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INTRODUCTION

The solution of Navier-Stokes equations have been obtained for the flow of a viscous
incompressible fluid between two porous stationary disks with different transversal
velocities ¥y and ¥,. In general ¥, and ¥V, are different, and thus cight types of flow
are possible, by considering positive and negative signs of ¥, and V,. The present
study fully summarises the case when | ¥, | = | ¥, | andinthe case when | V, | =
| V.|, the problem has been solved by a simple transformation, at the end of the
paper. The effect of different permeability over that of equal porosity of the disks has
been studied as the particular case of the investigation.

The study of fluid flow between parallel disks, whether porous or non-porous,
is of practical importance in the design of thrust bearings, radial diffusers etc.
Flow through conduits with porous walls and uniform suction or injection
velocities has been the centre of attraction of many research workers, namely
Berman (1953), Sellars (1955), Yuan (1956), Yuan and Finkelstein (1956) and
Gupta and Goyal (1972). Berman investigated the effect of wall porosity on the two-
dimensional steady state incompressible laminar flow of fluid in a channel] having
rectangular cross-section, for small suction and injection velocities, whereas Sellars
and Yuan obtained the solutions for large suction and injection velocities respectively.
Yuan and Finkelstein obtained an asymptotic solution for the flow in a circular pipe
for large injection wall Reynolds numbers. Recently Gupta and Goyal (1972) have
presented the solution for the flow through rotating circular porous annulus with
different permeability.

Laminar source flow between parallel disks has been investigated by Peube
(1963), Savage (1964) and Elkouh (1969). Peube and Savage almost simultaneously
obtained a solution of the Navier-Stokes equations in the form of an expansion, by
purturbing the creeping flow solution valid for small values of reduced Reynolds
number Re* (=Re/r?). Elkouh presented the solution of the steady laminar flow of
an incompressible fluid between parallel infinite stationary porous disks with and
without a source at the centre. He obtained the expressions for the velocity, pressure

and shear stress and compared with the results based on the assumption of creeping
flow.
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The objective of the present study is to investigate how the flow field is affected
by the interaction between the source flow and porosity effects when the cross flow
Reynolds numbers R, (=V,dfv) and R,(=V,d/v) are different. In general V; and V,
are different, and thus eight types of flow are possible, by considering positive and
negative signs of V; and V,. When | V, | > | ¥; | the cross flow Reynolds number
is defined by R, and when | V;| 2 | V,| by R, The caseof |V, | > | V| is
fully discussed and the corrosponding expressions for velocity and pressure distribu-
tions have been obtained. It is seen that as the rate of injection at the lower disk
increases, the radial velocity profiles shift towards the upper disk, and this effect
persists even in the absence of the source at the centre. There is an increase in the drop
in radial pressure with the increase of injection at the lower disk. In particular when
both the disks have the same permeability, the results exactly correspond with Elkouh
(1969). When | V;| > | V3|, the problem has been solved by using a simple
transformation, and has been discussed in detail in the Appendix.

ForMATION OF THE PROBLEM

Let us consider the steady laminar flow of viscous incompressible fluid between
two porous infinite circular disks kept at a distance 2d apart, and let the fluid be
injected with velocities ¥, and V, at the upper and the lower disks respectively. The
Navier-Stokes equations of motion and the equation of continuity in cylindrical
polar coordinates are:

_d  _ o 1 2% 1 @ %

e ttEET s I\ Ty T tam) o (D

_ Y 1 (b’zT I a b"v_) .

yttET TR\ m Ty e (12)
and

i u hY

> +?+TZ—=O .. .. . (1-3)

where # and 7 are the radial and transversal velocities. For the constant injection
velocities ¥, and V, at the upper and the lower disks and a source of strength Q at
the centre, the boundary conditions are :

i(r,+d) =0

P+ d)=—V, - 08
3, —d) =V,
sud |4 oniidt - (v 4 V) = Q. R
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Now introducing the following non-dimensional variables

_::J
il
>
il
=
(4]
i

du du 2 ( 2% 1 du u bzu>

3 +vbz_~—br dr? 757—72+T,z2‘
dw v Y ( 2% 1 azv)

U— + 9 —=— " — t+—— + —
d dz dz or2 r dr dz2

and
du .U .Y/ 0
N T z

with the boundary conditions :
ul{r,+1)=0 1
v+ 1) =—B |
v(r,— 1) =R, J

and

1 r 2Re
~_lua’z——3-(121-4}—1‘22)= —_—

r

METHOD OF SOLUTION

Let a dimensionless stream function ¢ be defined by

d s
ur=—é-2an or = — >

so that the equation of continuity (1-8) is satisfied.

