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Let P> 3 bhe a given integer. An explicit positive lower hound for
P _k
2 12" — ail. where a;’s are algebraic numbers belonging to an algebraic
k=1
number field of degree <. D and are of heights <C H, in terms of D and H
is obtained (apart from a positive constant depending only on P). We

also note that this result suggests the plausibility that for any k(> 1) and
I

§ >0, |2ﬁu—a;~| exceeds exp({—c (log H)179) where ¢ depends only on k.
& and D.

1. INTRODUCTION
In his paper, Shorev (1974) has proved the following theorem.

Theorem 1—Let 8p (H) denote the set of all triples (a,, a,, a,) of Algebraic
numbers satisfying (i) the heights of o, a,, a; do not exceed H(> 1) and
(i) the degree of the field generated by a,, a,, o, over the field of rationals
does not exceed 1. Then the minimum of the expression

27—ty |+ 2" oty |+ | 2" —ay
as the triple (a,, a,, @;) runs through &p (H) exceeds
exp(—cDY (log(60 DH))S(log (3D))/(log log (60 DH))®)
where ¢ is an absolute constant.
The purpose of this note is to obtain the following corresponding result,

k
. . . - s o
which says stronger things as regards approximation of 2° by algebraic
numbers. More precisely, we prove the following theorem.

Theorem 2—Let P(> 3) be an integer. Let H > 1. Let Pp(H) denote
the set of all P-tuples (ay, ..., ap) of algebraic numbers of height < H and
belonging to an algebraic number field of degree < D. Then

v n
T |2" —a,|> exp(—cFp(D)(log(100 H))tP(log log(100 H)HP)-1
n=1
{a;,...,ap) € Pp(H)
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where ¢ is a constant depending only on P,

Fp(D) = D" (log (3D)Pr+1

with £,(P) = 24P )\]+—:—C~}fm Pecdd andt (P) = t,(P—1)for P even and
l( (»PE;}_)(PT‘;) , if Pis odd;
"
L yp—1) if P is even.

Remark : Tt is sufficient to prove the theorem when P > 2 is an odd
integer.

Clorollary —Tet 8 be any given positive humher. Then there exist an
integer K = K(8) and a sequence of positive integers, H; < H, < ..., depend-
ing on § such that

K .
min 2% —a] > exp(—=¢(8, D) (log (7,)119)
aeS () p
for all v =.1,2,.... Here &), (H,) denotes the set of all algebraic numbers
of degrees. < I}.and of height < H, and

68, D) = ¢ DEFAHOPHPH) (Jog(3D)2+

with P the smallest odd integer (> 1) satisfying (4(P+2)/(P*—5)) < 8 and
¢’ a constant depending only on .J.

To deduce this corollary from Theorem 2, we start by noting (in the
notations of the theorem) that the value of P mentioned above ensures

P+-1){P-3

() — PADP )

and £(P) < 2—[—(1+b‘ P+ )/(P+1), Now for each integer H, sufficiently
Luue consider a P-tuple (ay, ... ocp)_,v of elements of §), (H), for which

4P+8

=1+ < 146

]2 l is minimum_ for each n(l < n < P). Denote by n(H) the least
n hele for “ hloh the nth, torm is maximum. Then, by the thecorem, we have
ME
l 2 — Xp(H) l

T > % <minf z [2 —ocn|> exp(—¢’ FP(DP)(log H)”")
(@ - ,a’l)lePDP(H)
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where ¢” depends only on P (ie. on §). Since #{P} < 148 we get ¢"Fp(DP)
= ¢(d, D). So there is a natural number n(<{ P) which is a n(H) for an infinity
of H. Taking this natural number n for K and the corresponding H’s arranged
as an increasing sequence for {H,} we get the result of the corollary.

Remark : This corollary suggests the probability that the exponent of
(log (60 DH)) in the result of Theorem 1 can be replaced by any (given) number
a > 1 with the other factor (now a function of D alone) then depending also
on a. k

2. NOTATION

The numbers ¢, with or without subscripts or accents, denote (positive)
constants depending at most on P. For any algebraic number a, the least
natural number d such that ad is an algebraic integer is called the denominator
of . The sum- of the denominator of o and the maximum of the absolute
value of the conjugates of a, denoted:by Jal, is called the size, S(a), of a.
The following relations are easily checked : For algebraic numbers «, f

S(af) < S@)S(B);  Sla) < (D+1)H(a) e (1)
where H(a) denotes the height of o and D is any number greater than the
degree. of .

