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A Papkovitch-Neuber representation of displacement solutions is presented
for the uncoupled linear theory derived from general constitutive relations
governing homogeneous, isotropie, elastic dielectrics when couple stresses
are included. The use of these potential functions is illustrated by obtain-
ing the solution to the problem of an infinite elastic dielectric containing
a circular cylindrical cavity and subjected to a uniform electric ficld applied
at infinity in a direction which is transverse to the axis of the cavity. The
displacements, the symmetric part of the force stresses, and the deviatorie
part of the couple stresses which result are determined in closed form,
assuming plane-strain conditions.

INTRODUCTION

The consideration of couple stresses, in addition to the usual force stresses,
in the mechanics of continua, was initiated by Cosserat in 1909. The systema-
tic non-linear and linear theories of elastic solids including couple stresses
have since been formulated by Toupin (1962), Mindlin and Tiersten (1962),
and Koiter (1962). The first rigorous treatment of the study of solid materials,
called elastic dielectrics, came from Toupin (1956) and Eringen (1963). Cons-
titutive equations for finite deformations of these elastic dielectrics were also
developed by Singh and Pipkin (1966), who also obtained all the exact solu-
tions. More recently, Singh (1967) has derived various approximate and
simpler constitutive relations that can govern these materials.

The hypothesis of taking into account couple stresses in the theory of
deformations of elastic dielectrics, originated by Dixon and Eringern (1965),
leads to a formulation which is complex and general, evolving wide-range
description. This paper is, in part, an attempt to put this formulation in a
simpler and more useable form.

The starting assumption is taken to be the existence of couple stresses
in the theory governing continuum electroelastostatics. The introduction
of couple stresses is plausible because of the recognized existence of the body
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moment due to the interaction of the electric field present with the polariza-
tion of the elastic dielectric media, which also is one way to account for the
asymmetry for force stresses. From general non-linear constitutive relations
for homogeneous, isotropie, elastic dielectrics, attention is turned to the
consideration of linearized approximation. Both the coupled and the un-
coupled linear theories are derived. If the couple stresses are neglected,
the constitutive equations obtained reduce to those of electrostriction as
obtained by Smith (1967). If the electric field is not present, then the relations
assume the forms for couple stresses in linear elasticity as given by Mindlin
and Tiersten (1962).

This is followed by the derivation of a complete solution to the displace-
ment equations of motion in terms of displacement functions analogous to
the Papkovitch-Neuber potentials in the classical theory of linear elasticity.
The linearized couple theory is then applied to investigate the problem of an
infinite homogeneous, isotropic, elastic dielectric containing a circular cylin-
drical cavity in the presence of a uniform electric field at infinity. With
plane-strain conditions, closed-form solutions are obtained for displacements
and stresses.

1. MEecHANICAL EQUILIBRIUM

We consider a continuous dielectric medium occupying volume V, with
boundary 8, and under the influence of a macroscopic electric field E. The
interaction of polarization field P in the dielectric with the applied field E
is accounted for in terms of body force f = (P.V)E and a body moment density
n=PxE (Toupin 1956). The Cartesian coordinates Z4 ({1 =1, 2, 3) and
curvilinear coordinates X4 describe the position of an arbitrary particle in the
undeformed geometry, while the same particle is located in the deformed
configuration by Cartesian coordinates z¢ (¢ = 1, 2, 3) and curvilinear coordi-
nates .

With mechanical body forces and body moments as zero, equilibrium
considerations yield the following :

# = tiny . (L)
¢t = pitng o (12)
T+ PIE ;=0 o (1.3)
Wi+ egpg{Thr - PEE?} = 0. .. (1.4)

The semicolon represents covariant differentiation, { the force stress vector,
g the couple stress vector, n the outward normal to the arbitrary surface S,
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78 the force stress tensor, and u#f the couple stress tensor. With the introduc-
tion of & = J(riifrft), r¥ = Y(rl—15t), m¥ = pl—pg¥, u = fpf, and
mkPe = Lef?m¥i, equilibrium equations (1.3) and (1.4) can be combined to
give - _ .
m¥Ey—s%; = I[P EX P*E*; - P B+ PR, .. (L5)
Across the surface of the dielectric on which a force 7 and moment 6
per unit area are imposed,
Tt = 1iinj—T1Itn; ... (1.6)
and
Q = piing— optfiny, o (1)
where 7% and 7t are evaluated on that side of the surface towards which

the unit normal vector n; points.