Now following Elkouh (1969), let us assume the following expiessions:

b= 1ty )+ Re| o)+ (Se) At + (55) A0 + - ]

and
p= 1R b, (2) + h(2) +

Rel 1o (9 1057 + (o2 o 2) + (o )h,(z>+ ]

(1-6)

(1-7)

(1-8)

(1:9)

(1-10)

21

(2:2)

(2:3)
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Re
which are valid for small values of reduced Reynolds number Re*( = —;;—)

From (2-1) to (2:3), we get

g 2 (e ]

v=—R2f_,+|:2<R>2f14—4(R>ﬁ ] S (25)

with the boundary conditions :

f’n(il)=0:n=“13051123
(1) =0 ,n_—_1,2,..,

Ja (+1)~‘——B(53Y) !
Ja (=D =— 1

and

—t

(2+6)

and

Jo(+1) —fo(=1)=2

which upon choosing
Jo(=1) =—1 . o (27

B D) =1 . .. .. (28)

Now substituting (2-3) — (2:3) in (I-6) and (1:7), and equating the coefficients
of various powers of 7, we get a set of systems of equations, the first four systems are:

System I

f:] + R, (f_l f:-l - ’L‘f?l) = h-l 1
B =0

b = — R, (f:1 +R2f—1f;|)- J
System II

fow + R?f—l f;)' = ho
K, = 0.

(29)

(2:10)

N e

System IIT

fl..+ R, (f-lfl +f—1f1' —ﬁf:l) = — 2h ‘“fol2 .].} .o (21D
hy = 0. J
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System IV

SO TR Y afa+ S Sy — 26 f)
8

= —4h—4fs fi + 20 fo — 5 A (2:12)

. 2 . 2R . . .
hy = Re Ji + Re Gfofi HSo S
Here it is interesting to note that the first three systems are independent of Re
while in System IV Re appears as a parameter.

SoLurioN FOR SMALL R,

For the solutions of above four systems, we can express a power series for small
values of R, developed near R, = O as :

2]
5= Rif,, . . . . . (31)
a=0
and
[+2] R
h"—_—ER:h,,a .. .. . . .. (3-2)
a=0

where f, ' sand &, .’ s are independent of R,. The corresponding boundary condi-
tions being:

o) =0 forn=—1,0,1,2, .. andforalla )

Joa (1) =0 forn=1,2, .. and for all a

Joo(—=1=—1 forn=—1,0

foao (H1) = o O
f0’0(+1)=1

Soo (D=0 forn=—1,0 and « = 1. ]

Now the solution of the four above systems with the help of (3:1) to (3-3) are :

System 1

1 1 2__1
T @ = (B+1) 2 3-29 + 5 (B-1) + R, [%—5—)— (1—2%2 +

(ﬁ+1)2 3 5 7
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+ (bg—2b,+3b,—4bg) 7z — (2b,—3b,+4b4) 22
~— (2b3—3b5+4b ;—5b g) 234-bozt-+bgz5—byzg—b 27

bz 84b 20 —b gz 11 J + O(R) .. .. .. (3-4)
with
3 27R,
hoy = = 5 (B41) — “5o> (B+1)2 — 6R,? (by+2b,—3b, +4b,—5b,)
+ 0 (R,®) (3-5)
where
(B+1) [(B=D1)*  57(p+1)?
b=—"% { 6 T 8960 } (3-6)
111
by = gy (B+1? (B—1) . . (37
(B+1)® [ 51 3(B—1)
b= "% {1120 - (3+1)} (3:8)
+1)2 (B—1)
b4=—(é——§)§£—ﬁ—;———— . , (39
177(B+1)® \
3 2 (B—1
by = (B+17)9283 : (3-11)
+1)3
b7= -—('lémol—' . .. .. (3‘12\
3(B+1)2
bs=—g%ggg.5)~ . .. . (313)
System I

(Bl—;l) (1_Z2)2+ (i.G{—Ol) (17Z—36Z3+21z5_2z7)]

fo )= SO +R|

+ RS [(eg—2¢4+3¢e) + (¢5— 265+ 3¢ ;—4c g)2— (20— 3¢5+ 4¢4) 22
— (204 3¢ 5-+4¢ ,—5¢ §) 23+ oz 8 +-c528—0428 —c 527
F g2 840,20 —cg2 1] 40 (RY) .. .. .. (314)
with
ho= —3— 2 (B+1)R,—6R] (61 +2¢4—3¢ 5-+4c,—5cg) +O0(R3) (3:15)



