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Starting with identities of Gauss and Jacobi the author uses simple techni-

ques within the algebra of formal power series to establish a congruence

property (modulo 3) of the (quasi-) convolution T p(k).p(n—1—2k) of the
k=0

partition function p(r). He also uses Gauss’s identity to establish a re-
currence of the partition function, which unlike other known recurrences
does not involve alternation of sign.

The identity
(1—a2r)(1 4 am) = S ninrn o (1)
1 n=0

was established by Gauss in 1808 and is derived in Hardy and Wright (1960,
P. 284) as a special case of Jacobi’s triple-product identity. We shall need
Jacobi’s identity

=L

I (1—amP = 5 (—1)8(2n4 1)antne @)
n=1 7=0

3

also derived in Hardy and Wright (1960, p. 285) as a special case of Jacobi's
triple-product identity. In this note we combine (1) and (2) to show that
a certain convolution of p(n) (p(n) denoting the number of unrestricted parti-
tions of a given natural number n) has all of its values corresponding to the
arguments in a residue class (mod 3) divisible by 3. Here we follow the
method of S. Ramanujan for establishing congruences of values p(n) to moduli
5, 7 and 11. This we accomplish in section 1. In section 2 we mention
several recurrences for p(n) and ¢(n), the number of partitions of n into distinct
parts, recurrences which are obtained from Gauss’s identity and seem to have
escaped attention.

1. CoNGRUENCE PROPERTIES OF A PARTITION CONVOLUTION

For each given natural number n, let f(n) be defined by

fn) = X p(k).p(n—1—2k)
k=0
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the upper limit of summation naturally being the integral part of (n—1)/2.
We now state the main result of this section as follows :

Theorem 1-—For each natural number », if » is divisible by 3, then so is

fn). .
Proof : By (1) and (2), we have
. ﬁ {Q—a®)(1 —a?n)}? = E Zc‘: (—1)%(2s4 1)k,
n=1 r=0 §=0

where k = k(r, s) = 14r(r+1)/24s(s4-1)/2. We seek necessary conditions
for divisibility of & by 3. To this end, we observe that

8k = (r1+-1)2+2r (254 1)2 (mod 3).
Hence, £ = 0 (mod 3) implies
(r+1)242r (28412 =0 (mod 3).
Now, (#r-+1)2+4-2r = 0, 1 (mod 3), and (2s-+1)2 = 0,1 (mod 3).

Hence, the sum is divisible by 8 only if (r{-1)2-2r and (2s} 1)2 are both
divisible by 3. We summarize our findings with an intermediate as follows.

Lemma—The coefficient of x3#+3 in
2T —am)(1 —z2n)l
is divisible by 3.

In the binomial expansion of (1-—-a)-3, all coefficients are divisible by 3,

except those of 1, a3, a%, ..., which have the remainder 1 (Hardy and wright
1960, p. 64). We express this by writing :
1 1 ‘

—2p = i (mod.3)
or equivalently,

I —z3

e = 1 3).

() (mod 3)

Hence,

o [(—at)l—at) \
I {"(r;}?cys(“r:gzﬁ)é J=1 (mods)
whence the coefficient of x3#+3 in

fi {(1—x3")(1~x“’f) }

k-1 U (1—2F)(1—22%)

)

_ .= o [ (L)1 —a%)
== 1 {0—ah 0—ape {7 |
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is divisible by 3. Finally, since

% fn)ar = z. ﬁ (1 —ak)-1, ﬁ (1 —a2k)-1

k=1 k=1 k=1
- LTI B UE ) (S

divisibility of f(n) by 3, whenever 3 divides », follows.

2. RECURRENCES

The author in his earlier paper (Ewell 1973) has shown that elementary
transformations of (1) lead to the following theorem.

Theorem 2—If [ and m are nonnegative integers, then
o2) = p)- B (p—kk—1)pll— k(k 1)

G+1) = T [pU—k(8k1-3)) - p(l— k(#k-5)—1)
k=0

(=1 p(2m —t(k)) = q(m),
k=0

and
E(—1)E p2m-1—tk) = 0,
E=0

where (k) = k(k-+1)/2 and the summation is alwavs over all meaningful
values.

Now, because of the first two equations in this theorem ¢(m) can be
eliminated in the third equation, thereby giving us a recursive scheme for com-
puting values of the partition function. The sums that enable us to compute
p(n) in terms of p(j), 0 < j < », have “mixed” terms : i.e. some terms are
positive, while the remaining ones are negative. A veryv elementary trans-
formation of (1) leads to a recurrence which expresses p(n) in terms of sums
of convolutions of lower values, and all terms here are positive. (It should
be observed, however, that the recurrence is not very economical for com-
puting p(n).) For brevity we first set c(n) = Zi., p(j).p(n—j).

Théorem 3—1If 1 is any non-negative integer, then
p2l) = )+ I {o(l—k(4k—1)+e(l—k(k+1))}
k=1

and

pRl4+1) = 2 {e(l—k(4k-+3))+c(l—k(4h-+5)—T1)}.
k=0
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Proof : We divide both sides of (1) by II(1—x2#)? and observe that the
left side of the resulting equation is the generating function of p(n). It
remains only to expand the resulting right side which equals

@0 [ -3 o «©
O (1—2m)-2 3 o) = ¥ c¢(n)xe X at®)
k=1 n=0 n=0 n=0
™ © .
= S an T o (U@)
n=0 k=0 2

Since (n—t{k))/2 is required to be integral, we distinguish cases according as n
is even or odd and classify the even and odd triangular numbers by residue
classes (mod 4). Equating coefficients of x2 and «2+1 we obtain the desired

conclusion,
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