3. AvuxiLiary LEMMAS
We need the following lemmas for our proof of Theorem 2.

Lemma 1—Suppose that the coefficients of the p linear forms

Yk = g0+ Rag gy (k=1,..p
are integers in an algebraic number field of degree % and let |ax;| < A for
all k, 1. Then therc exist rational integers wq, ..., xg. not all zero, satisfving
fork=1,..p
Ye =0
and -
I ‘l;kl < 1 +(Qq‘c{)(P/L(hr}»l)/(:!q‘]'ll(ltr%l))

provided 2¢ > ph(h-+1) and 4 > 1.

For a proof, see Ramachandra (1969, pp. 16-18). Note thatifq > ph(h-+1)
then the Lemma holds with the bound 1--2¢q4 for [ag].

Lemma 2—Let m,s and ¢ be positive integers and set y = sf. Let
gy ooy Oy a0d fy, ..., fs_; be mand s distinet complex numbers, respectively,
and let ' ‘

= max (]Ja,l,1), b= max (|f.],1),
Vg <m 0go<s '
ay= min (|la,—a,|, 1), bg=min (|8,—8,], 1),
tgsr<m 0go<s
Isu<m isp<s
s#v pFo
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Put for arbitrary complex numbers 4,
m-1
B@)y=3% A4
V=0
and

A= max |4,], E= ma
otgr<m

| EP(B,)]

Assume that
v 2 2m—+-13ab.

Then
— 1 \m1 72b \Y
: A/ m! eab <__ < _) .
A4 L svm!le Zaob) bov/s E
(see Tijdeman 1973).
" Lemma 3—DLet ay, ..., , be integers with 1< max (]Ja])< B.
Isisn

Then there exists an (explicit) function By(n) such that for B > By(n) one has

|a,+agm+...+a,m% 2| > exp(—blog B)
where b depends only on n.

This follows from the result of Mahler concerning approximation to
by algebraic numbers of degree n and height H (see Schneider 1957, p. 109).

4. Proor or THE THEOREM

In view of the remark following the statement of Theorem 2 we take
P =2k—1 (k> 2). Let a,,..,ap be algebraic numbers of an algebraic
number field of degree < D and of size < § and height < H. We assume
that S > 8,(P) is sufficiently large. Set '
(a) €, = (2nn—oc,,) ALK P); e= max Je,].

1SsagP

We suppose that e << 1. L, @ denote positive functions (sufficiently large in
relation to P) of 8, D and P to be suitably chosen later.

Consider the system of Q¥+ linear forms in (L--1)¥ variables :

L L w1 P EAgN
q(ll’ LEES) lk+1) = X .. X p(/‘l, veey /\k)2 17 11! aj] :
3.1=0 }.k=0 §=1
i < ll’ ey lk’.{,l < Q ves (2)

Here and in what follows X’ denotes summation over (i, ¢') satisfying 4--4'

i
=542, 1< i<k 1<K k1. Note that

P
1) X X1 =g¢ (say)
PR
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Denote by d; the denominator of a;. Then, on multiplidation of each of the
forms of (2) by

P LQx1

; O L
Imd 7 <84
j=1

one obtains a system, correspondingly, with algebraic integral coefficients of

. "L : . .
size < 20@§°Y ¢ g7 Applying Lemma 1 to this new system we see

that there are integers p(A,, ..., Ag)(0 < A, ..., A < L), not all zero, satisfying

|p(Ay, -, Ap) ] <1+(2(L+1)kSC1LQ) ge2? 3

<
and
qily, o ) =0, 1<, .., k< Q o (4)

provided (L-+1) > @+ 1D(D-+1). We fulfil this last restriction through

L = [(Q¥ D(D-1))Vk], ()
Next we form the function

< L k-
)= S ... T Ay, ..., Ap)2lirtiet A )
A-1=0 Ak=0

z

(6)

where the coefficients p(A, ..., Ag) are integers, not all zero, satisfying (3),
(4). Consider

Bl +lom+ . Al ) —q(ys . Tsy)

L I y P (f'lelt') P (;‘.-“'lilt')
= 3 3 py, s A2 (T (et Iy )
Ag=0 2=0 =1 =1

Now, for 1 < I, ..., lg,; < @', the difference of the products here is in absolute

value

' P gl P, (Zaly) 4
= = . X (H (f?_l‘),aj<ﬂ(ocj] € ))
t]-=o, 1’...’ A, Y =1 7 i=1
G=1,.., P)
t1ten oty >0
oLQ 0. LQ oLy
L e 89 2N gh

using (i), (a) and € << 1. This together with (3) and the inequality (Z--1)¥ < 8
gives