492 M. C. GUPTA AND M. C. GOYAL

where
6 = (B :81)2 (3-16)
6y = L7_78(9)Z"'0_—_Q . y . (817)
oo (B ()] o
c‘=—19—§§;%1—) N . . .. (319)
6y = %ﬁ y . . .. (390
i ] (3:21)
c,=—?%g%)—i . . . . (322)
o B o2

System I1I

3
1 R) = 5g5 (02—112°+72°—2") + R, [(d,—2d,+4-3d,)

+ (dg—2d5+3d,—4d ) z— (2dy—3dy+4dy) 22— (2d;—3d,+4d,
— 5dg) 2+ dy2t+dy25 —d o2 —d g2 d2® + d 20 —d 2 L O(RY)  (3:24)

with
27 5
hl = - _3“5' —'3R2 (dl"'2d8+3d5_4d7+5d8) +0 <R2 .. (3.25)
where
7(B+1)
dy = 390 (3-26)
103(g—1) :
dgz"——2'2——40—-' .o . . ’ . (3'27)
19 1
dy - __%%%L_) (3:28)
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(B—1)
L (3:29)
3(8+1)
T 30
13(8—1)
szw . .. .. . (3'31)
(B+1)
dy = 36 .. .. .. .. (3-32)
17(g+1)
s:—"'73—926— .o .. . .. (3'33)
System IV
1
fi R) = Z5ia05 (33012—147802%+ 1524625 — 752427+ 19252°— 16821)
+ % 100 (93¢—2862°+1982°—6027+52%) +-0(R,) o (3:34)
with
i 78 43—49522+52524—10529) - 0(R 3
2(z)=—m+'}-’{—e700(3 9522452524 — z+(2) (3'5)

For higher values of Re (Re>1000), the terms containing Re in (3-34) and
(8:35) can be neglected for further discussions. Further it is obvious that the zero
order terms of (3-14), (3-24) and (3-34) constitute the solution for non-porous disks,
while the higher order terms constitute the composite source flow between porous

disks.
VELocITY DISTRIBUTION
The expression for radial velocity in terms of average velocity is

o GG () 1

<u> = . (Re 1+R8) (1)
Fo "

e

where

Re r
<u>- = T + —4~(R,+Rg) .
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. Following Elkouh (1969), for large values of Re the radial velocity distribution
u is given by

]. * *®
. o RS atRe [fo+Ref1]
U = Y 1 ‘e . . (4"2)
Re + o (R +Ry)

where f_,, fo and f] are given by (3-4), (3-14) and (3-24) respectively.

PRESSURE DISTRIBUTION

From (29), we have
h(z) = —Ry(f' _1+LR, f2.,) + const. .. . .. (5-1)

Hence from (3-1) and (3-3), we get

h(2) = —Ro[ f_1o +3Ro(F210 —2fL01) RISy 0+ 10 fo0)]
+0(R3)+ const. .. .. .. .. (52)

Now substituting k_y, &, ko, kb, and h, from (3-5), (5-2), (3-15), (3-25) and (3-35)
respectively in (2:3) and neglecting higher order terms in R,, the complete expression
for pressure distribution is :

1, 3 27R, X
b= R, {“" “2‘(5+1) - T (B+1)2—6R5(by+2by—3b;+4b,—5bg)
1
—R, {f'—n ot 5 Ry (f2 150+2f -11) + RE(f _pa + S n of_m)}

27
+Re [log r { —3— o (B+1) Ry—6R} (cy+2c3—3c5+4c,—5¢4) }]

Re 27 Re\? 78
—7,—2"{ - ”55“_3R2 (dy—2d3+3d;—4d,+5dg) + pry { ~ 2695
+-const. .. .. .. .. (5:3)

where the constant is to be determined from the condition that the pressure is known
at (R,+1). Therefore, from (5-3), we have

R, 3 927R,
prz)—p(R, 1) = 7 (R—r?) {5 (B+1D+ o (B+1)2+6R,2(b,+2b3—3b 5145,

R,
"’5bu) } "Rz {f’-—l:o“‘ ’f’ (fs_1ao+2fl—1,1‘—ﬂz) +R22(f’—1’2‘+‘.f—130f—191)}
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R 27R,
+ Rel log " {3+ -—-——(B—H) +6R2 (c;+2c5—3c5+4c,—5¢,q

Re R2 27
+ R? 1—- 7z {"?g' +3R, (dy—2d3+3d5—4d ;+-5d)

AEY OB 2] - - e

From this general expression, the pressure distribution in r and z direction can
easily be deduced. The pressure drop in radial direction is given by.