2. ELECTROSTATICS

The equations of continuum electrostatics that are independent of the
composition of the material are

VxE=0 or E=-VU (20
and
VD=0 o (2.2)
where D) is the dielectric displacement. Across a surface of discontinuity,
(B ;— Bj)ng = 0 .o (2.3)
and
((,D—D).n = 0. L (29)

We have taken the charge distribution inside and on the surface of the di-
electric to be zero.

3. ConNsTITUTIVE EQUATIONS—SMALL DEFORMATIONS
The flux D in free space is directly proportional to the electric field
strength :

Di = €y eEi (3.1)
where ¢, is the dielectric constant for free space. In free space, the stress
¢T9 is the Maxwell stress M .

%o

M = ¢ Biphi—

JEE By, o (32)

Inside the dielectric medium, the relation (3.1) is replaced by
D; = ¢ B+ Ps. we (3.3)
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The polarization P vanishes in free space. Consideration is given to materials
which express Ei, s/, and m%* in terms of Pi and quantities describing the
state of deformation of the medium. If the deformation is small and the
polarization field sufficiently weak, the constitutive equations for homo-
geneous, isotropic, elastic dielectrics are simplified by retaining only the first
powers in polarization and neglecting all product terms. Within this defini-
tion of small deformation theory, we follow the results developed by Dixon
and Kringen (1965) :

§t = Auk;kgij_’_Ggikgjm(uk;m +um;k)+o'1PkPkgij ":‘0-2Pi1)j' e (34)
mik = v[giiuk by — giuily] v, [gius Ey—giku® Iy ] Fvo(uk U
— Wl #]-f vy g PE— g P e (35)
and
Bt = ¢, Pi+eulbyt+eubiy. ... (3.6)

With eqn. (3.6), the dielectric displacement vector in eqn. (3.3) becomes

Dt = eEi -yl by-+n,ubly oo (3.9)
1 €s €3 1 :
where ¢ = ¢+ —, 9, = — % and n, = — 2. The constant ¢ is termed the
€ € €
1 1 1

permittivity of the material, and «! is the displacement field relative to the
2% coordinates.

Uncoupled Theory

The uncoupled theory can be defined as the one in which the coupling
terms y,ut,’, and y,ubip in eqn. (3.7) are neglected in comparison to eEi.  (See,
for instance, Smith (1967) and Knops (1963)). Then the dielectric displace-

ment vector D and the electric intensity E are related by

D=cE .. (3.8)
and hence the electric field may be calculated as if it occurred in the undeformed
dielectric; i.e. according to the methods of classical electrostaties.

Under the assumptions of the uncoupled theory. therefore, eqns. (2.2)
and (3.8) require the electric field, in addition to being conservative, to also
be solenoidal. This is to say that ¥ E = 0, which implies that the electro-
static potential U is harmonic :

ViU = 0. .. (3.9)
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The stresses (3.4) and (3.5) may now be expressed directly in terms of the
displacements u‘ and the electric field K%

§4 = Auk g+ GG giM(up -+ Upy) + a BX Ergt - b BB ... (3.10)
mik = v, [gifukby—gilud 0] v [gut kg —gikua iy vy ul it
—ud %) v [gU BF — gk 1] . (8.11)
o oy v,
where a:%—l, b:é, and v4:é‘i.

In the absence of couple stresses, these constitutive equations reduce
to those of classical electrostriction (Smith 1967). If the electric field is not
present, then the relations assume the forms for couple stresses in linear
elasticity (Mindlin and Tiersten 1962).

4. DISPLACEMENT SOLUTION OF THE UNCOUPLED SMALL DEFORMATION
THEORY
Substitution of equs. (3.10) and (3.11) into the equilibrium equations
(1.5) yields the displacement equations,

— — e - _ 1 —
GV +(A+@yvu)+ Gy y(v-u)—Viu] = vy (2a-+b-+e—e,) YA U?)]
. (41)
where 2 = ]il—;:f? . In writing eqn. (4.1), use has been made of the fact that

in the uncoupled theory of small deformations, the polarization and the
electric field are parallel, the electric field is solenoidal, and that

E.E = vU2).

With « in class C%, one uses Helmholtz decomposition to express

U= Vo+y XY, o (4.2)

where ¢ is a scalar function and ¢ a vector function both in class (5. Equa-
tions (4.1) are satisfied identically if

(2a+b-+e—¢y)
2 — —— T~ T % 7 w2 2

vV —Byty = 0. e (4.4)
The complete sclution to eqn. (4.3), therefore, is ¢ = ¢?- ¢, with ¢, as any
harmonic funection and

and

(2a+b+e—¢9) 2.