,¢(l1+lz7’+---+lk+17’k)“Q(l1’ vl e S%LQ UK, e i < @)
(N
ifQ > Q.
Set
Q* = [4L¥/®+D]L ] > Q. .. (8)
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Case A: q(ly, ..., lyy) =0 for all 1.1, ...,k ; < @ 1In this case
we apply Lemma 2 with £ =1 and
E(2) = ¢(z), a&’s = log 2(Ay+...+Apwk+), f's = Ltlmt. . A lg 7

O A, o A< Ly 1K, ., Ik £ Q). Then in the notations of that
Lemma, a's and f’s are distinet and
k
A> 1, m=(Lt1F, s=@Fn =y, Ees™"
by (7) with @ = @* > @, because g(l;, .... lg,) = 0. By Lemma 3

a, > exp(—c,log L), by > exp(—c, log @*).
We also have
1< a 480, 1 b 45H1Q"

The condition y > 2m-+13ab is satisfied :

QYL > 4(L+-1)k, Q3+ > 26-426F1Q* [,
So the lemma yields

k+1
k p42k+ ; : k1%, @
1< 4 < Q*k+l(L+1)k‘L“’ e"42k+1LQ* Lc4<L+1)’~ ( 7274(, g > z
0

k [

< oL §% exp ( 60" log @)

< € exp(cg(LF log L+ LQ* log 8))

because Q*Hl < cgL*. Therefore, we have in this case
€ > exp(—cq4(L¥ log L+ LQ* log S)). .« (4)

Case B: q(ly, ..., lgyqy) # 0 for some 1 < 1, ..., Iy < @

In this case we have a @, such that ¢(l,...,1,,,) # 0 for some
1<l sy <@y but gy, . leyy) =0 for all 1,0l <@y
Clearly @ < @, < @* and max(ly, ..., L) = @;.

Now, g(l'y, ..., l;,.1) is & non-zero algebraic number of degree < D), with

denominator 8% and also
Tal Gl < 8%
because @, > @. So using |Norm ( et q(ly, ..., Z;m)) | > 1, we get
00 s )| > (T2 T )] P08 5 018
This and (7) with @' = @, > @ yield

3Ly

|l ... 1) | > 8P g (9)
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Next we obtain an upper bound for |¢(l-+...4Iz,,7%)| which along
with (9) would yield a lower bound for ¢. For this we start by defining for
H> 1)

(b) D) —  max (LTl k) < 45,
1<,y <t

Consider, for large R(> D(@,)),

1 $() 1
; . L, : II
2m ]6][=R =+ ...l y7F) < V<l i@, (=t Al ym)) )d§

S+ ...+l 7k)

m S —1ymi-
— 77.7—'
1<ll....lk+,<Ql(f=1 i )
N s £ e )

S s
S (—)pi I [ Y (=11
<] (j=](] ! ) 1<l1,~~9lk:1<Q'1 \j:l(] j) )
IL (1 e w2 leg)

)

This gives an expression for ¢(l;+...,[;.,7%) in terms of various quantities
which will be estimated with the choice R = 50D (@,) log S. We have on
[{] =R.:

cLQ 4k csLQ
2 <8

()| < (L+1)ES

and the product in the integrand is in absolute value

—(@—1k+1 —(Q—1)k+1
<

< (R—D(@y) D@y e ™ < @y (log 8) 0"

So, we get that the expression on the left in (10) is in absolute value

c (0.1 !
(0) < 28 (D)) (log 8y

on noting that (R/(R—D(Q,))) < 2 (sav). Next. the denominator of the first
term on the right in (10) is in absolute value

(Q—nk+l 2k +1
x ¥l

okt
(d) < (D(Ql))(al U and so also < (45+11Q,)

/i

using (b). And since q(i5,....L.,) =0 for 1 <1, ..., [, < @ we have
by (7) with @' =@, > @

l¢(li+ e +lir+17fk” < eS

csLQl
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Finally, by Lemma 3 we see that the (typical) product oceurring in the summa-
tion on the right in (10) is in absolute value

> exp(—c, Q%1 1og Q,).

Therefore the second term on the right in (10) is in absolute value

(e < o8 Qi exp(e, Q5+ Tog @y).
Using (e¢), (d), (e) together with (10), we get
: . 207 (300 in ]
o+ o) | < @11 (68 Q77 exp(cQi! log @)
. ekt
12885 (10g §)7%% . (1)
e e LQ —t Qi""H
< eS10" exp(('4 Q+11og Q,)+ 81 (log §)" 1t

with 0 < ¢, < e,.