R, 3 7R,
Pl ) —p(R.2) = - (Re—r%) | (B1)+ 5

21 6RY (b} 2b,— 3
R 27
+4b7——5b8)} -}—Rcl: log (—;) {3+ = (B+1) Ry+6R: (cy-+205—3c5+4c,

Re R2\ [ 27
_5c3)} + 1= 75-) {g‘ +3R, (d1—2d3+3d5-—4d7-{-5d8)}

E-EZYT L es

ParTicuLar Case
The case when both the plates have the same permeability, ie., Ry=R,=R,
(say).

Substituting R,=R,=R,, (i.e., B=1) in equations (3-4), (3-14), (3-24), (3-34)
and (5-5), we get for large values of Re as

1
Jaz) = 5 z(3—z 560
4R [(by—2by+3b,—4b g)z— (2b;—3b s +4b ;—5b 523

(192—39284-2125—27)

+-b325—b2" b 2% —b gz ] .. .. . . (61
So(2) = (3 —2%)+ — 280 "L (172—386234-2125—227)

+ sz [(eg—2¢c5-+8¢c,—4cg)z— (25— 3c5+4e;—c )23

+ csz5—csé7+c7z9—c 2] .. .. .. (6-2)

3
SfH(2) = 280 (5z—1123+4728—2") +R, [(dy—2ds4-3d,—4d)z
— (2dg—3dy+4d ,—5dg) 23+dyz—dg2'+d 12 —d g2Y] .. (63)
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1 .
fi &) = 3730y (53012~ 1478023+ 1524625 — 7524274192529 —168211) (6+4)

R, 54R,
Pl 2)—p(R, 2) = - (R*—r?) { 34 55 +6R?, (by+2by—3b+4b,—5b,) }

R 27R,,
+Re) log {T {3+ 35 +6R2, (263—36‘5-!-467—568)}
Re R? 27

+ e\l {—23 43R, (d1—2d3—3d5——-4d7+5ds)}

el - et 0 L e

These equations corrospond to eqns. (27), (39), (41) and (49) of Elkouh (1969).

NuMmericaL Discussion AND GRAPHS

The radial velocity u along the axis of the plates has been calculated from eqn.
(4-2) for R,=0-2, and R,=0-2, 0-4, 0-8; and the corresponding velocity profiles have

[T S A U A= N T
O ® Ve NOWN T W
= o

-8

e
!

-_—— ]

Fig. 1. g::txéibution of radial velocity in seurce Fig: 2. Distribution of radial velocity Re*=1.
ow.
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been shown for the source flow Reynolds number

wezso Re=0inTFig. 1 and for Re =1 in Fig. 2 respec-
Rm 2 tively. From Fig. 1 and 2 it is interesting to note that
fe= © as the rate of injection at the lower disk increases,
the profiles shift towards the upper disk, and this
effect persists even when there is no source at the
centre; unlike the symmetrical profiles of the same
permeability. Further the maximum of the radial
velocity occurs near the middle of the disks and this
maximum shifts further away from the axis of of the
disks in case, of source flow. The drop in radial pre-
ssure has been calculated from eqn. (5-5) for R=240,
R,;=02 and R,=0-2, 0-4, 0-8 and Re=0 and has

Ppnd-peradlx & -

o g .
40 80 120 160 200 290 been' sho.wn in Fig. 3. It can easily be seen .that t.he

r distributions are parabolic and the drop in radial
pressure increases with the ncrease of injection at
direction. the lower disk.

Fig. 3. Pressure drop in radial
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APPENDIX

