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We consider the problem of determining the distribution of stress in an
infinite elastic medium containing three coplanar Griffith cracks. Through-
out, it is assumed that the equations of classical theory of elasticity hold.
We also assume that the cracks are opened by a constant internal pressure
po. By use of Fourier transforms we reduce the problems to solving a set
of four integral equations with cosine kernels. An exact solution to these
four integral equations is given by using finite Hilbert transform. Simple
expressions are derived for the stress intensity factors, shape of the cracks

and crack energies.

1. INTRODUCTION

Recently, several papers have appeared which treat the stress distribution
in an infinite elastic medium subjected to normal pressures on the faces of a
Griffiith crack or two coplanar Griffith cracks (see, for example, the recent
book of Sneddon and Lowengrub 1970). However, the stress distribution
in the neighbourhood of three coplanar Griffith cracks, opened by internal
pressure, has not been discussed so far. This is what we propose to do.
Throughout, we assume that the equations of classical theory of elasticity
hold good. By using Fourier transforms, we shall first reduce the problem
to a set of four integral equations. In section 3 we give an exact solution
of these four integral equations while in sections 4 and 5 we obtain simple
expressions for stress intensity factors at the tip of the cracks and energy

required to open up the cracks respectively.

In what follows no attempt is made to justify the change of order of
integration and that of integration and differentiation.

2. THE BOUNDARY VALUE PROBLEM AND THE RELEVANT Four INTEGRAL
EquaTioNs

We consider the cracks in the interior of the material on the line y = 0,
2] €a, b2 <<e, —c L2 —b, a <b<e¢ opened due to internal
pressure p(x) and gq(x) respectively. We write the appropriate components
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of stress as ¢,,, Oyy, 0,y and the displacement vector as (u,, uy, 0). We cal-
culate the distribution of stress in the half-space y > 0, when the boundary
y = 0 is subjected to the conditions :

([ —p), —a<z<a e (2.1)
Oyy = 3

L —g(), b<ar<e — <2< b .. (22)

(0 a<z<b —b<rx< —a o (2.3)
Uy =

L 0, (2] > ¢ e (2.4)
oy =0. —o0 << x << 00 ... (2.5)

In addition, all stress and displacement components vanish at infinity and
p(—2) = p(x) and g(—zx) = q(x).

It is easily shown (Sneddon 1951, pp. 404—406), that a solution of equa-
tions of elastic equilibrium appropriate to the upper half plane y > 0 and
to the case in which the functions p(x) and ¢(x) are an even function of x is
given by the equations

wlmy) = — LI\ FAPO— 2V pa] o (26)

1
uy(z, y) = —H} ‘\/ FlA(p)(2—29+pyle=*Y; p— x]. ... (27)
where we have used the notation

FBlp.9)i o> el = - T Blp,yleos (pa)dp

FdB(p. )5 p—> a1 = = T Blp,y)sin (pe)ip

to denote respectively the Fourier cosine and Fourier sine transforms with
respect to  to a function B(p, y). The constants £ and # denotes Young’s
modulus and Poisson’s ratio of the material respectively.

The corresponding expressions for the components of the stress tensor
are

Tl y) = —N2 Fdp(1—py)A(p)e¥; p— a] . (28)

Tl 9) = N2 ySLPA(p)eb; p > 2] . (29)
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and ouyle, 1) = — N2 Fdp(1+ py)Alp)ev; p— ] .. (2.10)

The boundary conditions (2.1)-(2.5) are satisfied provided that A(p) is deter-
mined by the four integral equations

FilpA(p); p—> 21 =\ § pla), (0<z<a) o (2.10)
F[A(p); po ] = 0, (@ <z <b) . (2.12)
F[pA(p); p—> 4] = VL q(o), (b<z<ec) v (2.13)
F[A(p); p—> ] = 0. (x < ¢) ... (2.14)

3. Tax SoruTiox oF THE FOUR INTEGRAL EQUATIONS

Let a trial solution be
a

A(p) = [ g(&)Jy( tp)dt+~ f h(%?) sin (pu)du, o (3.1)
0

where g(t) and h(u?) are unknown functions to be determined later.