PP = .,__4(7(__}:2_0) (4.5)
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Therefore, the complete solution to the displacement field is u = uc-4-u?,
where the complementary solution ¢ = y¢,4-v X represents the solution
to the homogeneous form of eqn. (4.1) and

W = A,UE ... (4.6)

where

s (2a-+b-+e—¢€p)

! 2(A+2G)
Mindlin and Tiersten (1962) have shown that the complete form of this com-
plementary solution can be cxpressed in terms of generalized Papkovitch-
Neuber functions as
(A+6)

= BB~y 1 o)

V[ (1—1V2) B+ B, o (4T

where (1—2V2)V2B = 0 and V2B, = 0. However, two new vector functions

can be defined by @ = (1—-2V?)B and { = V2B so that B = w12, The
complete solution to ¢ . (4.1) then becomes

_ e 4@ _
n= w+P{—1tylyw- !W-«_.,l*rngjj()T,—) virw-+B,+ A4, UE ... (4.8)
where
V2B, = 0 .. (4.9)
V2o = 0 ot (4.10)
(—vi = 0. . (411)

When [ is set equal to zero, the equilibrium relations (4.1) become identi-
cal to those in the classical theory of uncoupled electrostriction without taking
into aceount the couple stresses (1963). Also, when [ is zero, the solutions
(4.7) reduce to the classical Papkovitch-Neuber representation as given by
Smith (1967).

5. Bouxpary CoNDITIONS

The solutions to specific problems require appropriate boundary conditions
to be satisfied. As shown earlier, the electric field intensity across the surface
of the dielectric body has a continuous tangential component :

¢i(E;— By = 0. o (3.1)

In view of eqn. (2.4), when the surface charges are absent, the normal com-
ponent of the dielectric displacement is continuous across the surface of the
dielectric ;

Dn = ,Dn. , e (5.2)
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Since the stress in the medium surrounding the dielectric body is the
Maxwell stress (3.2), u¥f = mi% = ;m¥ = 0. The terms 7¥? and g may be
eliminated from the boundary conditions (1.6) and (1.7) with the help of (1.3)
and (1.4) to give for the uncoupled theory

" . Pinyn, . . "
{szm%ekjl{"lpk;p_ anl'aif,f?zq) ]} ng = Tite\[ Bt BI—% E¥ ,Exgln; ... (5.3)
and
mitng—mPinpnent = Q. .. (5.4)

6. CyvLiNDRICAL CAviTY IN AN INFINITE DIELECTRIC

Consider a circular cavity of radius p and whose centreline is parallel to
the 23 axis extending through an elastic dielectric body of infinite extent.
At infinity, suppose the dielectric is subjected to an electric field which is
of uniform strength E, and directed along the 22 axis which is perpendicular
to the centreline of the cylinder. The surface of the cavity is assumed to be
free of applied mechanical forces and moments.

The force stress and couple stress distributions, which arise from the
imposed electric field, are to be determined from the small deformation theory
of uncoupled dielectrics. These stress distributions will be obtained from
the displacement solutions (4.8) by the use of the constitutive relations (3.10)
and (3.11). The force stress tensor must have Maxwell stress values at infinity
and the force stress vector must have the Maxwell stress values of free space
on the surface of the cavity.

A plane-strain solution is to be determined for this problem as there is
no variation of the electric field in the 2% direction. This formulation requires
that the displacement in the 23 direction and all partial derivatives with
respect to 2% be zero. The problem will be developed in terms of the conven-
tional cylindrical coordinates (a1, 22, 23) = (r, 6,z) with # = 0 coinciding
with the 2! direction.

