a,| < 2 for some integer n. Hence,

max {| f(2)], | f &) ]} = ._I_J_p(’:—'(z)_Lfork:Q,&...andalllz] > R.

The author (Fricke 1971) has proved that the class of functions of bounded index
is closed under translation and closed under multiplication. Thus, we easily obtain
Corollary 1 from Theorem 2.

§5. To prove Theorem 3 we need the following lemma.

<« z [+ o] 1
Lemma 5— Let f (2) = II (1—_),aneR+, 2 — < e, and

n=1 Q

n n=1 4a,

d,=a,—a,,; 24

If there exists a sequence { z, } T of complex number such that
| zp —a;| > 2foralli, k=1,2, ...and

pod 1
| Z
i=l Z—a;

| > kfork=1,2, ..,

then f (z) is not of bounded index.

’ o]
Proof (by contradiction): Let F (z) = S @ z !

F @ -1 Z2—a;
Thus, _l.l;).‘iz)_l_ < 1 | z—a,| "UtD forj = 1,2, ... Hence, for [ 2 — g, | > 2
fori=1,2, ...., -
_{_F_‘f;_!(z_)!_ <2 El 2;“ < E‘l_i_=Mforj= 1,2, ... and some constant M,

Suppose f (z) is of index N. Choose an integer k such that £ > 2 (N + 1)2 M. Let
¢ be the index of f (2) at z;. Clearly ¢ < N. Thus,

If(;u) (Zk)] 1 2{! FO (z) feD(z,)

1 141 | w0 1! (=01
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i }f(') (Zk) l — 5 'F(I) (Zk) 1 lf(t—l) (zk)i
> 17 e 1 S 01 )
s IS (’; @ | which contradicts that f () is of index ¢ at z,.

@®K
§6. Proof of Theorem 3—There exists a strictly increasing sequence {V,}, of integers
such that
N 1
= = (k+1)%
=1 ?

ool
Define a sequence {n}, of integers by n; = l andn, = n,_, + kN, fork = 2, 3,...
Next, define the sequence {4,}5 by

{ 4 ifi € ny
. (kn,.)% H1i=n, for some k > 4
i k ifn, <i<an + N, for some k > 3
12 ifn, + N, <i<mn,, forsomek > 3.
n [+2]
Now, leta, = X dforn=-1,2,... Clearly we have, J _1__. < oo,
i=1 n=1 Q,
@ 1
2 — <, and lim d; = + . But, for 2, =a, + 2,k >4, we have
j=1 Jjd; . k
J®
® 1 © 1 e 1
| = > 2 — 51
tel 26, ol —a, —2 .y e, +2—a
Ne ] I
S . SU
- 1k d,, 2
>k

<o
Thus, for f (2) = II ( P i) , the conditions of Lemma 5 are fulfilled and

nwl an

therefore f (z) is not of bounded index.
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