It is clear that this choice of A(p) satisfies (2.12) and (2.14) if and only if

fc h{u?)du = 0. . (3.2)
b
We assume that eqns. (2.11) and (2.13) may be written in the form
1
d | ¥ X 37 p(x) (0<z<a) v (8.3)
e |4 Alp)sin (paip) = f
TLlo L 17 g(x). b<z<c) . (3.4)

Substituting from (8.1) for A(p) into (3.3) we get

a7 _ 90 g1 LN O - ute

Tl Ta U= g e, [ g | bd) log (u__x)du], . (3.5)

provided. <z <a)

On inverting the order of integration and using the results Erdelyi (1954)
0, <<t

[ Jy(pt) sin (pz)dp = . . (3.6)
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and

® gin (px) sin (pu) d, 1 lutzx
] (pz) (p)pz?logl__

> (3.7)

(3.5) is a solution form of Abel’s integral equation. Hence its equation is

p(s)ds ~—tfc h(u?)du

\/tz—s2 b Vur—e’

Again substituting the value of A(p) from (3.1) into (3.4), inverting the
order of integration and using (3.6) and (3.7), we obtain the relation

0<t<a) ... (3.8)

g(t-tf
0

i B
m” du = 3mq(z) (b <z <o)

(3.9)

Substituting the value of ¢(¢) from (3.8) into (3.9) and after some mani-
pulation (see Appendix I), we get

d 'Va?—a2+ 4V ut—a?
< { - bj h(u?) log Vet ] = tnaw)
p B PEE) g cr <o) .. (3.10)

V. 2—a? ¢ (x2—s?)
Here, we have used the result

i tdt (a®—s2)}

sj (B (@2—12)82 ~ (2P—s?)(a2—a2)} . (3.11)

It is assumed that the left-hand side of (3.10) is differentiable with respect
to z. Thus we have

{c —\/u—z;ﬂ—) du=nfx) (b<z<o) ... (3.12)
where
flz) = \/ qlx )+~7270fa ——%2)&):13 ... (3.13)

The solution of (3.12), using the finite Hilbert transform technique (see
Appendix II), is given by

2 (u—b2) e gyt f(y)
hw?) = — - u[ (u?—a?)(c*—u?) ] z! ( —b%) ) y*—u’ w
40, L b<u<o) ... (3.14)

Ve )
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where C,, determined from (3.2), has the value

Viet—a? ¢/ c—y?\} ¢ (u®—b?) i udu
i = P J < y>—b? ) 2y fy) dy { '. (ut—a?){c?—u?) ] y2—u?
. (3.15)
In the above expression
b2 in do
F=F (5m, \/ 5 = [ —%__2*2*
( b ) 0 \/1 ¢ —b , sin? 6
b2
is an elliptical integral of first kind.
Also g(i), determined from (3.8), has the value
¢ 2_
. plsyds 2t ¢/ cP—y®
¢ (u?—b?) t udy
X br [ (u2_t2)(u2_a2)(c2_u2) ] y2___u2
tCy 1 (c2—b2)(a?—12)
a2 " Vemae—a) - (319)
In the above analysis we have used the result
wdy . 1 N
V) —a)u )~ V(—a(b*—1?)
1 (c>—b2)(a2— 1)
xF(? et )), c>b>a>t . (3.17)

Since we have the identity

[ (u?—b%)(c*—9?) ]* "1 y2—u2] _ [ (c*—u?)(y*—b?) ]* [1_ y2—u2]

(*—u?)(y*—a?) w—b? (=B (—y?) A=
we see that (3.14) may be written in the alternative form
2 (@=u?) ¢ =B yfl)
2) — . ° —u
hw?) = n” [ (u— a?)(u—b?) | { <02 y? ) yr—u? %y
+ Cgu , (b <u<o) ... (3.18)

V= =)
where, from (3.15)
Vei—a® ¢ (cP—u?) g} £ =t yfly)
nF bf L (u—a?)(u®—b?) } udubf (ce——-yz) yi—u? ay.
... (3.19)

O, =
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In the particular case, if we choose p(2) = g(x) = p,, where p, is constant,
we obtain

(@) = p,, ... (3.20)
b2—qg2
— 2__ 42 —
C, = (*—a?)p, [ o E/F] . (3.21)
Cy = (*—a?)p[1—E[F], . (3.22)
- poa
with £ = E ( %ﬂ, \/ZT;%) an elliptic integral of second kind.

o ut—a?—(c2—a®)E/F
h(u?) = pou VP ) b<u<c ... (3.23)

and
1 (b2—a?)ip 1 c2—b2 \ _ (c2—b%)(a®—12)
g(t) = 5 7 pot— \/(Cz_az)(“biﬂ_?) { 1 {_2”’ ( ct—a? )\/(cz—az)(bz—tz)}
2__ g2 1 (02— DB (a2 —12)
_ {—,((22_22; E|F }F (_2—7r, \/——g’z_ag;gz_ tz; ) ] .. (3.24)
Here we have used the result (Gradshteyn and Ryzhik 1965)
¢ we—al 3 B (b2—a?)
[ e e = ve—me—n
R N o )
XH{—2~”,<ET—0,—2), 'm},c>b>a>t .ee (325)
where

/2 e

M@mre) =] (17 sin 20)v/ i —st sinz 6

is an elliptical integral of third kind.