Combining (9) and (11) one obtains

Lo, —eyDLQ, "SLQI

1o —ey @1
(S0 exp(cs@¥+1 log Q)+ 8371 > § —8 (log §) ™

. . 1000 , . . . .
Here the left side is < 812 “ exp(c,@%+1 log @,) while the right side is

~(eyD+eg) L@,

e Q4
> 8 —(log 8) u%

Hence we have
‘A —ep QT e+ —ui Lo,
€ > exp(—c,Qit! log 9,)(log 8) ((log 8) S —1),

where %y == ¢,D+cg--¢;5. The next idea is to choose Q as a function of S,
D and P such that the last factor becomes > 1 (say). For this purpose we
need have

log 8§
¥ 2
Q1> ulL ( log log S >

with u, = 2u;/c;;.  Since @, > Q and L < Q¥+1/F y, where u, = (D(D-1))Vk,

we satisfy this condition by taking

[ (uuylog 8\ kjk2—k-1)
Q = [(———Iog on S ]+1. .. (12)

(Note that k—((k+1)/k) = (k*—k—1)/k.) Therefore, with this choice for Q
our last (lower) estimate for ¢ gives

'3k —ep@fT1
€ > exp(—c, Q¥+ log @,)(log 8)
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and so we have

¢ > exp(—¢,,@4+(log §,+log log ). .. (B)
Because
' uy log S\ F/EP=k-1)

Q. < Q@ < BIAK+D L Byk/B11Q < 160/ +D) (ﬁ)&.)
one has
$1(k)

ki o g B1(8) gak) (108 8
(f) @i < o ( log log 8 >
where ¢, (k) = k]:(_lf_H) = go(k)—k. Also, log @, < ¢y,(log (3D) log log S).

Using these in (B) we get
)¢1(k)
Ba(k) —

(log 8
(log log S)

$1(k) + = ga(k)

€ > exp ( —ey5D (log (3D)) )

on noting that u, < ¢;;D and w, < ¢;D¥E.
Case A (continued) : We have

Lx ]Og L (‘mqum ! IOg (Qu")

() < ejuPr®) g Be® ( 1010;30‘: < )48 (log(3D) log log )

using (f) and the inequality subsequent to it. And, using the inequalities
preceding (f) we see that

L@* log S < 8 log S(QUe+1/ky ) 2k+1)/tk+D)
(2k+1)/ (k3 —k—1)

oo u, log 8 Bs(k)
< g log ( log log 8§ ) s’
where
241 %41 (2k+1)k2 i3 ‘
Pa(k) = T The—k—1 T D F—1) < B—F—1 = Bk

because k(k-+1) < (2k+1) for k> 1. Note that
2k-1-1 k(k+1)

rﬁfﬁ*—k__ = ¢ (k).
Therefore,
By ()
(h) Lg log 8 < cjqufr® ufe® (kﬁ«;%)

(loglog 8)
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Now by (g), (h) and (A) we get

log § 3
€ > exp(—cnu‘f‘(k) u?2<’“> ( @liog—S ) #a(h) (log (3D) log log 8)).

This gives, as before (c¢f. B')),
P (k)

2
. N Br(k) A Bak) \ log 8 ,
¢ > exp (cjD k# (log(gp)) ( g¢12k)_1 ) . (A)
(loglog S)
Comparing (A’) with (B’) we see that in either case we have, for
P=2k—1k > 2), 8> SP),
. (log SyEr
€ > exp <~—018FP(D) (log log S)tP)1-1 ) L (13)
k(k+1)  (P1)(P+3)
where HP) == [y i Pr_F
4
Pl Yte
and Fu(D) = (log (3D))Dt( )( +P’H) } .
Replacing 8 in (13) by D, H with the help of (1), we obtain
. ) (log (100 H))tP)
6= oxp (=0Fr(D) 10,10 (0ET) (14)

with a suitable ¢, for all H > 1 and odd P > 3. Here.

t(P)(l—{—F:—l)—}—2

Fp(D) = Fp(D) (log (3D)}P) = D (log (3D))eP+1,

This proves Theorem 2 for odd P > 3. So, in view of the remark following
its statement the theorem is completely proved.

Remark : An analogous remark to Remark 2 in Shorey (1972) holds
good here in relation to Theorem 2.

(Added in proof): Further, it is possible to show using a result of Szemeredi
l-
(¢n press) that almost all numbers 2" (k=1, 2, 3,...) are transcendental and in fact

k
that for such k, for any given 6>>0 one has a lower bound for min | 2" —al
aeSp(Hy)
(v=1,2,3,..)of tbe type given in the corollary to Theorem 2. It is also
possible to obtain similar lower bounds where D ond H run through two

sequences of values subject to H > D).
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