The Electric Field

Let UI be the electrostatic potential function in the region r << p and
let U be the potential function for » > p, where both functions must satisfy
eqn. (3.9). The solution to eqn. (3.9) for U/ must give rise to the uniform
electric field B = E,€.2 as r approaches infinity. The solution of eqgn. (3.9)
for UI, on the other hand, must give rise to a bounded potential at r = 0,
Conditions (5.1) and (5.2) require that U/ and U7 allow the normal compo-

nent of the dielectric displacement vector D) and the tangential component
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of the electric vector E to be continuous across the surface r — p. These

conditions give rise to

Ul = —2E Ayrsin 0 .. (6.1)
and

2
Ul — _, {1+p7‘;12} r sin 6 .. (6.2)

€

where 4, = Zle and 24, = 144, ¢, and ¢ are the permittivities of free
0

space and of the dielectric, respectively. The electric vectors in the regions

r > p and » < p, represented by E and ,E, respectively, are

24,1 .
E, — K, { ) sin g .. (6.3)
24
EB:E(,{1+’JT2 2} cos .. (6.4)
eEr = /0{] +A2} sin £/ ves (6.5)
By = Ey{14-4,} cos 6. ... (6.6)

Stress Conditions at Infinity

As r approaches infinity, the force stress components in the (2!, 22) plane
must approach the Maxwell stress values :

st = Mii = (BB — }E*Eygis}. e (6.7)

In cylindrical coordinates (7, 6,z), the physical components of these force
stresses are

2
Spr(00) == ——8ge{00) = —-f—gi cos 20 ... (6.8)
2
Spe(00) = e“zﬂ sin 26 ... (6.9
E2
Szg(w) = '(‘A'—T—G {ZGa Ab} ans (610)

The displacements which correspond to this stress state are
up = A U B+ kyr-+kyr cos 20 ... (6.11)
ub = A, UHE,—k,r sin 26 ... (6.12)

uf = 0 ... (6.13)
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where
hors

b= dote e

/)
2G4} and k, = ﬂ e—b-12GA}N.
1 2 4G 1
Displacement Solutions

Further solutions must be added to the particular displacement solutions
(6.11), (6.12), and (6.13), such that the Maxewell stress values are produced
on the surface of the cavity. From eqn. (4.8), these additional solutions,
which give rise to stresses that vanish at infinity, must have the representation

ue = w—{—l2§—lzv[v w+Py-E]— (;i%);) VIrw+ By .. (6.14)

where V2B, = 0, V2w =0, and {—1V{=0. These Papkovitch-Neuher
funections are taken to be of the forms

By = By(r, ) ... (6.15)
w = w(r, 6)822 = w(r, A) sin 6 er4-w(r, H) cos 0 2, ... (6.16)
¢ = o, 0)6 y = &(r, 6) sin er-L(r, A) cos B &, e (B.17)
where :
V2By(r, 0) = 0, Viw(r,0) = 0 and {(r, B)—BV(r, 6) = 0. ... (6.18)

By keeping only those terms which give rise to stresses which are func-
tionally compatible with the Maxwell stresses on the cylindrical surface r = p,
product solutions for By(r, 8), w(r, ), and {(r, 8) reduce to

By(r, ) = Cilnr-+-Cyr—1sin A-+Cyr=2 cos 20 ... (6.19)
w(r, ) = Cy—sin 0 ... {6.20)
L(r, 0) = C K o(r/l)+ CeK,(r/1) sin O ... (6.21)

where C; through O, are constants and K, and K, are modified Bessel functions
of .the second kind.

The forms of the displacement solutions are now given by eqn. (6.14)
along with the particular solutions (6.11), (6.12) and (6.13) as

A B¢ [
=

a
! PrAz] r(1—cos 260)+k,r+k,r cos 26

Uy — —

3
V430 —C —lr« K (rfD)sin 0-%‘ (r~1—4l%r—3) cos 20

s

13 A+& - 2 -
£—|—f76 - Ky(r/leos 20— 20+ 26) [Cyr—Cyr2sin 6—2C5r—8 cos 20] ... (6.22)
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2 2 442 :
Ug = ~-4—12‘E~Q7 [ 142 B;;iz—}— /—)7—42} 7 sin 20—k, sin 26

r

Loy {Ko(fr/l)—}w% K, (/1) } cos e+92—4 (r=1 4 412-3) sin 260

C 2] . A4-G)
+?6 12 [ Ky(r/D) 4= Kalrfl) ] sin 20—-2(0{_2—)645 [Cr=2 cos B
+C g1 sin 20— 20,2 sin 20]. ... (6.23)

In writing these expressions, use has heen made of the rules for differentiation
of modified Bessel functions.