4. Tar StrEss InTENSITY FaCTORS

It is of interest to workers in fracture mechanics to calculate the stress
intensity factors at the ends of the cracks. They are given by the relations :

Ng = lim (z—a)t[oyy(z, 0)] . (41
z—> at
Ny = lim (b—=z)oyylz, 0)] ... (4.2)
z—> b
and
Ne= lim (x—c){oyylz, 0)]. ... (4.3)

z—p ¢t
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From (2.12) and (2.14) we observe that

Oyy(x, 0) = -—;2; i | f A(p) sin (px) dp e (4.4)

Hence, we find from (3.1) and (3.8) that

z _ epe)at—et

[oyw(@, 0)]acacs = vl Temy ©

_3 T f Vut—a?
T A x2—a? 5 (uP—a?)

(hu?)du . (4.5)

and

x £ p(s)(a®—s)?

[oyy(®, 0)]ose = Vi i (=) ds

x "\/u2 azh 2
+o )

PV N v el L .. (4.6)

Substituting from (3.18) and (3.14) for h(u?) respectively into the above, we
obtain the expressions

2 g2 22 3
loyw(@, O)lusane = \/x‘gx"_—ag ﬁf X; S) (S)ds+ [(bz_(‘fiz—)(?;laz) J
=Nt ufy) 5 x
x bj < —y? ) yr—a? =0 V(@2 —a?) (b —a?)(c®—a?)
(4.7)
and
a \/ 2__ b2 b
[O’yy(x 0)]x>(:"' \/ :i—az 6[ ( e 82) p(s) d8+ x [m-_*czT]
f(l—y? yf(?/ z
X J (yimi) s WG V=) @b (2%
(4.8)
Here, we have used an important relation
[ {(B*— )P —yP ), 0<y<b
¢ u du
0, b<y<e

L Ve—me—ow—p =1
— PP~y > o
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Hence we find the stress intensity factors in the form :

Ny = f \/ 5 d +— V2(62 )( - [(Cz_az)x
I e S L)) 1
X bf (cz__y2> (P —a?) dy—- 7702], e (4.9)
2 b ¢ yfly)dy 1
Vo = 2 N [ @0 ] i)
. (4.10)
and
T __% - c . ¢ yf(y)
N = p \/ 2(c*—a2)(c2—b?) [ (c2—b?) 5[ \—/(—C—f—:&—)(Lﬁ)—}—%ﬂC ]
e (4.11)

where ('; and C, are given by (3.15) and (3.19) respectively.

In the case when cracks are opened under constant pressure p,, we obtain

a E

Na = pq \/ 2(62—a?)(c2—a?) F - (£12)
. b E
No=poV ) [ (c*—a?) Zr—(b*—a?) | .o (413)
¢ E
Ne = p, ‘\/_Z(bz—a2)(~c§:b2) [I_jﬁ] - (4.14)

The case @ — 0, that is when three coplanar cracks merge to two coplanar
cracks, we get

_ 2 ! g vy
N, = - \/'23(0—2:1,—2) [(c2 b2) J V=) gncz] ... (4.15)
and
2y ya(y)dy ,
N, = - \/26(62——132) [(c2 —b?) j Vi bz)(cz_yz)—}—%ﬂ'ol] ... (4.16)
where
, c [4 cz_yz 3 R I TR du
Ci= g J \ags) AWMy [ | — 3
nF <%ﬂ ‘\‘/%E) ’ (yz—b2> b (= u“’) yi—u

. (4.17)
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and

s = PO f (S0 ey

¢
1 A/c2—b? ) » \ ut—p2 cE—y? y2—u?
3™ ¢

nF (
oo (4.18)

which are in complete agreement with the stress intensity factors derived by
Lowengrub and Srivastava (1968).

It is also noted that when @ = 0 = b and ¢ = 1, the eracks merge into a
single one of width two units. In this case F > o0, 0] = 0 and (4.16) reduce
to the simple expression

—
V2 1 qy)dy
Ny = — of T e (4.19)

obtained by Lowengrub (1966) for the stress intensity factor for a single
crack.