It can be seen that by a certain transformation the solution for | ¥ | > | V3]
can easily be obtained from the solutionfor | V3| 2 | V1 | .
For | 7] > | V).
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Let

b s @+ 5+ (55) A + () Ao | o

and
1 Re Re
p = ” r2Rh_, (2)+h(z)+Re [ ho(z)log r+ ( ) k()4 ( ) h3(2) 4. :]
(7°2)
and therefore from (2-1), we have
r Re y
U =5 1f-1+"'_ S +( )fll+( Sfat - . (73)
and
Re Re
v= —R, f ;-2 2( )f1+4( f2 . .. (7-4)
with the boundary conditions :
Flo( 1) =0, n=—1,01,2..
S (1) =0, n=1,2, ..
Ja (D) =1 . .. ce (T
L
fal=l) == 2
and fo (+1) — fo{—1) =2
which upon choosing
fo(—=1)= —1 . .. .. .. (7-6)
give
So(+1)=1 .. - .. .. (7-7)
Now, let us apply the transformation
R,
foalz >_7€. F_, (z). o .. .. . (7-8)
1
Then as before, we get the four systems as:
System I

r r R% r 1 I2
F —~1 +’E F_,F _1“_2‘F -1 =Bh.—1

N
|
K _y=0 .. . .o (79)
’ R2 Rg :
B = — ——(F” 1+ Fo F’_l)
! J
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System I
R )
rrr ____F ll:h
fo + Rl -1/ 0 0 } (7'10>
hy=0 j
System 111
r s R% F/ ’ 1 F o F!I \ ()h IS }
1+ Rl( _1.f1*‘ 1t 1“f1 -1/ ‘*“*—1~f 1} }_ . (7_“)
h'y=0. j
System IV
7 ot Ri s ! 14 ] cre < 1 A ’ ’ I oy 8 A
S+ ’_1— QF _y flatF o [ =2fF" ) =—4"of1 211" — —ﬁgjl — 4hy
, R
Wy = (E?) Rl (Rl Re) BE_fi +Fory . (712
with the boundary conditions
F (1Y =0 1
fi (£ =0 n=0.1, 2, |
F(+1) =8 L .. .o (713)
F_,(-1) =-—1 i
i
fo (=1 =~
S (41 =1 |

Here it is noted that the above transformed four systems of equations are similar
to those of previous one i.e., when | V3| > | V; | with their boundary conditions
(713) except in place of R, we have RZ/R, and for #_, we have Bh_;. By making the
corresponding change, the solutions for the case | V;| = | V| can easily be
obtained as :

System I

Fy(2)=}(B+1)2(3—2%) + §(B—1)+ ffi[“”” (1—z2)2

R |~ 32

2.2
fR—) [(bz~—2b.,+3bs>

1

(B+1)2 .
4 P (192302342125 —27) | +
Bag0 ez )] (

A+ (bg—2b5+3b,—4b o)z — (2b,—3b,-+4bg) 2%
~~(2b3—3b5+4b,—5b o) 234 bpzt+-bgzd—b 28 —b 27
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2,3
+bgzBb 2% —b gz11 ] + 0 (R ) .. . N atY
\ R,
with
27R2 RZ\2 .
Bhoam =3 (B+1 2E =6 (-R—) (by+2b,—3b5 4 46 ,—5b,)
2\ 3
<0 (ﬁ (7:15)
. Rl
System 11
z R (B—1) : (B+15
4 — (8—2z2 2 (l—z?)2 —36234215-227)
o) =Z 3 >+Rl[ (1207 + + )]
R: »
-+ (-R— [(n’2—~204+366)+(c3——265—}—307-4c8)z-(262—~3c4«;~’;(ﬁ)22
(265330544 ;—5e )23+ 520 — 09280428 —0 327
gz B—Lc-z"——csz“] 4 0 (RYR)® N 716
with
271{5 / 2 y : =N
hy= —3— (B+1)—6(R/R )2 (c; +2¢4—3cs+4c . —Dc
1
SO(RYR)E. .. . » TS L)
System 11
Alz) = 5 ——(52—1123-+725—2% + ﬁ -(a'nmi)dﬁ—Sds)+(r/.i-2d,.—~3d-—4d8)z
280 R |7 ' o ’ ‘
—(2dy—3d,+4dy) 22— (2dy—3d s+ 4d ;—5d ) 23+ dy 23+ dyz
—d4z:6~d5.:7+d6z5+d7z9——a’szu] T ORYR)E .. .. (718)
with -
27  3R2
hy=— T2 (4, 2d,43d,—4d,+5d ) +O(RYR): .. .. (719)
3 R
System IV
. 1
Z) = — 53012 —~147802%1+1524625—752427 4 19252° — 1
J2(2) 737900 [ z 234 25—752427-1-19252% — 168211)
1 1
— 937 —-2362%419825—60z7-+52° | - 0 (RY/R .
, R i [ 96198 z+z] (RR)  (7:20)
with
h 78 1 2 4 8 2
2(R)= — o (43—49527-+52524—1052%) + O (RYR,)  (7-21)

2695 ' Re 700