Application of Boundary Conditions

These displacement solutions must give rise to stress components which
satisfy the boundary conditions (5.3) and (5.4) on the surface r = p. The
outward normal to this surface is defined by cylindrical coordinates by
n = (—1,0,0) or by n = (—1,0,0). In the absence of mechanical surface
forees 7' and surface moments 7, these boundary conditions become or r = p

] X Imi! A .
st — ekt [nlpk;zv— —5_37‘_] = €y[B B~} E¥ Erg'] .. (6.24)
and | - .
myitmiint = 0. ... (6.25)

These relations represent only five boundary conditions as eqn. (6.25) is
identically satisfied when 7 = 1. A discussion of the sufficiency of these
five boundary conditions is given by Mindlin and Tiersten (1962).

Through the use of the constitutive eqns. (3.10) and (3.11) the first and
second of the boundary conditions, (6.24), can be expressed in terms of
physical components as

1 1
S = 2600t A | gty | +alEr B+ BoBlg) + 0B, E,

= D[ By olir— By By .. (6.26)
and

@ 12 f 1 1 9 1 1 1
+G ﬁ} \r ur,o+uo,r—7 Ug }—“Gl { ue,rrr+ﬁ u’a,reo_’;_— ur,rro“‘g Ur 000

12 1
+7§ u0,00+‘; uo,rr+‘;§ Urrg }

o 1 1
= eofoBy (Eyl—bErEy+v, [E,,,,—T Brot - B ] .. (6.:27)
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All the remaining boundary conditions are identically satisfied by eqns.
(6.22) and (6.23), except the third of eqn. (6.25) which is given by

1 2 1
My = QGF{ U, rr"‘— u000+ u97+ r2 Ur,p— 72 Ug }

1 1
+20p—r5) { tr gt - Upgt— g |20, By = 0. ... (6.28)

Upon putting eqns. (6.22) and (6.23) into eqns. (6.26), (6.27), and (6.28)
and equating the coefficients of the various functions of # on each side of the
expressions, the constants C; through C; appearing in the displacement solu-
tions were found to have the values

C, = d;:»+ o . (6.29)
C, = T‘2V4E0P2(/\+2G)«(_17;‘A2)K2(P/QW ... (6.30)
G(/\+G)[K0(P/l)+—p“ Gilp/h)]
dyls—dsd; (6.31
8 + d d e ( * )
Cy= —gj ... (6.32)
Cy = “2”4E°(ZI+A2) ... (6.33)
ot | Ko+ Kool |
Cy = ~g§ .. (6.34)
where
(A+G)
&~ — e ... (6.35)
d, = —E%pzAlAﬁ—E—;——;—“) PPE2AG— bgg P24, ... (6.36)
__ (A+6) - _
ds = -m{[ 14-4i%p~2— (/\-FG’S (vy— Va)‘] Ki(p/h)+2p'K, Pﬂ)}

... (6.37)
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A r 4 2
dy = —E34,K(p|l) {2A1 l_ 4l2+P2+a (Vz_V3)]”‘4é—p‘ (2¢+-€q) }

—2K%pA,K,(p/l) {’2A1— %2— (2e+¢€) } ... (6.38)
AL ) Ay (2 — 24
dy = —4B2p14, {( +G(2\ﬁ(gé)+€°)[1“ (E\Via")‘;i ]_*—HGZ% (Vz—v:,,)}... (6.39)
_ anpa (AFG)pt
do = P~ = oy ... (6.40)
E 31
&y = = | Kipl)+= Kofpl) ] . (6.41)
dy = —34d .. (6.42)
1
and
B4,4 Bi(e— —b bor
dy = A arga) TG 140y D) gy G 4,

... (6.43)
Stress Solutions
The symmetric part of the force stresses and the deviatoric part of the
couple stresses can now be determined by substituting the known displace-
ments (6.22) and (6.23) into the constitutive relations (3.10) and (3.11).

7. DIscussioN

The presence of body couples due to interaction of the electric field with
polarization makes it justifiable to include couple stresses in addition to
force stresses into the theory governing elastic dielectrics. The displacement
equations of motion for the uncoupled linearized theory take the forms which
are formally equivalent to those without the presence of the electric field.
The simplified theory can yield closed-form solutions for a certain class of
problems., The expressions, however, are too complicated to allow physical
interpretation of the results,

The Papkovitch functions were seen to give the complete displacement
solutions for these uncoupled studies. By the use of these functions, a plane-
strain solution was obtained in closed form for the problem of an unbounded
dielectric which contains a cylindrical cavity perpendicular to a uniform elec-
tric field applied at inifinity. This solution gave the stress distributions in
planes which are transverse to the cavity. However, this solution is of such
a form that a stress concentration factor cannot readily be recognized.

5
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