5. THE CrACK SHAPE AND CRACK ENERGY .

We now proceed to find for the displacement u (x, 0) for 0 << z < @ and
b<x<e From (2.7) and (3.1) we observe that

21—y?) F gt)dt

[uy(z, 0)}g <2 <a = 123 VE—a (5.1)

and
2(1—n?%) ¢
[uy(®, 0)p < p<cc = —(—'E'ﬁ—)“ h(u?)du C ... (5.2)

where g(¢) and 2(#?) may be obtained from Section 3.

Now we shall consider only the case of constant pressure. The total
work, W, and W,, done on opening the cracks x << a and (b << x <C ¢) are
easily seen to be :

W, = —2 f[O‘w(x, 0yu (z, 0)]io < w< @) I e (83)

4]

E z ;7(,52___‘%2)

_m2 a
2"(1E ) J oot . (5.4)
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Substitute the value of g(x) from (3.8), invert the order of integration, to obtain

W, = }1(11}77-2—)2‘ Do [po of (a%2—s?)ids— bjc h(uP){(u?—a?)t—u} ]du ... (5.5)

From equation (3.23), we get

1—n? B
W, = -ﬂ—(*E—ﬂ—) 2§ [ (1+4m)a?— % (b*—*)+(c*—a*)m 7-+-2L()
2¢2 E 1 b2—c? a ¢%—b?
- —epl g g T2 oY
(@ oy 2 \/62 az]’ e (5.6)
where

¢ Vul—a? udu
L(x) = J V) . .. (8.7)

Also
Wy = 20T | e
b x
_ .?%172_) » bf (u—b) h(u?) du. .. (5.8)

Substituting the value of h(u2) from (3.23) and using (3.2), we get

2

W. — 21—9»%) o (u?—a?)—(c®—a?) E[F
R T )

2(1—n? 2 E 1 - 2 b2
T T ST ML R )

cZ—a?

(5.9)

Here it is noted that when @ — 0, the cracks merge into two coplanar
cracks, In this case (5.9) reduces to the simple expression

_ ”(1_772) [ 2 2 2E
Wy= " | b2 j;] ... (5.10)
obtained by Lowengrub and Srivastava (1968) for the crack energy for two
coplanar cracks.
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ArpENDIX I
Let

(t)dt
\/ xz—tz

Substituting from (3.8) for g(t) into the above, we get

x-+u

d ? d
I=g 1 +2 (3 J e log | T du, 6 << o)

¢ dr ¢ p(s)ds o )_
JV(xz—tz L\ Ve ' V= d“]

H
& s

d [ _[ h(uz min («, w) tdt )]

\/(uz—tz)(zz—t2
Invert the order of integration, to obtain

da o tdt dg ¢
I= dx of p(s)ds ! @i (P s?)? +d—x [ ISll h{u?)du ¥

mintz, ¥) 1dt a tdt
XI\ £ V(0 — £2)(z2—12) J\/ —tz)(xz———tz)H

tdt
= — IZ’(S )ds f (@ — tz;;/z“z s2)

min(a, 6) i - B } (A 1)
#) . .

@ AV (@E—E)a—
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_ x & (a®>—s®Yp(s)ds

dr ¢
Viri—a? g (s2—s?) +E;5{ of ho)dux

min(\/xz—a”, '\/u2—~a2) ede
X s
({ V(a2 —a?—e?)(ut—a?—e?) ]

on using (3.11) and putting {2 = e2+a? in the second term of right hand side
of (A.1).

Hence, we have

d

1 c
I:%[é—bfk(uz)l

Vai—a?+Vul—a®

\/xz——aﬁ—\ /u— a2

X

B ¢ ple)ia—st) ds
\/ié:az o :

(@2 —s?)

ArpExDIX II
The equation

has a solution (Tricomi 1951)

o Lymmb gyt ) gy O

z) = — T ( c—x ) bj (y~b¢> y— dy-}—{(x—b)(c———m)}i" - (B
If f& Lyb, ¢) and first term of (B.I) € L,(b, ¢), where C is an
constant.

arbitrary

Similarly (see Srivastava and Lowengrub 1970), we find that the solution
of the integral equation

)
Ty
is given by
1 ut—b? (b €, cly?\} 21/f(1/ C
h(u?) = —= < P ) bf (?/2—13-2—) . dy-+ 1

{(wr— b2)(cE—u?)}

where 0, is an arbitrary constant.



